Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2011, Article ID 701675, 27 pages
doi:10.1155/2011/701675

Research Article

Strong Convergence Theorems for Countable
Families of Uniformly Quasi-¢-Asymptotically
Nonexpansive Mappings and a System of
Generalized Mixed Equilibrium Problems

Siwaporn Saewan and Poom Kumam

Department of Mathematics, Faculty of Science, King Mongkut's University of Technology Thonburi
(KMUTT), Bangmod, Bangkok 10140, Thailand

Correspondence should be addressed to Siwaporn Saewan, si-wa_pon@hotmail.com and
Poom Kumam,poom.kum@kmutt.ac.th

Received 24 March 2011; Accepted 30 May 2011
Academic Editor: Yuming Shi

Copyright © 2011 S. Saewan and P. Kumam. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

The purpose of this paper is to present a new hybrid block iterative scheme by the generalized f-
projection method for finding a common element of the fixed point set for a countable family of
uniformly quasi-¢-asymptotically nonexpansive mappings and the set of solutions of the system of
generalized mixed equilibrium problems in a strictly convex and uniformly smooth Banach space
with the Kadec-Klee property. Furthermore, we prove that our new iterative scheme converges
strongly to a common element of the aforementioned sets. The results presented in this paper
improve and extend important recent results in the literature.

1. Introduction

Let E be a Banach space with it’s dual space E*, and let C be a nonempty closed convex subset
of E. It is well known that the metric projection operator Pc : E — C plays an important
role in nonlinear functional analysis, optimization theory, fixed point theory, nonlinear
programming problems, game theory, variational inequality, complementarity problems, and
so forth (see, e.g., [1, 2] and the references therein). In 1994, Alber [3] introduced and
studied the generalized projections Ilg : E — C and o¢c : E* — C from Hilbert spaces
to uniformly convex and uniformly smooth Banach spaces. Moreover, Alber [1] presented
some applications of the generalized projections for approximately solving the variational
inequalities and von Neumann’s intersection problem in Banach spaces. In 2005, Li [2]
extended the generalized projection operator from uniformly convex and uniformly smooth
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Banach spaces to reflexive Banach spaces and studied some properties of the generalized
projection operator with applications to solving the variational inequality in Banach spaces.
Later, Wu and Huang [4] introduced a new generalized f-projection operator in Banach
spaces. They extended the definition of the generalized projection operators introduced by
Abler [3] and proved some properties of the generalized f-projection operator. In 2009, Fan
et al. [5] presented some basic results for the generalized f-projection operator and discussed
the existence of solutions and approximation of the solutions for generalized variational
inequalities in noncompact subsets of Banach spaces.

Block iterative method is a method which is often used by many authors to solve
the convex feasibility problem (CFP) (see, [6, 7], etc.). In 2008, Plubtieng and Ungchittrakool
[8] established strong convergence theorems of block iterative methods for a finite family
of relatively nonexpansive mappings in a Banach space by using the hybrid method in
mathematical programming. Later, Saewan and Kumam [9, 10] introduced a new modified
block hybrid projection algorithm for finding a common element of the set of solutions of the
generalized equilibrium problems and the set of common fixed points of an infinite family of
closed and uniformly quasi-$-asymptotically nonexpansive mappings in a uniformly smooth
and strictly convex Banach space E with the Kadec-Klee property.

On the other hand, let {6;};.r : CxC — R be a bifunction, let {¢;};. : C — Rbeareal-
valued function, and let {A;},.r : C — E* be a monotone mapping, where I' is an arbitrary
index set. The system of generalized mixed equilibrium problems is to find x € C such that

0i(x,y) + (Aix,y —x) +9i(y) —gi(x) >0, i€Tl, VyeC. (1.1)

If ' is a singleton, then problem (1.1) reduces into the generalized mixed equilibrium problem,
which is to find x € C such that

0(x,y) + (Ax,y —x) +p(y) —¢(x) >0, VyeC. (1.2)
The set of solutions (1.2) is denoted by GMEP(8, A, ¢), that is,
GMEP(0,A,¢) = {xe€C:0(x,y) + (Ax,y —x) +p(y) —p(x) >0, Vy € C}. (1.3)

If A = 0, the problem (1.2) reduces into the mixed equilibrium problem for 0, denoted by
MEP(8, ), which is to find x € C such that

0(x,y) +9(y) —p(x) 20, VyeC. (14)

If 8 = 0, the problem (1.2) reduces into the mixed variational inequality of Browder type,
denoted by VI(C, A, ¢), which is to find x € C such that

(Ax,y-x)+9(y) —p(x) 20, VyeC. (15)

If A=0and ¢ =0, the problem (1.2) reduces into the equilibrium problem for 0, denoted by
EP(0), which is to find x € C such that

8(x,y) >0, YyeC. (1.6)
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If 6 = 0, the problem (1.4) reduces into the minimize problem, denoted by arg min(¢), which is
to find x € C such that

o(y) —p(x) >0, VyeC. (1.7)

The above formulation (1.5) was shown in [11] to cover monotone inclusion problems, saddle
point problems, variational inequality problems, minimization problems, optimization
problems, variational inequality problems, vector equilibrium problems, and Nash equilibria
in noncooperative games. In other words, the EP(0) is an unifying model for several problems
arising in physics, engineering, science, optimization, economics, and so forth. Some solution
methods have been proposed to solve the EP(0); see, for example, [11-24] and references
therein.

A point x € C is a fixed point of a mapping S : C — C if Sx = x, by F(S) denote the set
of fixed points of S; thatis, F(S) = {x € C : Sx = x}. Recall that S is said to be nonexpansive if

|Sx-Sy|| < ||x-v|, VxyeC. (1.8)
S is said to be quasi-nonexpansive if F(S) # @ and
|lx-Sy|l<|lx-y|, VYxeF(S) yeC (1.9)

S is said to be asymptotically nonexpansive if there exists a sequence {k,} C [1,0) withk, — 1
asn — oo such that

15"x = S"y| < kallx ~

, Yx,yeC, Vn>1. (1.10)

S is said to be asymptotically quasi-nonexpansive if F(S) # @ and there exists a sequence {k,} C
[1,00) with k,, — 1asn — oo such that

||x = S"y||< knl|x-y|, VxeF(S), yeC Vn>1. (1.11)

Recall that a point p in C is said to be an asymptotic fixed point of S [25] if C contains
a sequence {x,} which converges weakly to p such that lim,_,||x, — Sx,|| = 0. The set of
asymptotic fixed points of S will be denoted by F (S).

Let E be a real Banach space with norm || - ||, let C be a nonempty closed convex subset
of E, and let E* denote the dual of E. Let (-, -) denote the duality pairing of E* and E. If Eis a
Hilbert space, (:,-) denotes an inner product on E. Consider the functional defined by

p(x,y) = llx||* - 2(x, Jy) + ||y||2, for x,y € E, (1.12)

where ] : E — 2F is the normalized duality mapping. ~
A mapping S from C into itself is said to be relatively nonexpansive [26-28] if F(S) =
F(S)#0and

¢(p,Sx) <Pp(p,x), VxeC, peF(S). (1.13)
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S is said to be relatively asymptotic nonexpansive [29] if F (S) = F(S)#0 and there exists a
sequence {k,} C [1,00) with k, — 1asn — oo such that

¢(p,S"x) <kudp(p,x), Vxe€C, peF(S), n>1. (1.14)

The asymptotic behavior of a relatively nonexpansive mapping was studied in [30-32].
S is said to be ¢p-nonexpansive if

$(Sx,Sy) < dp(x,y), Vx,yeC. (1.15)
S is said to be quasi ¢-nonexpansive [17, 33, 34] if F(S) #@ and

¢(p,Sx) <Pp(p,x), VYxeC, peF(S). (1.16)

S is said to be ¢-asymptotically nonexpansive if there exists a real sequence {k,} C [1, 00) with
k, — lasn — oo such that

$(S"x,S"y) < kap(x,y), VYx,yeC. (1.17)

S is said to be quasi ¢-asymptotically nonexpansive [34, 35] if F(S) #0 and there exists a real
sequence {k,} C [1,00) with k, — 1asn — oo such that

¢(p,S"x) <kudp(p,x), Vxe€C, peF(S), n>1. (1.18)

A mapping S is said to be closed if for any sequence {x,} C C with x, — x and Sx, — y,
then Sx = y.

Remark 1.1. It is easy to know that each relatively nonexpansive mapping is closed. The
class of quasi-¢-asymptotically nonexpansive mappings contains properly the class of quasi-
¢-nonexpansive mappings as a subclass, and the class of quasi-¢-nonexpansive mappings
contains properly the class of relatively nonexpansive mappings as a subclass, but the
converse is not true (see for more detail [30-32, 36]).

As well known if C is a nonempty closed convex subset of a Hilbert space H and
Pc : H — C is the metric projection of H onto C, then P¢ is nonexpansive. This fact actually
characterizes Hilbert spaces, and consequently, it is not available in more general Banach
spaces. In this connection, Alber [1] recently introduced the generalized projection Ilc : E — C
is a map that assigns to an arbitrary point x € E the minimum point of the functional ¢(x, y);
that is, I'lcx = X, where X is the solution to the minimization problem

P(x, x) = L’ggé(i’(w)- (1.19)
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The existence and uniqueness of the operator I'lc follows from the properties of the functional
¢(y, x) and the strict monotonicity of the mapping J (see, e.g., [1, 37-40]). It is obvious from
the definition of function ¢ that

Iyl = l1x)* < ¢y x) < (lyll = lIxl1)?, Vx,y € E. (1.20)

If E is a Hilbert space, then ¢(y, x) = ||y — x||* and T1c becomes the metric projection of E onto
C.

Next we recall the concept of the generalized f-projection operator. Let G : C x E* —
R U {400} be a functional defined as follows:

G @) = EI° - 2(¢, @) + [@]* +2pf (&), (1.21)

where ¢ € C,w € E*, p is positive number, and f : C — R U {+oo} is proper, convex, and
lower semicontinuous. From definitions of G and f, it is easy to see the following properties:

(1) G(¢, @) is convex and continuous with respect to @ when ¢ is fixed;
(2) G(¢,w) is convex and lower semicontinuous with respect to ¢ when @ is fixed.

Let E be a real Banach space with its dual E*. Let C be a nonempty closed convex
subset of E. We say that .n'g : E* — 2C is generalized f-projection operator if

wlew = {u €C:Gu,m) =infGE ), Y € E*}. (1.22)
S

In 2005, Matsushita and Takahashi [36] proposed the following hybrid iteration
method (it is also called the CQ method) with generalized projection for relatively
nonexpansive mapping S in a Banach space E:

x0€C, chosen arbitrarily,
Yn =T (@] xn + (1 - @) ] Sxn),
Ch={z€C:¢(z,yn) <P(z,x)}, (1.23)
Qun={z€C:(xp—z Jxo— Jxn) 20},

Xnt1 = Ic,nQ,Xo0-

They proved that {x,} converges strongly to ITr(s)xo, where Ilg(s) is the generalized
projection from C onto F(S).

Motivated by the results of Takahashi and Zembayashi [41], Cholamjiak and Suantai
[12] proved the following strong convergence theorem by the hybrid iterative scheme for
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approximation of common fixed point of countable families of relatively quasi-nonexpansive
mappings in a uniformly convex and uniformly smooth Banach space: xo € E, x1 =
Ilc,x0,C1 =C,

Yni =] Nan]xn + (1 - ay) JSxp),

0 O, 0
uni =Ty Tor ! o T Y

Ymn = Tm-1,n

(1.24)
Cui1 = {z € Cp:sup; (2, Juni) < Pz, Jxn)},

Xns1 =1, %0, n2>1

n+l

Then, they proved that under certain appropriate conditions imposed on {a,} and {r,;}, the
sequence {x,} converges strongly to I'lc, ., xo.

In 2010, Li et al. [42] introduced the following hybrid iterative scheme for the
approximation of fixed point of relatively nonexpansive mapping using the properties of
generalized f-projection operator in a uniformly smooth real Banach space which is also
uniformly convex: xp € C,

Yn = ]_1(an]xn + (1 - an)]sxn)/
Cui ={w e Cy: G(w, Jyn) <G(w, Jxn)}, (1.25)

f
Xp =11 x0, n20,

where 1‘[{j : E — 2C is generalized f-projection operator. They proved the strong convergence
theorem for finding an element in the fixed point set of S. We remark here that the results of
Li et al. [42] extended and improved on the results of Matsushita and Takahashi [36].

Recently, Shehu [43] introduced a new iterative scheme by hybrid methods and
proved strong convergence theorem for the approximation of a common fixed point of two
countable families of weak relatively nonexpansive mappings which is also a solution to a
system of generalized mixed equilibrium problems in a uniformly convex and uniformly
smooth Banach space by using the properties of the generalized f-projection operator.
Chang et al. [44] used the modified block iterative method to propose an iterative algorithm
for solving the convex feasibility problems for an infinite family of quasi-¢-asymptotically
nonexpansive mappings. Very recently, Kim [45] and Saewan and Kumam [46] considered
the shrinking projection methods for asymptotically quasi-¢-nonexpansive mappings in a
uniformly smooth and strictly convex Banach space which has the Kadec-Klee property.

In this paper, we introduce a new hybrid block iterative scheme of the generalized f-
projection operator for finding a common element of the fixed point set of uniformly quasi-¢-
asymptotically nonexpansive mappings and the set of solutions of the system of generalized
mixed equilibrium problems in a uniformly smooth and strictly convex Banach space with the
Kadec-Klee property. Then, we prove that our new iterative scheme converges strongly to a
common element of the aforementioned sets. The results presented in this paper improve and
extend the results of Shehu [43], Chang et al. [44], Li et al. [42], Takahashi and Zembayashi
[41], Cholamjiak and Suantai [12], and many authors.
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2. Preliminaries

A Banach space E is said to be strictly convex if ||(x + y)/2|| < 1 for all x,y € E with ||x| =
lyll = 1and x#y. Let U = {x € E : ||x|| = 1} be the unit sphere of E. Then a Banach
space E is said to be smooth if the limit lim,_o(||x + ty| — ||x||)/t exists for each x,y € U.
It is also said to be uniformly smooth if the limit exists uniformly in x,y € U. Let E be a
Banach space. The modulus of smoothness of E is the function pg : [0,00) — [0, o0) defined
by pe(t) = sup{((lx + yll + Ix = yI)/2) 1 : |lxll = Lllyll < t}. The modulus of convexity
of E is the function 6¢ : [0,2] — [0,1] defined by 6g(¢) = inf{l - |[(x + y)/2| : x,y €
E |lx|| = llyll = 1,llx — y|| > &}. The normalized duality mapping J : E — 2F" is defined by
J(x) = {x* € E*: (x,x*) = ||x|* ||x*|| = ||x||}. If E is a Hilbert space, then | = I, where I is the
identity mapping.

Remark 2.1. If E is a reflexive, strictly convex and smooth Banach space, then for x,y € E,
¢(x,y) = 0if and only if x = y. It is sufficient to show that if ¢(x,y) = 0, then x = y. From
(1.12), we have ||x|| = ||y||. This implies that (x, Jy) = llx||* = ||]y||2. From the definition of J,
one has Jx = Jy. Therefore, we have x = y; see [38, 40] for more details.

Recall that a Banach space E has the Kadec-Klee property [38, 40, 47], if for any
sequence {x,} C E and x € E with x, — x and ||x,,|| — ||x||, then ||x, —x|| — Oasn — co.
It is well known that if E is a uniformly convex Banach space, then E has the Kadec-Klee

property.

Remark 2.2. Let E be a Banach space. Then we know that
(1) if E is an arbitrary Banach space, then J is monotone and bounded;
(2) if E is strictly convex, then ] is strictly monotone;
(3) if E is smooth, then ] is single valued and semicontinuous;

(4) if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E;

(5) E is reflexive, smooth, and strictly convex, then the normalized duality mapping
] = ]2 is single valued, one-to-one, and onto;

(6) if E is uniformly smooth, then E is smooth and reflexive;

(7) E is uniformly smooth if and only if E* is uniformly convex;

see [38] for more details.

We also need the following lemmas for the proof of our main results.
For solving the equilibrium problem for a bifunction 6 : CxC — R, let us assume that
0 satisfies the following conditions.

(A1) O(x,x) =0, forall x € C.

(A2) 0 is monotone; that is, (x,y) +0(y,x) <0, forall x,y € C.
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(A3) foreach x,y,z € C,

131%19@2 +(1-t)x,y) <0(x,y). (2.1)

(A4) for each x € C, y — 0(x, y) is convex and lower semicontinuous.

For example, let A be a continuous and monotone operator of C into E* and define
0(x,y) = (Ax,y -x), VYx,yeC. (2.2)

Then, 0 satisfies (A1)—(A4). The following result is in Blum and Oettli [11].
Motivated by Combettes and Hirstoaga [13] in a Hilbert space and Takahashi and
Zembayashi [48] in a Banach space, Zhang [49] obtained the following lemma.

Lemma 2.3 (Liu et al. [50], Zhang [49, Lemma 1.5]). Let C be a closed convex subset of a smooth,
strictly convex, and reflexive Banach space E. Let 0 be a bifunction from C x C to R satisfying (A1)-
(A4),let A : C — E* be a continuous and monotone mapping, let ¢ : C — R be a semicontinuous
and convex functional, for r > 0, and let x € E. Then, there exists z € C such that

Q(Z/y)+%<y—z,]z—]x>zo, Yy eC, (2.3)

where Q(z,y) = 0(z,y) + (Az,y — z) + 9(y) — ¢(z). Furthermore, define a mapping T, : E — C
as follows:

Trx:{zeC:Q(z,y)+%(y—z,]z—]x>20, ‘v’yeC}. (2.4)

Then the following holds.

(1) T, is single-valued.

(2) T, is firmly nonexpansive; that is, for all x,y € E, (T,x - T,y, JT,x — JT,y) < (T,x —
Ty, Jx-Jy).

(3) F(T,) = F(T,) = GMEP(6, A, ).

(4) GMEP(6, A, o) is closed and convex.

(5) ¢(p, Trz) + ¢(Trz,2z) < ¢p(p, z), forall p € F(T,) and z € E.

For the generalized f-projection operator, Wu and Huang [4] proved the following
basic properties.

Lemma 2.4 (Wu and Huang [4]). Let E be a reflexive Banach space with its dual E* and let C be a
nonempty closed convex subset of E. The following statements hold.

(1) m'éw is nonempty closed convex subset of C for all w € E*.
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(2) If E is smooth, then for all w € E*, x € Jréw if and only if

(x-yw-Jx)+pf(y) -pf(x)20, VyeC (2.5)

(3) If E is strictly convex and f : C — RU {+oo} is positive homogeneous (i.e., f(tx) = tf(x)

forall t >0 such that tx € C where x € C), then Jfé is single-valued mapping.

Recently, Fan et al. [5] have shown that the condition f which is positive homogeneous
and appeared in [5, Lemma 2.1(iii)] can be removed.

Lemma 2.5 (Fan et al. [5]). Let E be a reflexive Banach space with its dual E*, and let C be a

nonempty closed convex subset of E. If E is strictly convex, then Jréw is single valued.

Recall that ] is single value mapping when E is a smooth Banach space. There exists a
unique element @ € E* such that @ = Jx where x € E. This substitution for (1.21) gives

G(&, Jx) = G117 = 2(&, Jx) +IIx[* +2p £ (2). (2.6)

Now we consider the second generalized f-projection operator in Banach spaces (see
[42]).

Definition 2.6. Let E be a real smooth Banach space, and let C be a nonempty closed convex
subset of E. We say that Hé : E — 2€ is generalized f-projection operator if

x = {u €C: G, Jx) = infG(&, J), Vx € E}. (2.7)

Lemma 2.7 (Deimling [51]). Let E be a Banach space, and let f : E — R U {+oco} be a lower
semicontinuous convex functional. Then there exist x* € E* and a € R such that

f(x)>(x,x")+a, VxeE. (2.8)

Lemma 2.8 (Lietal. [42]). Let E be a reflexive smooth Banach space, and C let be a nonempty closed
convex subset of E. The following statements hold.

(1) Héx is nonempty closed convex subset of C for all x € E.

(2) Forall x € E, % € T.x ifand only if

(X-y, Jx-Jx)+pf(y) -pf(X) 20, VyeC. (2.9)

(3) If E is strictly convex, then Hé is single-valued mapping.
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Lemma 2.9 (Li et al. [42]). Let E be a reflexive smooth Banach space and let C be a nonempty closed
convex subset of E, and let x € E, X € H’éx. Then

#(y,x) +G(x,Jx) <G(y,Jx), VyeC. (2.10)

Remark 2.10. Let E be a uniformly convex and uniformly smooth Banach space, and let f(x) =
0 forall x € E. Then Lemma 2.9 reduces to the property of the generalized projection operator
considered by Alber [1].

Lemma 2.11 (Li et al. [42]). Let E be a Banach space, and let f : E — R U {+oo} be a proper,
convex, and lower semicontinuous mapping with convex domain D(f). If {x,} is a sequence in D(f)
such that x, — X € D(f) and lim,, _, . G(xn, Jy) = G(X, Jy), then lim,, _, || x4l = ||X||.

Lemma 2.12 (Chang et al. [44]). Let E be a real uniformly smooth and strictly convex Banach space
with Kadec-Klee property, and let C be a nonempty closed convex subset of E. Let S : C — C be a
closed and quasi-¢-asymptotically nonexpansive mapping with a sequence {k,} C [1,), k, — 1.
Then F(S) is a closed convex subset of C.

Lemma 2.13 (Chang et al. [44]). Let E be a uniformly convex Banach space, let r > 0 be a positive
number, and let B,(0) be a closed ball of E. Then, for any given sequence {x;}jo, C B.(0) and for
any given sequence {A;}72; of positive number with 3,571 A, = 1, there exists a continuous, strictly
increasing, and convex function g : [0,2r) — [0, 00) with g(0) = 0 such that, for any positive
integer i, j withi < j,

2 )
< D hnllnll® = i (flxi - x;])- (211)
n=1

i)tnxn

n=1

Definition 2.14. (Chang et al. [44]).

(1) Let {Si}i2; : C — C be a sequence of mappings. {S;}i2; is said to be a family
of uniformly quasi-¢-asymptotically nonexpansive mappings, if F := N2, F(S;) #0, and
there exists a sequence {k,} C [1,00) with k, — 1 such that for eachi > 1

¢(p,Stx) <kup(p,x), Vpe¥F, xeC, Vn>1. (2.12)

(2) Amapping S : C — C is said to be uniformly L-Lipschitz continuous, if there exists a
constant L > 0 such that

|S"x - S"y|| <L||x-y|, VYxyeC (2.13)
If f(x) >0, it is clearly by the definition of mappings {S;}Z; is a family of uniformly

quasi-¢-asymptotically nonexpansive is equivalent to if N% F(S;)#0 and there exists a
sequence {k,} C [1,00) with k, — 1 such that for eachi >1,

G(p,JS!'x) <k.G(p,Jx), Vpe¥ xeC, Vn=>1. (2.14)
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3. Strong Convergence Theorem
Now we state and prove our main result.

Theorem 3.1. Let C be a nonempty closed and convex subset of a uniformly smooth and strictly
convex Banach space E with the Kadec-Klee property. Let {S;}ioy : C — C be an infinite family of
closed uniformly L;-Lipschitz continuous and uniformly quasi-¢-asymptotically nonexpansive map-
pings with a sequence {k,} C [1,00), k, — 1,and let f : E — R be a convex lower semicontinuous
mapping with C C int(D(f)). For each j = 1,2,...,m, let 0; be a bifunction from C x C to R
which satisfies conditions (A1)—(A4), let A; : C — E* be a continuous and monotone mapping, and
let p; : C — R be a lower semicontinuous and convex function. Assume that F := (N2, F(S;)) N

(ﬁ;":l GMEP(0;, A}, ¢;)) # 0. For an initial point xy € E with x; = Hél xo and C1 = C, we define the
sequence {x,} as follows:

Zp = ]! <an,0 Jotn + > ttni ]syxn>,

i=1

Yn =] (BuJn+ (1= ) Jzn),

Uy = Tmn ™ Ym-1,n 2n rl,nyn’

Cnn = {z€Cy: G(z, Juy) <G(z, Jxu) + (ky - 1) M, },

Xpil = Hémxo, Vn>1,

where M,, = supqu{G(q, Jxu)}, Aani}, { P} are sequences in [0,1], and 3% an; = 1, foralln > 0,
satisfy the following conditions.

(i) {rjn} C [d, o0) for some d > 0.
(ii) iminf, — eatn0ty; > 0 for all i > 1, and liminf, _, (1 - B,) > 0.
(iii) f(x) >0 forall x € C. and f(0) = 0.

Then {x,} converges strongly to p € F, where p = H}foo.
Proof. We split the proof into six steps.

Step 1. We first show that C,,; is closed and convex for each n > 1.
Clearly C; = C is closed and convex. Suppose that C,, is closed and convex for each
n € N. Since for any z € C,,, we know that G(z, Ju,) < G(z, Jx,) + (k, — 1) M,, is equivalent to

2z, Jotw = Jttn ) < [12all® = lltall* + (kn = 1) M, (32)
it follow that
Cunt = {2 € Ca 24z, Jxn = Jttn) < 1%l = il + (K= )M }. (3.3)
So, Cy+1 is closed and convex. This implies that H{:M xo is well defined for all n > 1.
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Step 2. We show that F ¢ C,, foralln > 1.

We show by induction that F C C, for all n € N. It is obvious that F ¢ C; = C. Suppose
that F C C,, for some n > 1. Let g € F C C,, by the convexity of || - ||>, Lemma 2.13, and the
uniformly quasi-¢-asymptotically nonexpansive of S;, we compute

G(qr ]Zn) =G <q/ <an,0]xn + ian,ijs?xn> >

i=1
2

“n,O]xn + Z“n,i]s?xn + pr(q)

i=1

= ”q”2 - 2<q/ ano ) xn + Z“n,i]s;lxn> +
i=1

= |1qll* - 20m,0(q, Jxu) =2 tni{q, TS"xn)

i=1
2

+ +2pf(q)

0
A0 )Xy + Zan,i]S:‘xn
i=1

< 1gl1” = 2a0(4, Jou) =23 (g, J S xn) + to| Tl
i=1

+ Danil ISl - anomnig|| 1 = 7ST| + 201 (q)
i=1

= llql1* = 20,0(q, Txu) + ctnollJxull” =2 ni(q, TS} xn)
i=1

+ Dani| ISl - anomnig|| 1 = 7ST| + 201 (q)
i=1

= 200G (q, Jxn) + D ,20iG(q, ] S}'xn) — an,oan,jg”]xn ~JS}xn
i=1

< an,OknG(q/ ]xn) + Zan,iknc(q/ ]xn) - an,Oan,jg”]xn - ]S?xn
i=1

< knG(q, Jxn).
(3.4)

Since 1, = Q"y,, when Q) = TUTY ... 72T

ol Pl ol J = 1,2,3,...,m, QY = I, it follows from
(3.4) that

G (g, Jun) = G(q, Jyn)
< G(q, Jyn)
=G(q,PuJxn + (1= Pu) T zn)
= [lall* = 2(q, BuJxu + (1= o) Jza) + [|BuT % + (1= Bu) J2u||* + 20£ (q)
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<|lqll* = 2844q, Jxn) = 2(1 = Bu){q, J2n) + Bullal® + (1 = Bu) |zl + 20 (q)
= PuG(q, Jxn) + (1= Pu)G(q, J zn)
<PuG(q, Jxn) + (1= Pu)knG(q, J )
< G(q, Jxu) + (1= Pn) (kn = 1)G(q, Jxn)
= G(q, ]xn) + (ky, — 1)M,,.
(3.5)

This shows that g € C,,,1 which implies that F C Cy,41, and hence, F ¢ C,, for all n > 1. Since F

is nonempty, C, is a nonempty closed convex subset of E, and hence, 1_[{:” exist for all n > 0.
This implies that the sequence {x,} is well defined.

Step 3. We show that {x,} is bounded.
Since f : E — R is convex and lower semicontinuous mapping, from Lemma 2.7, we
have known that there exist x* € E* and a € R such that

f(x)>(x,x")+a, VxeE. (3.6)

Since x,, € E, it follows that
G(xn, Jx0) = ||2ull® = 22, Jx0) + [|x0]1* + 20 f (1)
> [|xal* = 2(xn, Jx0) + [|%0]1” + 2020, X7) + 2pax
= [|2call® = 2(xn, Jx0 — px*) + [|x0|I* + 2pa (3.7)
> [|xull® = 2llxulll[Jx0 = px*|| + llxol|* + 2per

£ 1172 112
= (llxull = | Tx0 = px*||)* + lIx0ll* = || Jx0 — px*||” + 2pa.
For each g € F c C, and by the definition of C, that x, = H{?n Xy, it follows from (3.7) that

G(q, Jx0) > G(xn, Jx0) > (|1xull = || Tx0 = px*||)* + l1x0]% = || Jx0 = px*||* + 2pax. (3.8)

This implies that {x,} is bounded and so are {G(x,, Jxo)}.

Step 4. We show that lim,, _, .- ||ty — x5 || = 0 and limy, _, oo || Ju, — J x|l = 0.
By the fact that x,.1 = Hémxo €eCp1 CcCpand x, = Hénxo, followed by Lemma 2.9,
we get

0 < (||l = 122D € P(Xns1, %) < G(Xns1, JX0) = G(Xn, Jx0)- (3.9)
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This implies that {G(x,, Jx¢)} is nondecreasing. So, we obtain that lim, _, . G(x,, Jxo) exist,
and taking n — oo, we obtain that

hlr;o(i)(xn+1/ xn) =0. (310)

n

Since {x,} is bounded in C and E is reflexive, we can assume that x, — p. From the fact that

Xy = Hén xo when C,, is closed and convex for each n > 1, it is easy to see that p € C,, and we
get

G(xn, Jx0) < G(p, Jx0), VYn>1. (3.11)
Since f is convex and lower semicontinuous, we have

liminf G(x,, Jxy) = 1imir1f{||x,,||2 = 2(xn, Jx0) + ||x0l* + pr(xn)}

> |plI*> = 2(p, Jxo) + lIxol* + 20 (p) (3.12)
=G(p, Jxo).
By (3.11) and (3.12), we get
G(p, Jxo) <liminf G(x,, Jxo) < limsup G(x,, Jxo) < G(p, Jx0). (3.13)

That is lim,, . . G(x,, Jx0) = G(p, Jx0), by Lemma 2.11, we have ||x,,|| — ||pl|, from the Kadec-
Klee property of E, we obtain that

nlijrloxn =p, (3.14)
and we also have
lim x4 = p. (3.15)

Since x,.1 = H{:M xo € C,41 C C,, and from the definition of C,.1, we have
G(xns1, Jun) < G(xna1, Jxn) + (kn = 1)Mp, Vn €N, (3.16)
is equivalent to
P Conit, Un) < Pnt, Xn) + (kn — )M, ¥n €N, (3.17)
By (3.10) and in view of lim,,_, o, (k, — 1) M,, = 0, we also have

r}ijr;o¢(xn+1,un) =0. (3.18)
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From (1.20), it follow that

(ltat [l = llaall)* — 0. (3.19)
Since ||x,41]] — ||pll, we also have
lunll — |lp|| as n— oo. (3.20)
It follows that
IJunll — [ || as n — oo. (321)

This implies that {||Ju,||} is bounded in E*. Note that E is reflexive and E* is also reflexive;
we can assume that Ju,, — x* € E*. In view of the reflexive of E, we see that J(E) = E*. Hence,
there exists x € E such that Jx = x*. It follows that

i1, tn) = 1Xniall® = 2(Xne1, Jthn) + |1t
(3.22)

=l I* = 2(xns1, Jtn) + || Jutul .

Taking liminf,_,,, on both sides of the equality above and in view of the weak lower
semicontinuity of norm || - ||, it yields that

0> [|pI* - 2(p, x") + lIx°II°
= lIpll* - 2(p, Jx) + ]I
= |IplI* - 2(p, Jx) + Ix|
= ¢(p,x).

(3.23)

That is p = x, which implies that x* = Jp. It follows that Ju,, — Jp € E*. From (3.21) and the
Kadec-Klee property of E*; that, is Ju, — Jp asn — oo, we known that ]! : E* — Eis
norm-weak*-continuous, that is, u, — p. From (3.20) and the Kadec-Klee property of E, we
have

lim u, = p. (3.24)

n=oo
Since ||x, — un|l < ||xn = pll + |lp — unl, it follows that

Jim [, — uy | = 0. (3.25)
From ] that is uniformly norm-to-norm continuous on bounded subsets of E, we obtain

nli_{rgo”]un = Jxu|l = 0. (3.26)
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Step 5. We will show thatp € F := (02, F(S;)) N (ﬁ}":1 GMEP(0;, A}, ¢)))-
(a) We show that p € N2, F(S;).
For g € F, we note that

()b(q/ xn) - ()b(q/ un) + (kn - 1)Mn = ||xn||2 - “unHZ - 2(‘7/ ]xn - ]un> + (kn - 1)Mn
< l%en = tall (1xall + 2ell) + 2|\ |11 T X0 = Joaa| (3.27)
+ (kp — )M,

It follows from ||x; — unl| — 0, ||Jx, — Juu|| — Oand (k, —1)M,, — 0asn — oo that
¢(q,%n) — $(q,un) + (kn =1)M, — 0 asn — oo. (3.28)
For any i > 1 and any g € F, it follows from (3.4) and (3.5) that
G(q, Jun) < PaG(q,J2n) + (1= Pn)G(q, ) Zn)

< uG(a, Jxn) + (1) (an,okncw, )

)

+Z(Xn,iknG(q, ]xn) - (Xn,O(xn,jg”]xn - ]S]r'lxn
i=1

)

= BuG(q,Jxn) + (1= B)knG(q, J ) = (1= Pu)nottng || T = TS0

= ﬁnG(q/ ]xn) + (1 - ,Bn) <knG(q/ ]xn) - an,Oan,jg”]xn - ]S?xn

<G(q, Jxn) + (kn = 1)My = (1- ﬁn)an,oan,jg”]xn — ]S} xn

(3.29)
It follows that
g 10| < s (G0 ) = GlaJun) + (ka =DM, (30
is in equivalence to
an,oan,jg”]xn = JSxa|| < m@(q, Xn) = ¢(q,un) + (kn —1)M,,). (3.31)
From (3.28), liminf, _, 00, > 0 and liminf, o, (1 — B,,) > 0, we see that
g(” Jotn — ]S ) —0, 1n— oo (3.32)
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It follows from the property of g that

Tim || Jon = JSixa|| =0, Vj>1. (3.33)

Since x, — p and ] is uniformly continuous, it yields that Jx, — Jp. Thus from (3.33), we
have

JSixy — Jp, Vi1 (3.34)
Since J~! : E* — E is norm-weak*-continuous, we also have
Sixp—p, Viz1l (3.35)
On the other hand, for each i > 1, we observe that
HIS7eall = Mlp I = [T (SFea) | = TN < (17 (S7xa) = Tpl (3.36)

In view of (3.34), we obtain [|S?x,|| — ||p[| for eachi > 1. Since E has the Kadec-Klee property,
we get

S'x, —p foreachi>1, neN. (3.37)

By the assumption that for each i > 1, S; is uniformly L;-Lipschitz continuous, so we have

n+1 n+1
Sy = 57 xpn

n+1 n
S5/ xp — 5] xp

<

+ “S?Hxnﬂ = Xt || + || %ne1 — xa]| + ”xn - S?xn”

< (Li + D) lxper = xnll + S?mel — Xp+1f| t ”xn - S?xn”-

(3.38)

By (3.14), (3.15), and (3.37), it yields that ||S?+1xn - S'x,|l = 0, n — oo, forall i > 1. From
Slf‘xn — p, we get S?”xn — p, that s, S,-S;‘xn — p. In view of the closeness of S;, we have
Sip = p, for all i > 1. This imply that p € N, F(S;).

(b) We show thatp € ﬁ;”zl GMEP(0;, A}, ¢)).

Since x,11 = Hém x9 € Cyy1 C Cp, and from (3.5), we have
G(xn+1/ ]yn) < G(xn+1r ]xn) + (kn - 1)Mn (339)

is in equivalence to

P (Xns1, Yn) < P(xns1, Xn) + (kn — 1) M. (3.40)
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From (3.10) and (k, — 1)M,, — 0,as n — oo, we see that

Jim ¢ (211, Yn) = 0. (3.41)
From (1.20), it follows that
(Ixneall = [lyall)* — 0. (3.42)
Since [|xn1ll — [lpll, we have
yall — llpll, asn— oo. (343)
It follow that
[Tyall — [Pl asn— oo. (3.44)

This implies that {||Jy,||} is bounded in E* and E* is reflexive; we can assume that Jy, —
y* € E*. In view of J(E) = E*. Hence, there exists y € E such that Jy = y*. It follows that

& (Xni1, Yn) = [%metl? = 2021, JYn) + ||y’
(3.45)

= ”xn+1”2 - 2<xn+1/ ]yn> + ”]yn”Z

Taking liminf, ., on both sides of the equality above and in view of the weak lower
semicontinuous of norm || - |, it yields that

2 * * 12
02 lpll" = 2{p. ") + llv"|l
= lpll* = 24p. Jy) + Ty I°

=lpll* - 2(p. Jy) + lly|1°
=d(p,y)-

(3.46)

That is p = y, which implies that y* = Jp. It follows that Jy, — Jp € E*. From (3.44) and
the Kadec-Klee property of E*, that is, Ju, — Jp asn — oo, note that ]! : E* — E is
norm-weak*-continuous, that is, y, — p. From (3.43) and the Kadec-Klee property of E, we
have

lim y, = p. (3.47)

n—oo
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For g € F c C,,, by nonexpansiveness, we observe that

¢(q,un) = (g, 2 yn)
<¢(a. 2 "yn)

< ¢(q.25 ) (3.48)

< <i><q, Qilyn>-
By Lemma (2.12)(5), we have for j =1,2,3,...,m

(2 yn) < (@) - (9, )
< P(g,xn) - ¢(q, QLyn) + (ko — )M, (3.49)

< P(g,xn) = (g, un) + (kn = 1) M.

From (3.28), we get d)(Qiyn,yn) — 0asn — oo, forj=1,23,...,m. From (1.20), it follow
that

)" — 0. (3.50)

(”Q{Lyn

Since ||y,|| — |lpll, we also have

Since {Qiyn} is bounded and E is reflexive, without loss of generality, we may assume that

Qix Yn

— ||p|| as n— co. (3.51)

QLyn — h. From the first step, we have known that C,, is closed and convex for each n > 1, it
is obvious that h € C,,. Again since

. . 2 .
¢<anynr yn> = ||Qizyn - 2<Q£1yn/ ]yn> + ”yn 2/ (3.52)
taking liminf, _, ., on both sides of the equality above, we have
0> ||| - 2(k, Jp) + ||p||*
(h.Jp) +lpll (353)

=¢(hp).
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This implies that h = p, forall j =1,2,3,...m, then it follow that
Qv —p, (3.54)
from (3.51), (3.54) and the Kadec-Klee property, we have

lim Qy,=p V¥ji=123,...,m (3.55)

By using the triangle inequality, we obtain

| - | < || =) + o - Qv (3.56)
Hence, we obtain that
lim Ay, - yll=0, vi=1,23,...,m (3.57)

Since {r;,} C [d, o) and ] is uniformly norm-to-norm continuous on bounded subsets, so

|72y - 120y

lim - =0, Vj=1,23,...,m (3.58)
n— oo ]',n
From Lemma 2.3, we get for j =1,2,3,...,m
i 1 i ; i
Qi (U y) + — (v = Uy, JUyn = Ty ) 20, Wy e C. (3.59)
jn

From (A2), we get

1 . . . . X
rj—n<y ~ Qyn, JQyn — JQ 1yn> > Qj (y,Qi,yn), VyeC, ¥j=123,...,m.  (3.60)

From (3.55) and (3.58), we have

0>Qi(y,p), VYyeC Vj=123,...,m (3.61)

Fortwith0 <t <landy € C,let y; = ty + (1 - t)p. Then, we get that y; € C. From (3.61), it
follows that

Qi(yp) <0, VyeC Vj=123,...,m. (3.62)
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By the conditions (A1) and (A4), we have for j =1,2,3,...,m

0=Qj(y )
<tQj(yny) + (1-HQ;(wr,p) 563
<tQi(y1y)
<Qi(y1y)
From (A3), we get
0<Qj(¥ry)
(3.64)
=Qi(ty+(1-tp,y),
and letting t — 0, we have
0= 1m0 < lim Q;(ty + (1-t)p,y) <Q;(p,y), VYyeC Vj=1,23,...m (3.65)
n— oo n— oo
This implies that p € GMEP(0;, A}, ¢;), for allj = 1,2,3,...m. Therefore, p €

ﬂ;il GMEP(0}, A}, ;). Hence, from (a) and (b), we obtainp € F.

Step 6. We show that p = Héxo.
Since F is closed and convex set from Lemma 2.8, we have Héxo is single value, denote

by v. From x,, = Hénxo and v € F c C,,, we also have
G(xy,, Jx0) < G(v, Jxg), Yn>1. (3.66)

By definition of G and f, we know that, for each given x,G(¢, Jx) is convex and lower
semicontinuous with respect to ¢. So

G(p, Jxo) <liminf G(x,, Jxo) < limsup G(x,, Jxo) < G(v, Jxo). (3.67)

n—oo

From definition of H’;xg and p € F, we can conclude that v = p = Hl{xo and x, — p as
n — oo. This completes the proof. O

For a special case that i = 1,2, we can obtain the following results on a pair of quasi-¢-
asymptotically nonexpansive mappings immediately from Theorem 3.1.

Corollary 3.2. Let C be a nonempty closed and convex subset of a uniformly smooth and strictly con-
vex Banach space E with the Kadec-Klee property, and let f : E — R be a convex lower semicontinu-
ous mapping with C C int(D(f)). Let S1,S2 : C — C be closed uniformly L, Lo-Lipschitz continu-
ous and quasi--asymptotically nonexpansive mappings with a sequence {kL} c [1,00), k) — 1and



22 Abstract and Applied Analysis

{k2} C [1,00), ki — 1, respectively, and let {k,} = sup{{ky}, {ka}}. Foreachj=1,2,...,m, let 6;
be a bifunction from Cx C to R which satisfies conditions (A1)-(A4),let A; : C — E* be a continuous
and monotone mapping and let ¢; : C — R be a lower semicontinuous and convex function. Assume

that F := (F(Sl)ﬁl-"(Sz))ﬁ(ﬁ;”:1 GMEP(0;, A}, ¢;)) # 0. For an initial point xo € E with x; = H’élxo
and C1 = C, we define the sequence {x,} as follows:

zn = ] (o) Xn + An1 JSxn + an2 ] Shxy),

Yn = ]71 (ﬁn]xn + (1 _ﬂn)jzn)/

Uy =TT TRTR Y, (3.68)

Cni1={z€Cy:G(z, Ju,) <G(z, Jx,) + (k, — 1) M,},

Xpsl = H{;Mx(), Vn>1,

where M, = supqu{G(q, Jxu)}, {an,i}iz:0 and {Pn} are sequences in [0,1] such that 21-2:0 ;=1
for all n > 0 and satisfy the following conditions.

(i) {rjn} C [d, o0) for some d > 0.
(ii) lim inf,_ eoan0an; > 0 forall i = 1,2, and liminf, _, o, (1 — B,) > 0.

(iii) f(x) 20 forall x € C,and f(0) = 0.

Then {x,} converges strongly to p € F, where p = Héxo.

Remark 3.3. Corollary 3.2 improves and extends the result of Shehu [43, Theorem 3.1]
following senses:

(i) for the mappings, we extend the mappings from two closed weak relatively non-
expansive mappings (or relatively quasi-nonexpansive) mappings to a countable
infinite family of closed and uniformly quasi-¢-asymptotically nonexpansive map-

pings;

(ii) for the framework of spaces, we extend the space from a uniformly smooth and
uniformly convex Banach space to a uniformly smooth and strictly convex Banach
space with the Kadec-Klee property.

If S; = S for each i € N, then Theorem 3.1 is reduced to the following corollary.

Corollary 3.4. Let C be a nonempty closed and convex subset of a uniformly smooth and strictly con-
vex Banach space E with the Kadec-Klee property. Let S : C — C be an infinite family of closed
uniformly L-Lipschitz continuous and quasi-¢-asymptotically nonexpansive mappings with a se-
quence {k,} C [l,00), k, — 1, and let f : E — R be a convex lower semicontinuous
mapping with C C int(D(f)). For each j = 1,2,...,m, let 0; be a bifunction from C x C to R
which satisfies conditions (A1)—(A4), let A; : C — E* be a continuous and monotone mapping,
and let ¢; : C — R be a lower semicontinuous and convex function. Assume that F := F(S)N

(M2 GMEP(0;, A}, ¢;)) # 0. For an initial point xy € E with x; = Hél xo and C1 = C, we define the
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sequence {x,} as follows:

Zy = ]’1(zxn]xn +(1-a,)]S"xy),

Yn = ]71 (ﬁn]xn + (1 _ﬂn)jzn)/

Uy =TTt TET 2y, (3.69)

Cni1 = {z€Cy: G(z, Jun) < G(z, Jxu) + (kn — 1) M,},

Xpi1 = H{;Mxo, Vn>1,

where M,, = supqu{G(q, Jxu)}, {an} and {B,} are sequences in [0,1] and satisfy the following
conditions:

(i) {rjn} C [d, o) for some d > 0.
(i) lim inf,_ eoety (1 — &) > 0, and liminf,, _ o (1 = B,) > 0.
(iii) f(x) 2 0forall x € C,and f(0) = 0.

Then {x,} converges strongly to p € F, where p = HJ;xo.

If taking 6, =0,A; = 0,¢; =0,7j, = 1 and p, = 0, for all n € N in algorithm (3.69) in
Corollary 3.4, we obtain the following corollary.

Corollary 3.5. (Li et al. [42]) Let E be a uniformly convex and uniformly smooth Banach space, let C
be a nonempty closed and convex subset of E,let S : C — C be a weak relative nonexpansive mapping,
and let f : E — R be a convex lower semicontinuous mapping with C C int(D(f)). Assume that
{an) ;g is sequence in [0,1) such that limsup, , _(a,) < 1. Define a sequence {x,} in C by the
following algorithm:

x,=x0€C, Cp=¢C,

Yn = ]_1(an]xn +(1-ay)]Sxy),

(3.70)
Coi1 ={w € Cy: G(w, Jyn) <G(w, Jxn)},

f
Xp =11 x0, n2>1

If F(S) is nonempty, then {x,} converges to Hé(s)xo.
Taking f(x) = 0 for all x € E, we have G(¢,Jx) = ¢(¢,x) and Héx = Ilcx. By
Theorem 3.1, then we obtain the following Corollaries.

Corollary 3.6. Let C be a nonempty closed and convex subset of a uniformly smooth and strictly
convex Banach space E with the Kadec-Klee property. Let {S;}i2, : C — C be an infinite family
of closed uniformly L;-Lipschitz continuous and uniformly quasi-¢-asymptotically nonexpansive
mappings with a sequence {k,} C [1,00), k, — 1. Foreach j = 1,2,...,m, let 0; be a bifunction
from C x C to R which satisfies conditions (A1)~(A4), let A; : C — E* be a continuous and
monotone mapping, and let ¢; : C — R be a lower semicontinuous and convex function. Assume
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that F := (N, F(S;)) N (ﬁ;":1 GMEP(0;, Aj, ¢;)) # 0. For an initial point xo € E with x; = Tl¢,xo
and C1 = C, we define the sequence {x,} as follows:

Zp= ]! <an,0 Jotn + > ttni ]S;lxn>,

i=1

Yn =T (BT n + (1= ) J2n),
TR 8m1 T

Up = Tmn ™ Ym-1,n 2 rl,nyn’

Cp1 = {Z €Cn:P(z,un) < P(z,x4) + (kn — 1)Mn}/

(3.71)

Xn+1 = HC X0, Vn— Z 1/

n+l

where M,, = supqu(i)(q, Xn), {ani} and {B,} are sequences in [0,1] such that 3% an; = 1 for all
n > 0. If {x,} is satisfying the following conditions.

(i) {rjn} C [d, o0) for some d > 0.

(ii) liminf, . g ayotn; > 0 for all i > 1 and liminf, _, (1 - B,) > 0.

Then {x,} converges strongly to p € F, where p = I'lrxq.

Corollary 3.7. Let C be a nonempty closed and convex subset of a uniformly smooth and strictly
convex Banach space E with Kadec-Klee property. Let S1,S, : C — C be closed uniformly Ly, L-
Lipschitz continuous and uniformly quasi-$-asymptotically nonexpansive mappings with a sequence
{kl} c[1,00), k! — land {K2} C [1,00), k2 — 1, respectively, such that {k,} = sup{{kL}, {k2}}.
Foreachj=1,2,...,mlet 0; be a bifunction from C x C to R which satisfies conditions (A1)—(A4), let
A;j: C — E* bea continuous and monotone mapping, and let ¢; : C — R be a lower semicontinuous
and convex function. Assume that F := (F(S1)NF(S2))N (m;’il GMEP(0;, A}, ¢;)) # 0. For an initial
point xo € E with x1 = Ilc,x9 and C; = C, we define the sequence {x,} as follows:

Zn = ]_1 (“n,O]xn + “n,l]STxn + “n,Z]SElxn)/
Yn = ]_1 (,ﬁn]xn + (1 - ﬂn)]zn)/
u, = T8 ... T TST Y, (3.72)

el Tom
Cuii ={z€Cy: Pz, un) < P(z,xn) + (kn — 1) M, },

Xps1 =Ic x9, Vn>1,

n+l

where M,, = supqep(j)(q, Xn), {an,i}fzo and { P} are sequences in [0,1] such that 21'2:0 ay; =1 forall
n > 0 with the following conditions.

(i) {rjn} C [d, o0) for some d > 0.
(ii) iminf,  ayoay; > 0 forall i = 1,2 and liminf, _, (1 - fB,) > 0.
Then {x,} converges strongly to p € F, where p = I'rxq.

Remark 3.8. Corollary 3.6 and Corollary 3.7 extend and improve the results of many authors
in the literature works.
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