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The aim of this paper is to study the solvability of a third-order nonlinear neutral delay differential

equation of the form {a(t)[f(t)(x(t) + p(t)x(t - T))']'}l + f(t,x(o1(t)), x(02(1)), ..., x(0n(t))) = 0,
t > tg. By using the Krasnoselskii’s fixed point theorem and the Schauder’s fixed point theorem, we
demonstrate the existence of uncountably many bounded nonoscillatory solutions for the above
differential equation. Several nontrivial examples are given to illustrate our results.

1. Introduction and Preliminaries

In recent years, the study of the oscillation, nonoscillation, asymptotic behaviors and
existence of solutions for various kinds of first- and second-order neutral delay differential
equations and systems of differential equations have attracted much attention, for example,
see [1-12] and the references therein. Dorociakova and Olach [2] discussed the existence
of nonoscillatory solutions and asymptotic behaviors for the first-order delay differential
equation

xX'(t) +p)x(t) + gt)x(T(t)) =0, t>0. (1.1)
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Elbert [3] and Huang [5] established a few oscillation and nonoscillation criteria for the
second-order linear differential equation

X'(1) +q(Dx(t) =0, 120, (1.2)

where g € C([0, +), R*). Tang and Liu [10] studied the existence of bounded oscillation for
the second-order linear delay differential equation of unstable type

xX"(t) =pt)x(t—7), t>t, (1.3)

where 7 > 0, p € C([to, +o0),R*) and p(t) #0 on any interval of length 7. In view of the
Banach fixed point theorem, Kulenovi¢ and HadZiomerspahi¢ [7] deduced the existence of
a nonoscillatory solution for the second-order linear neutral delay differential equation with
positive and negative coefficients

[x(t) +cx(t—7)]" + Qi(H)x(t —01) — Qa(H)x(t—02) =0, t>t, (1.4)

wherec e R\{-1,1}, 7>0, 01,02 € [0,+00), Q1,Q2 € C([tg,+o0),R").Qinetal. [9] and Yang
et al. [11] developed several oscillation criteria for the second-order differential equation

[r() (x(t) + pyxt=))| +qf(xt-6) =0, >, (1.5)

where 7 and 6 are nonnegative constants, r,p,q € C([t),+o0),R), and f € C(R,R). By
utilizing the Krasnoselskii’s fixed point theorem, Zhou [12] discussed the existence of
nonoscillatory solutions of the second-order nonlinear neutral differential equation

[r) (e + pxt-0) | + Qi fut-a)) =0, 121, (1.6)
i=1

where m > 11is an integer, 7 > 0, o; 2 0, r,p,Q; € C([tp,+o0),R), and f; € C(R,R) for
ie{l,2,...,m}.

However, the existence of nonoscillatory solutions of third-order neutral differential
equations received much less attention, moreover, the results in [7, 11, 12] only figured out
the existence of a nonoscillatory solution of (1.3)-(1.5), respectively.

Motivated by the papers mentioned above, in this paper, we investigate the following
third-order nonlinear neutral delay differential equation

{a o +pora-n)]} + £t x@0) 200), 2@ =0, t20, (7)

where n > 1is an integer, 7 > 0, a, p € C([tp,+o0), R*\ {0}), p € C([to,+o0),R), and f €
C([to, +o0) x R",R). By applying the Krasnoselskii’s fixed point theorem and the Schauder’s
fixed point theorem, we obtain some sufficient conditions for the existence of uncountably
many bounded nonoscillatory solutions of (1.7).
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Throughout this paper, we assume that R = (oo, +o0), R* = [0,+00), C([to, +0),R)
denotes the Banach space of all continuous and bounded functions on [f, +o0) with the norm
llx|| = sup;,, |x(#)| for each x € C([to, +o0), R) and

A(N, M) = {x € C([tg,+0),R) : N <x(t) <M, t>ty} for M>N >0. (1.8)

It is easy to see that A(IN, M) is a bounded closed and convex subset of C([ty, +o0), R).

By a solution of (1.7), we mean a function x € C([t; — T,+o0),R) for some t; > fo
such that x(t) + p(H)x(t — 7), B(t)(x(t) + p(t)x(t — 7))’ and a(t) [B(t) (x(t) + p(t)x(t - 7))'] are
continuously differentiable in [f1,+o0) and such that (1.7) is satisfied for t > t;. As is
customary, a solution of (1.7) is called oscillatory if it has arbitrarily large zeros, and otherwise
it is said to be nomnoscillatory.

Definition 1.1 (see [6]). A family F of functions in C([ty, +o0), R) is equicontinuous on [ty, +oo)
if for any € > 0, the interval [fy, +o0) can be decomposed into a finite number of subintervals
I, I,...,I, such that

|f(x)-f(y)| <e, VfeFxyel,ice{l,2,...,n}. (1.9)

Lemma 1.2 (see Krasnoselskii’s fixed point theorem, [4]). Let X be a Banach space. Let Q be a
bounded closed convex subset of X and Sy and S, mappings from Q into X such that S1x + Sy € Q
for every pair x,y € Q. If Sy is a contraction and S, is completely continuous, then the equation
S1x + Sox = x has at least one solution in Q.

Lemma 1.3 (see Schauder’s fixed point theorem, [4]). Let Q be a nonempty closed convex subset
of a Banach space X. Let S : Q — Q be a continuous mapping such that SQ is a relatively compact
subset of X. Then S has at least one fixed point in Q.

2. Main Results

Now we study those conditions under which (1.7) possesses uncountably many bounded
nonoscillatory solutions.

Theorem 2.1. Assume that there exist constants M, N, ¢1, c2, Ty and a function h € C([to, +o0), R*)
satisfying

min{ci, ¢} 20, c1+c<l, 0<N<(l-c-c)M, (2.1)

-0 <pt)<c, t>Ty>ty; (2.2)

|f(tur,uz, ..., un)| < h(t), tE [ty,+o0), u; € [N,M], iell,...,n}; (2.3)
J‘;w f;m J:OO %du dsdv < +oo. (2.4)

Then (1.7) possesses uncountably many bounded nonoscillatory solutions in A(N, M).
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Proof. Set k € (ciM + N, (1 — c;) M). From (2.4), we pick up T > Ty such that

+0o Atoo Ato0 h(u) . . i ) )
L J f a(s_(v)d”deMmm{(l )M —k,k—c;M - N}. (2.5)

Define two mappings Six and Sy, : A(N, M) — C([ty, +o0),R) by

k-pt)x(t-7), t>T,
(S1ex) (t) = { (2.6)
(Sux)(T), to<t<T,

+00 p+00 A+00 1
L fv L Wf(u,x(m(u)),...,x(on(u)))dudsdv, £>T,

(Saxkx)(T), to<t<T
2.7)

(Sakx)(t) =

for x € A(N, M).
Firstly, we prove that S1x(A(N, M)) + S (A(N, M)) € A(N, M). By (2.1)-(2.3) and
(2.5)-(2.7), we get that

h(u)
a(s)p(v)

<k+coM+min{(l-c)M -k, k-—cgM - N}

(S1ex) (1) + (Saky) () <k + oM + f j J dudsdv
T v s

<M, x,y€ A(NM), t>T,
(2.8)
h(u)

a(s)p(v)
>k-—cM-min{(l - )M -k, k—ciM - N}

(S1ux)(t) + (Soxy) (t) 2 k — 1M - Lm f Ooj B dudsdv

>N, x,ye A(N M), t>T,

which infer that S1x(A(N, M)) + Sok(A(N, M)) € A(N, M) for any x,y € A(N, M).
Secondly, we show that Sji is a contraction mapping. By (2.1), (2.2), and (2.6), we
deduce that

|(S1kx) (1) = (Suy) ()] < [p®)]|x(t = 7) —y(t = T)| < (1 + ) [[x ~ | (2.9)
for x,y € A(N, M) and t > T, which gives that

|S1kx = Siky|| < (e1+ ) ||x - y||- (2.10)
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Thirdly, we show that Sy, is completely continuous. Let x € A(N, M) and {x,},,,5; C
A(N, M) with lim,, —, ;,xn = x. By (2.7), we obtain that

|(Sakxm) () = (Sakx) (B)]

+00 p+o0 Ato0 1
SL L J’S WV(%xm(m(u)),...,xm(on(u)))

—f(u,x(01()),...,x(0a(u)))|duds do,

(2.11)

t>T, m>1.
Using (2.3) and (2.4), we conclude that

|f(, xm(01(1)), -, Xim(0n())) = f (1, x(01 (1)), ..., x(0n(1)))| < 2h(w),
u€e [T, +0), m>1,

+00

f |f(u,xm(ol(u)),...,xm(on<u)))—f(u,x(ol(u»,...,x(on(u)))|duszf h(w)du,

S

se[T, o), m>1,
[ (@100, o)) = £ x(@1 00 X s

+o0o  A+o0
<2f f h(u)duds v, € [T, ), m>1.
(2.12)

In light of (2.11)-(2.12),

|f(u,xm(0'1(u)),...,xm(on(u))) - f(u,x(ol(u)),...,x(on(u)))| — 0 asm— +oo,

(2.13)
and the Lebesgue dominated convergence theorem, we conclude that
lim ||Sokxy, — Sakx|| = 0, (214)
m— +oo

which means that Sy is continuous in A(N, M).
Now we show that Sy is completely continuous. By virtue of (2.3), (2.4), and (2.7), we
get that

+o0 A+ h(u)
”Ska”SL L J Wdudsdv, x € A(N, M). (2.15)
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That is, Sok(A(N, M)) is uniform bounded. It follows from (2.4) that for each £ > 0, there
exists T* > T such that

T k) e
L* L L a(s)ﬁ(v)dudsdv<2. (2.16)

In view of (2.3), (2.7), and (2.16), we infer that

[(Sakx) (£2) = (Sakx) (t1)]

< I:o J:w J:m a(%;zv)du dsdv + J:OO J‘:OO J:m %du dsdv (2.17)

<g, xEA(N,M),t2>t12T*.
From (2.3) and (2.7), we get that

|(Sakx) (t2) = (Sakx) (t1)]

ty ptoo ptoo h(u) (218)
sf j I ———~ _dudsdv, xe€A(N,M), T<t <t,<T",
t Jo s d(s)ﬁ(v)

which together with (2.4) ensures that there exists 6 > 0 satisfying

1(Saex) (£2) — (Sakx) (H)| <€, x € AN, M), t1,t € [T, T*] with |t —t:] <6.  (2.19)

Clearly,

|(52kx)(t2) - (Szkx)(t1)| =0< E, XE A(N, M), to < tl < i’z < T. (220)

That is, Sox(A(N, M)) is equicontinuous on [ty, +o0). Consequently, Sy is completely
continuous. By Lemma 1.2, there is xg € A(IN, M) such that S;xy + S,xy = xp, which is a
bounded nonoscillatory solution of (1.7).

Lastly, we demonstrate that (1.7) possesses uncountably many bounded nonoscilla-
tory solutions in A(N, M). Let ki, k» € (ctM + N, (1 — c2) M) and ki # ko. For each j € {1,2},
we choose T; > Ty and the mappings Sj, and S, satisfying (2.5)—(2.7) with k and T replaced
by k; and Tj, respectively, and some T3 > max{Ty, T} such that

R ) ki ~ kol
J‘Tg le L a(s)ﬂ(v)dudev<T' (2.21)

Obviously, there are x,y € A(N, M) such that Sk, x + Sor,x = x and Si,y + Sa,y = Y,
respectively. That is, x and y are two bounded nonoscillatory solutions of (1.7) in A(N, M).
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In order to prove that (1.7) possesses uncountably many bounded nonoscillatory solutions in
A(N, M), we prove only that x #y. In fact, by (2.6) and (2.7), we gain that for t > T3

x<t>=kl—p<t>x<t—T>+L j j mf(u,x(ol(u)),...,x(an(u)))dudsdv,

y<t>=kz—p<t>y<t—7>+£ [ mﬂwy(m(u»,...,y<on<u>>>dudsdv,
(2.22)

which together with (2.1)—(2.3) imply that

lx(t) = y(®)| > ki — ko| = |p ()| |x(t - 7) - y(t—T)l—f J f a(s)ﬂ(v)
< f 1, x(@ W), ., x(0()) = £ (1, Y(@1 (W), .., y(0())) |du ds do

> ki~ ka| = (c1 + &) | x v

—zf fmJ‘ a(Z)(;‘( jdudsdo, 2T,
(2.23)

which means that

1 +00 h(u)
e m<|1—kz| f [~ a(s)ﬂ(v)dudsdv>>0, (204)

by (2.1) and (2.21). That is, x # y. This completes the proof. O

Theorem 2.2. Assume that there exist constants M, N, c1, ¢z, To and a function h € C([to, +o0), R")
satisfying (2.3), (2.4) and

0<(1-c)N < (1-ci)M; (2.25)

0<e < p(i’) <ca<l1l, t>Ty>t. (226)

Then (1.7) possesses uncountably many bounded nonoscillatory solutions in A(N, M).

Proof. Setk € (ctM + N, M + c;N). It follows from (2.4) that there exists T > T, such that

f+oo f+wf %dudsdv<min{M+czN—k,k—C1M—N}. (2.27)
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Define two mappings Six and Sy : A(N,M) — C([tp,+o0),R) by (2.6) and (2.7),
respectively. By virtue of (2.3), (2.6), (2.7), (2.26), and (2.27), we obtain that

(S1kex) (1) + (Soky) (1) < k = p(H)x(t - 7) +f J j (x(s)ﬁ( )du dsdv

<k-cN+min{M+cN -k, k—ciM - N} (2.28)
<M, x,ycAN,M), t>T,
(S1x) (1) + (Soxy) (1) 2 k —p(t)x(t —T) — f f J‘ zx( ),3( )du dsdv
(2.29)

>k-cgM -min{M + ;N -k, k—ctM - N}
>N, x,yc€A(N,M), t>T,
which yield that S1x(A(N, M)) + Sy (A(N, M)) € A(N, M).
By a similar argument used in the proof of Theorem 2.1, we gain that Sy is a

contraction mapping Sk is completely continuous, and (1.7) possesses uncountably many
nonoscillatory solutions. This completes the proof. O

Theorem 2.3. Assume that there exist constants M, N, c1, ¢z, To and a function h € C([to, +o0), R")
satisfying (2.3), (2.4), (2.25), and

-1< —c1 < p(t) <— < 0, t> TO > to. (230)

Then (1.7) possesses uncountably many bounded nonoscillatory solutions in A(N, M).

Proof. Setk € ((1 - c2)N, (1 —c1)M). It follows from (2.4) that there exists T > T satisfying

+o0  A+oo M . . ) o
J‘T .[ J tX(S)ﬁ(v)dudeU<mm{(1 c)M -k k- (1-c2)N}. (2.31)

Let S1x and Sy : A(N, M) — C([ty, +o0),R) be defined by (2.6) and (2.7), respectively. In
view of (2.3), (2.6), (2.7), (2.30), and (2.31), we obtain that

(S10)(t) + (S2y) () <k —p(H)x(t - T) + L f f a(g;;()v)

<k+oM+min{(l-c1)M -k, k- (1 -c2)N}
<M, x,ye A(NM), t>T,

dudsdv

o (2.32)
<slx><t>+<szy)<t>Zk—f’“)x(t‘”‘L f f a<Z>(;<)v>

>k+cN-min{f(l1-c)M -k, k- (1-c)N}

dudsdo

>N, x,y€ A(NM), t>T,

which mean that S1x(A(N, M)) + Sy (A(N, M)) C A(N, M).



Abstract and Applied Analysis 9

The rest of the proof is similar to the proof of Theorem 2.1 and is omitted. This
completes the proof. O

Theorem 2.4. Assume that there exist constants M and N with M > N > 0 and a function h €
C([to, +o0), R*) satisfying (2.3) and (2.4). If p(t) = 1 for each t € [ty,+o0), then (1.7) possesses
uncountably many bounded nonoscillatory solutions in A(N, M).

Proof. Set k € (N, M). It follows from (2.4) that there exists T > t; + T satisfying
+00 pAtoo
———~—dudsdv <min{M -k, k- N 2.33
1L e { : (239
Define a mapping Si : A(N, M) — C([to,+o0),R) by

t+2iT +00 1
j j f mf(u,x(al(u)),...,x(on(u)))dudsdv, t>T,

t+(2i-1)T
(Skx)(T), to<t<T
(2.34)

(Skx)(t) =

for x € A(N, M).
Firstly, we prove that Si(A(N, M)) C A(N, M). By virtue of (2.3), (2.33) and (2.34),
we obtain that

t+2iT +00 A+ h(u)
(S"x)(”<k+zf i mf f a()p(o) 1 ds v

<k+ J—;oo J:w J‘:OO %du dsdv

<M, xe€AN,M), t>T,

t+2iT +oo A+o0 h(u)
(Skx)(t) > k - Z j+(21 mf L —a(s)ﬁ(v) dudsdv

> k- ’[+mj+wf )ﬂ( )dudsdv

>N, x€AN,M), t>T,

(2.35)

which imply that Sk (A(N, M)) C A(N, M).
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Secondly, we show that Sy is continuous in A(N, M). Let x € A(N, M) and {x;,},,51 C
A(N, M) with lim,, ;o x = x. By (2.34), we get that

|(Skxm) () = (Skx) ()]

t+(2i—

t+2iT

+00 p+o0 1
1)TJ"U J; Wﬁ(v)|f(u’xm(01(”))r---/xm(On(u)))
—f(u,x(o1(w)), ..., x(0n(1)))|duds do

+00 o0 00 1
S,[T J; J; IX(T‘E(U)|f(urxm(01(u)),...,xm(on(u)))

—f(u,x(o1(u)),. ..,x(on(u)))|du dsdv, t>T, m>1.
(2.36)

In view of (2.12), (2.13), (2.36), and the Lebesgue dominated convergence theorem, we
deduce that

lim 1Sk = Skx]| = 0, (2.37)

which means that Sy is continuous in A(N, M).
Thirdly, we show that Sx(A(N, M)) is relatively compact. From (2.3), (2.33), and
(2.34), we gain that

+00 A+00 A+00 h(u)
||skx||gk+fT f f WdudsdeZM, x € AN, M), (2.38)

which means that Sx(A(N, M)) is uniform bounded.
Let € > 0. It follows from (2.4) that there exist T > T* > T such that

+o0 pto0 A+oo h() e
IT* L L a(s)p(v) duds do < 2’ (2.39)
+00 ptoo A+o0 h(u) E
L j I 2(s)p(oy s dv < - (2.40)

By (2.3), (2.34), and (2.39), we deduce that
| S ) (S )( )| i ’[t2+2ir J-t1+2ir J-+oo J¢+oo h(u) dudsd
x)(ty) — x)(t)| < + —————dudsdv
(Skx) (E2 g ! i1 t+(2i-1)T t1+(2i-1)T v s “(S)ﬂ(l’)

<[ [ ] g o

<g, XEA(N,M), t2>t12T*.
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Choose an integer z > 1 with T + (2z + 1)7 > T, and put

A= max{J‘:OO L Mduds ve[T+1, T +(2z- 1)7']},

a(s)p(v)
_ T _hw) . . 2.42
B—max{L L a(s)ﬂ(v)duds've[T+2T’T +227‘]}, (2.42)
. £ £
6= mm{ 1+4Az'1 +4Bz}'

Equation (2.4) means that max{A, B} < +co. It follows from (2.3), (2.34), and (2.40)—(2.42)
that for x € A(N, M), ti,t, € [T, T*] with t; <t, <t;+6

|(Skx) (t2) = (Skx) (1)
s /it el
; <f ttz+<2i—1>f ) —[ t1+<2i—1>r>
. foo foo mf(u,x(ol(u)),. . %0 (1)) duds do
P YN W) e
L /sl el (il
l; <f e f @i I ha2ir > (2.43)
« fw foo mf(u,x(ol(u)), o x(0n(w)))du ds do
27 s
: Zl<£<(:11>) I :22 > f MJ aél)(E?v) dudsdo+ 5

< AZ(t2 - tl) + BZ(t2 - tl) + g

<

<

<E.

It is not difficult to verify that

|(Skx)(f2) = (Skx) (1) =0<e, x€ ANM), o<ty <t <T. (2.44)
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Therefore Sk(A(N, M)) is equicontinuous on [ty, +o0), and consequently Sj is relatively
compact. By Lemma 1.3, there is xo € A(IN, M) such that Sxy = xp, which together with
(2.34) yields thatfor t >T + 7

xo(t) =k + i ft+2iT J‘+oo J+w ;f(u xo(o1(w)), ..., x0(0,(1)))duds dov
t+@Qi-)rJo  Js a(s)p(v) ’ Y ’ ( )
2.45

_k o at+(2i-1)T pt+oo oo 1 it dsd
x-m=k+ X[ [ s f (o), xo(ou0)duds do,

t2(i-1)T

which mean that
xo(t) + xo(t —T) =2k + J‘ﬂc J—+°° J'+°o ;f(u xo(o1(1)), ..., x0(0n(u)))duds dvo. (2.46)
t v s LX(S)ﬁ(’U) ’ ’ ’ !

It is easy to show that xj is a bounded nonoscillatory solution of (1.7).

Finally, we demonstrate that (1.7) possesses uncountably many bounded nonoscilla-
tory solutions in A(N, M). Let ki, k> € (N, M) and k; # ky. For each j € {1,2}, we pick up a
positive integer T; > to + 7 and the mapping Sy, satisfying (2.33) and (2.34), where k and T
are replaced by k; and T;, respectively, and some T3 > max{Ty, T} satisfying (2.21). Clearly,
there are x and y € A(N, M) such that Sy, x = x and Si,y = y, respectively. That is, x and y
are bounded nonoscillatory solutions of (1.7) in A(N, M). By (2.34) we get that for t > T

t+2iT

+oo +oo 1
x(t) = ki + ZI f J Wf(u,x(ol(u)),...,x(on(u)))duds dv,

t+(2i-1)T

t42iT 247)
y(t) =k + Z J+(21 mf J zx(s)ﬂ(v)f(u’y(ol(u)) ., y(on(n)))dudsdo,
which together with (2.3) and (2.21) yield that
lx =y > ki — k2| - f+m I+m f ) du dsdv >0, (2.48)
a(s)p(v)
which implies that x # y. This completes the proof. O

Theorem 2.5. Assume that there exist constants M and N with M > N > 0 and a function h €
C([to, +o0), R*) satisfying (2.3) and

§ Lw Iwo J—+°° % duds dov < +co. (2.49)

If p(t) = =1 for each t € [ty, +o0), then (1.7) possesses uncountably many bounded nonoscillatory
solutions in A(N, M).
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Proof. Set k € (N, M). It follows from (2.49) that there exists T > t; satisfying

h(u) , L
fnnf f tugﬁugm““dv<nmﬂhf k, k- N}. (2.50)

Define a mapping Sk : A(N, M) — C([to,+o0),R) by

2 1J‘MTJ‘ I ooa(s)ﬂ( )f(u, x(o1(w)),...,x(c,(u)))dudsdov, t>T,

(Skx)(T), to<t<T
(2.51)

(Skx)(t) =

for x € A(N, M).
Firstly, we prove that Sk (A(N, M)) € A(N, M). By (2.3), (2.50), and (2.51), we obtain
that

(Skx) () <k+ Zj

t+iT

(SKx) () 2 k - Zj

t+iT

.[ ,[ a(s)ﬂ( d”deUSM, x€AN,M), t>T,
(2.52)
f f a()ﬂ( )d”de”N x€ AN, M), t>T,

which imply that S(A(NN, M)) € A(N, M).
Secondly, we show that Sy is continuous in A(N, M). Let x € A(N, M) and {x,},,,51 C
A(N, M) with limy, _, ;oxn = x. By (2.51), we get that

|(Skxm) (£) = (Skx) (F)

SZLJ f a(s)ﬂ()lf(”’xm(ol(”)) X (0 (1))

—f(u,x(ol(u)),...,x(an(u)))|du dsdv, t>T, m>1.
(2.53)

Equation (2.53) together with (2.3), (2.49) and the Lebesgue dominated convergence theorem
yields that

lim Sk — Skx]| = 0, (2.54)

that is, Sk is continuous in A(N, M).
Thirdly, we show that Sx(A(N, M)) is relatively compact. From (2.3), (2.50), and
(2.51), we obtain that

1Szl < k+2f

T+it

h(u)
J f a(s)po) Hdsdv<2M, - x € AN, M), (2.55)
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which means that Sx(A(N, M)) is uniform bounded. It follows from (2.49) that, for each
e > 0, there exists T* > T such that

oo 00 ﬂ e
J‘T *HT f fs (X(S)ﬂ(v) duds dv < 2° (256)

Notice that (2.3), (2.51), and (2.56) yield that

[(Skx) (1) = (Six) (1) < 22[

T*+iT

+oo A+oo h(u)
———dudsd
f L a(s)p(v) Ay (2.57)

<g, XEA(N,M), t2>t12T*.

Choose a positive integer z satisfying T + zT > T*. Put

+o0o  A+oo
D:max{f f ﬂduds:ve[T+T,T*+zr]},

a(s)p(v) (2.58)
£
~1+2Dz
By (2.3), (2.51), and (2.58), we gain that
|(Skx) (t2) = (Skx) (1)
+00 A+00 1
<J‘t2+l’l‘ ft1+17> J;; Js a(s)ﬁ(v) f(u, x(ol (u)), o IX(O.n(u)))du dsdo
o'} by+IT p+00
S i=1 t1+ITI 4[ )ﬂ( )duds dv
t . e (2.59)
2 HIT oo 2HIT ptoo ptoo u
———~ —dud
apa f ] = Sy s o 21 f J | apanasa
B h(u)
< Pallz=h) ZL L s
<g, x€A(N,M), t1,t, € [T, T*] with t; <t; <t; +6.
Clearly,
[(Skx) () — (Skx)(t1)|=0<e, x€AN,M), ty <t <t <T. (2.60)

That is, Sx(A(IN, M)) is equicontinuous on [tg, +o0), and S is relatively compact. The rest
argument is similar to the proof of Theorem 2.4 and is omitted. This completes the proof. O
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Theorem 2.6. Assume that there exist constants M, N, c1, ¢z, Ty and a function h € C([ty, +o0), R*)
satisfying (2.3), (2.4), and

2 2
cs—Co c5;—C1
L “N<-2

C1 C2
aipt)<a, t>2To>ty+T (2.62)

l<c<e<ca, 0< M; (2.61)

Then (1.7) possesses uncountably many bounded nonoscillatory solutions in A(N, M).

Proof. Set k € (c1N + (c1/c2) M, coM + (c2/c1)N). It follows from (2.4) that there exists T > Tj
such that

+o0 p+o0 h(u ) P P
————dudsdv <min{eccM+ =N -k, —k-M -c¢,N ;. (2.63)
a(s)p(v) c1 c1

Define two mappings Six and Syk : A(N, M) — C([ty, +0),R) by

k — x(t+T) ST
(Sux)(t) =4 plt+7) plt+7)" ~ 7 (2.64)
(S1ex)(T), to<t<T,

+00 1
(Su) (®) = P(t+T)It+Tf L Wf(u,x(ol(u)),...,x(on(u)))dudsdv, t>T,

(Sakx)(T), to<t<T
(2.65)

for x € A(N, M).
Firstly, we show that S1x(A(IN, M)) + S (A(N, M)) € A(N, M). From (2.3), (2.61)-
(2.65), we get that

(S1kx) (t) + (Soxy) ()

< E—E+lmm{c2M+—N k, —k M - CzN}
C (1 C C1 C1
<M, x,ye AN M), t>T,
(2.66)
(S1kx) (t) + (Soxy) (t)
ZE—M——mm{QM+C— k—k M—CzN}
C1 C2 2 C1

>N, x,yc AN M), t>T,

That is, S1x(A(N, M)) + S (A(N, M)) C A(N, M).
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Secondly, by (2.61), (2.62), and (2.64), we conclude that
1
||S1kx = Siky|| < o lx-v|, xyeAN,M), (2.67)

which implies that Sy is a contraction mapping in A(N, M).
Thirdly, we show that Sy, is completely continuous. Let x € A(N, M) and {x,,},,51 C
A(N, M) be such that x,, — xasm — +oo. By (2.61), (2.62), and (2.65), we gain that

|(S2kxm) (£) = (S2kx) (B)]

<

p(t+7-) ; j Oof IX(S)‘E( )|f(ll xm(ol(u)) ,xm(on(u)))

—f(u,x(01(t)), ..., x(0x(t)))|duds dv

alr L L s)ﬂ( )lf(” X (01(1)), .., Xm(0n (1))

—f(u,x(o1()),...,x(04(w)))|dudsdv, t>T, m>1.
(2.68)

In view of (2.12), (2.13), (2.68), and the Lebesgue dominated convergence theorem, we obtain
that

lim ||Sokx — Sakx|| =0, (2.69)
m— +o0o

that is, Syx is continuous in A(N, M).
For each € > 0, it follows from (2.4) that there exists T* > T satisfying

+00 At+oo Atoo h(u) 0o C2£
J‘T* L L 2B )dudsdv<m1n{ > 4201}' (2.70)

From (2.3), (2.61), (2.62), (2.65), and (2.70), we gain that

[(Sakx) (t2) = (Sakx) (t1)]

% h(u) 1 )
t2+7'4[ L a(s)p(v )dudeiUJr t1+Tf L —a(s)ﬁ(v)dudev

- ’[+WJ a(h(Zz )du dsdv

<g§g, JCEA(N,M), bh>h >T*.

(2.71)
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By (2.3), (2.61), (2.62), (2.65), and (2.70), we obtain that, for x € A(N, M), T <t; <t, <T*,

[(Sakx) (t2) = (Sakx) (t1)]
o f+w J h(w) ————dudsdv

o) P(tz + T) t+T DC(S)ﬂ('U)
! () (2.72)
+ ‘P(t2+T) p(t +T) wa L a(s)p(0) dudsdv
ty+T p+o0 h(u) Qﬁ +00 p+o0 h(u)
e f f 2(5)f(v )dud sdv + J J‘ 2(5)B() ————dudsdv,

which means that there exists 6 > 0 such that

|(S2kx) (f2) = (Sakx) ()| <&, x € AN, M), ti,t2 € [T, T"] with [t2 —#] < 6. (2.73)

It is easy to verify that

[(Sakx) (f2) = (Sakx)(t1)| =0<e, x€ A(N,M), tg<t1 <t <T. (2.74)

That is, Sox(A(IN, M)) is equicontinuous on [t, +o0), and Sy is completely continuous. By
Lemma 1.2, there is xy € A(N, M) such that Sixxy + Sxxp = xp, which is a bounded
nonoscillatory solution of (1.7).

Lastly, we demonstrate that (1.7) possesses uncountably many nonoscillatory
solutions. Let ki, k, € (c1IN + (c1/c2)M, c2M + (c2/c1)N) and k; # ky. For each j € (1,2},
we choose T; > tp and contraction mappings Sjx, and Sj, satisfying (2.63)-(2.65) with k and
T replaced by k; and Tj, respectively, and some T3 > max{Ty, T>} satisfying

oo h(u) C2|k1 - kzl
I f I 25)B() —————dudsdv < e (2.75)

Obviously, there are x,y € A(N, M) such that Six,x + So,x = x and Si,y + So,y = V,
respectively, and x and y are two bounded nonoscillatory solutions of (1.7) in A(N, M). By
(2.64) and (2.65), we gain that for t > T

k1 x(t+T)
x() = p(t+7) p(t+T)

e o ]| g e s do .
y(t): k2 y(t+’T) '

p(t+T) B p(t+T)

,[ J tx(s)ﬂ(v)f(” ,y(o1(w)), ..., y(on(u)))dudsdo,

p(t + T) t+T
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which together with (2.3), (2.61), and (2.62) mean that

|x(t) = y(t)| Zp(tiT)lkl—kzl (t+ )|x( -7)—y(t-7)|

P(t+T) bt f f tx(S)ﬁ v)
x| f(u,x(o1(w)), ..., x(0x(w))) = f(w,y(o1 (1)), ..., y(0n(w)))|duds dv

1 1
> C—lkl - k2 —C—||x—y||

f f a(s)ﬂ( )dudsdv, t>T;,
(2.77)

which together with (2.75) yields that

1+c <—| 1—k2|——J f I a(s)ﬁ(v)dudev> >0, (2.78)

that is, x # y. This completes the proof. O

lx-yll =

Theorem 2.7. Assume that there exist constants M, N, c1, ¢2, To and a function h € C([to, +o0), R")
satisfying (2.3), (2.4), and

0<(c1-1)N < (c2 - 1)M; (2.79)

-0 <—C < p(t) <— < —1, t> TO > to + T. (280)

Then (1.7) possesses uncountably many bounded nonoscillatory solutions in A(N, M).

Proof. Set k € ((c1 —1)N, (c2 — 1) M). It follows from (2.4) that there exists T > T such that

+00 A+oo +OOM . B 3 Cz(k+N)_
L I f a(s)ﬂ(v)dudsdv<mm{(02 M k,—c1 czN}. (2.81)

Define two mappings Six and Syx : A(N, M) — C([to, +o0),R) by

-k _ x(t + T)
(Sux)(t) = pt+t) pit+1) =77
(S1kx)(T), b <t<T,

(Sa) (8) = P(f+T)ft+TJ f a(s)ﬂ( )f(u ,x(o1(u)), ..., x(on(u)))dudsdo, t>T,

(Sakx)(T), to<t<T
(2.82)
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for x € A(N, M). From (2.3), (2.80)—(2.82), we obtain that

(Sikx) (t) + (Saxy) (t)

<£+M+lmm{(cz—l)M k,

c2(k+ N) —czN}
C2 C2 C

C1

<M, x,ye A(NM), t>T,

(2.83)
(Sikx) (t) + (Saxy) (1)
> E +N - lmm{(cz—l)M k, M —czN},
c1 €1 C C1

>N, x,yce ANM), t>T

which implies that Six(A(N, M)) + Sak (A(N, M)) € A(N, M). The rest of the proof is similar
to the proof of Theorem 2.6 and is omitted. This completes the proof. O

3. Examples

In this section we construct seven examples as applications of the results presented in
Section 2.

Example 3.1. Consider the following third-order nonlinear neutral delay differential equation:

3 3sin(t? -2) +1 T
{%I:ln(lt+ 5 <x(t)+Mx(t—T)>:| }
() D)

where 7 > 0 and f > 0 are fixed. Let n = 2, and let M and N be two positive constants with
M >7N and

(3.1)

; B po 1 _ 3sin(#-2) +1
“()—2/ ﬁ()—m/ P()—f,
4 2 212 1 2M? (32)
=z 2=z o1 (t) = T3t oo (t) =t - 7 h(t) = o
2., .2

u-+o
fltuv)=——, (t,u,0) € [t, +00) x R”.

Obviously, (2.1)-(2.3) hold. On the other hand,

oo h(u) o (P In(1+0)
J‘ f f (x(s)ﬂ(v)dudev_M fto Tdv< +c0. (3.3)
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Thatis, (2.4) holds. Thus Theorem 2.1 means that (1.7) possesses uncountably many bounded
nonoscillatory solutions in A(N, M).

Example 3.2. Consider the following third-order nonlinear neutral delay differential equation:

3 2 2 T T
2t 2
{ (Zt -: 1) [<4t2 + 4t + 5) <x(t) + mx(t - T)> ] } + t2 = 0, > t(), (34)

where 7 > 0 and f > 0 are fixed. Let n = 1, and let M and N be two positive constants with
(3t3+1)M > 3(t3 + 1)N and

_(2t+1)° o 2
a(t) = P p(t) =4t~ +4t+5, p(t) = T332
2 215 2M
= — = — t) = t 1 t) = — 35
C1 3’ (6] 1+3l%’ 0'1() \[+ , h() 2 ( )
Zu
f(t/u) = t_zl (t/u) € [tOI +OO) xR.
Obviously, (2.3), (2.25), and (2.26) hold. Moreover,
+0o pAtoo pA+oo h(u) 2M 1 1 T
— = |- (=- 2tg+1 . .
LO J‘U L a(s)ﬂ(v)dudev 6 [2(2t0+1) 2(2 arc tan(2¢ty + )>] <+4o0. (3.6)

Hence (2.4) holds. Thus Theorem 2.2 ensures that (1.7) possesses uncountably many bounded
nonoscillatory solutions in A(N, M).

Example 3.3. Consider the following third-order nonlinear neutral delay differential equation:

2
{ett

where 7 > 0 is fixed and ty = 0. Let n = 2, and let M and N be two positive constants with
4M > 5N and

!

1/3 3t—1 ' tx(£%)
(#+1) (x(t“ 5t+2 xa_T))] } YEdie@em) Y 120 67

e (a 1/3 _ 3t-1 B E
ay=e*,  pw=(F+1) ", pO=55,  a=:%
1 Mt
=7 o1(f) =t(t+2), oy(t) =, h(t) = A+ N2’ (3.8)

to

_w 2
1y uZ)' (t,u,v) € [ty, +o0) x R*.

f(t,u,v) =
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Clearly, (2.3), (2.25), and (2.30) hold, and

1 pmnesao = ing [, er (o) Moo, 09

hence (2.4) holds. Therefore Theorem 2.3 guarantees that (1.7) possesses uncountably many
bounded nonoscillatory solutions in A(N, M).

Example 3.4. Consider the following third-order nonlinear neutral delay differential equation:

=0, t>to, (3.10)

2 arc tant t

{—t3+1 [(x(t)+x(t 7)) } x*(8 — 1) (x(£ =) +3)

where 7 > 0 and ¢y > 0 are fixed. Let n = 1, and let M and N be two positive constants with
M > N and

ah)= it gt p=1,  an =Pt
2 arc tant’ A e ! (3.11)
2 12 '
it = PO g = O G € o, v00) <
Obviously, (2.3) holds. Furthermore,
oo M?(M +3) J‘+°° varc tanv
——— —dudsdv = dv < +oo, 3.12
f J. f )ﬂ() 5 ), o 312

that is, (2.4) holds. Thus Theorem 2.4 ensures that (1.7) possesses uncountably many
bounded nonoscillatory solutions in A(N, M).

Example 3.5. Consider the following third-order nonlinear neutral delay differential equation:

G [%(x(t)—x(t—’r))'],} LD RAD) oy, (3.13)

where 7 > 0 and ¢y > 0 are fixed. Let n = 1, and let M and N be two positive constants with
M > N and

a)=F,  pO=1  p)=-1, o) =t++In(1+0),

. , (3.14)

=" few =%, el ) <R
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Obviously, (2.3) holds. Notice that

+00 ptoo h(u) ) E*w 1
ftm—zrf L a(s)p(v) duds do = 16 ; (fo + iT)_2 < +oo, (3.15)

that is, (2.49) holds. Hence Theorem 2.5 implies that (1.7) possesses uncountably many
bounded nonoscillatory solutions in A(N, M).

Example 3.6. Consider the following third-order nonlinear neutral delay differential equation:

tz 2 S5ar 2/3 1 t _
{? [(1 +In t> <x(t) + <7 + arctant )x(t—T)) ] +et2(x2(t2 DD =0, t>ty,

(3.16)

where 7 > 0 and f > 0 are fixed. Let n = 1, and let M and N be two positive constants with
(5/2)(9r — (5/2))N < 3((25a/4) - 3)M and

a(t) tz' ﬂ(t) =1+ lnzt, c1=3a,¢c = 5_.71'

2 7
2T 2/3 _q2 - -
p(t) = 7 tarctant oi(t) =t"+1, h(t) (NZ+ D)ot (3.17)
t
f(t,u) = W, (t,u) € [t(), +OO) x R.
Clearly, (2.3), (2.61), and (2.62) hold, and

+oo 1 ar

f J j a(s )ﬂ( )dud sdv = m( —arc tan(lnt0)> < +oo, (3.18)

that is, (2.4) holds also. Thus Theorem 2.6 ensures that (1.7) possesses uncountably many
bounded nonoscillatory solutions in A(N, M).

Example 3.7. Consider the following third-order nonlinear neutral delay differential equation

!

(2 (xrs (s~ ) ssomtmn )= | } - 2 s,

(3.19)
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where 7 > 0 and f > 0 are fixed. Let n = 1, and let M and N be two positive constants with
M > 11N and

2+1
, p(t) = et =12, ¢, =2,

| =

a(t) =

p(t) = sin(t - %) +4cos(Int) -7, o1(t) = V2 +1, (3.20)

tM?
et ’

tu?
h(t) = fltw) =2, () € [to,+o0) xR

Obviously, (2.3), (2.79), and (2.80) hold. Note that

ﬂ,w fw f OO a(il;;()v) duds do = MT2<% —arctanty) < +oo, (3.21)

that is, (2.4) holds. It follows from Theorem 2.7 that (1.7) possesses uncountably many
bounded nonoscillatory solutions in A(N, M).
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