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By using fixed-point theorems of a cone, we investigate the existence and multiplicity of positive
solutions for complementary Lidstone boundary value problems: (=1)"u@D(t) = h(t) fu(t)),in
0<t<1,u0)=0,u®M0)=u?D(1)=0,0<i<n-1,wheren e N.

1. Introduction

In this paper, we are concerned with the existence of positive solutions for the following
nonlinear differential equation:

(D)™ u® () = h(t) f(u(t)), in0<t<1,
(1.1)
u0)=0,  u®V)=u®V1)=0, 0<i<n-1,

where n € N, h(t) € C((0,1),[0,+o0)), and h(t) may be singular att = Oort = 1, f €
C([0,+o0), [0, +o0)).

Recently, on the boundary value problems of 2nth-order ordinary differential equation
(system)

(=1)"u® () = Ah(t) f (1)), (1.2)
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many authors have established the existence and multiplicity of positive solutions of (1.2) by
means of the method of upper and lower solutions and fixed point theorem, see [1-7] and
references therein. More recently, the complementary Lidstone problem:

(-1)"u® V(1) = h<t,u(t), .. .,u(m(t)), n>1, qfixed, 0<g<2nin0<t<]1,
(1.3)
u(0) = ay, u(2i+l)(0) =a;, u(2i+1)(1) — ﬁi/ 0<i<n-1,

was discussed in [8]. Here, h : [0,1] x R7*! — R is continuous at least in the interior of the
domain of interest. Existence and uniqueness criteria for the above problem are proved by
the complementary Lidstone interpolating polynomial of degree 2n. In [9], the authors have
studied the existence of positive solutions of singular complementary Lidstone problems on
the basis of a fixed-point theorem of cone compression type. As far as we know, no papers
are concerned with the multiplicity of positive solutions for (1.1). Therefore, inspired by the
above references, we will show the existence and multiplicity of positive solutions of (1.1).
The proof of our results is based on the following fixed-point theorems in a cone

Let E be a real Banach space withnorm || - | and P ¢ Eaconein E, P, = {x € P :
x|l <7} (r>0). ThenP, = {x e P: ||x|| < r}. A map a is said to be a nonnegative continuous
concave functional on Pif a : P — [0, +o0) is continuous and

a(tx+ (1 -t)y) > ta(x) + (1 -t)a(y) (1.4)

for all x,y € P and t € [0,1]. For numbers a,b such that 0 < a < b and « is a nonnegative
continuous concave functional on P, we define the convex set

P(a,a,b) ={x e P:a<a(x),|x|| <b}. (1.5)

Lemma 1.1 (see [10]). Let A : P, — P. be completely continuous and a be a nonnegative contin-
uous concave functional on P such that a(x) < ||x|| for all x € P,. Suppose there exists 0 < d < a <
b < ¢ such that
(i) {x e P(a,a,b) : a(x) > a} #0 and a(Ax) > a for x € P(a, a,b);
(ii) [[Ax[| < d for ||x|| < d;
(iii) a(Ax) > a for x € P(a, a, c) with || Ax|| > b.

Then A has at least three fixed points x1, x, X3 satisfying

l|x1]] < 4, a<a(xy),
(1.6)
llxs]| > 4, a(xs) < a.

Lemma 1.2 (see [10]). Let E be a Banach space, and let P C E be a closed, convex cone in E. Assume
Qq, Qy are bounded open subsets of E with 0 € Q1,01 C Qp, andlet A: PN (Q\ Q1) — Pbea
completely continuous operator such that either
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() Il Aull < llull, u € PnoQ and |Aull > ||ul, u € PN IRy or
(ii) || Aul| > |ull, u € PN OQ and || Aul| < ||ull,u € P o,

Then A has a fixed point in P N Q2 \ Q).

This paper is organized as follows: in Section 2, some preliminaries are given; in
Section 3, we give the existence results.

2. Preliminaries

First, it is clear to see that the boundary value problem (1.1),

(1) u® () = h(t) f(u(t)), in0<t<1,

. ' (2.1)
u(O) =0, u(21+1)(0) — u(21+1)(1) =0, 0<i<n-1,
is equivalent to the system
uW(t)=v, in0<t<l,
()"0 (t) = h(t) f(u(t)), in0<t<1, (2.2)

u(0) =0, @ (0) =0 (1) =0, 0<i<n-1.

Next, Problem (2.2) can be easily transformed into a nonlinear 2n-order ordinary differential
equation. Briefly, the initial value problem,

W(t)=v, in0<t<l,

(2.3)
u(0) =0,
can be solved as
t
u(t) = f v(s)ds. (2.4)
0
Then, inserting (2.4) into the second equation of (1.1), we have
t
(1) (t) = h(t) f (f v(s)ds), in0<t<1,
0 (2.5)

v®(0) =0 (1) =0, 0<i<n-1.

Finally, we only need to consider the existence of positive solutions of (2.5). The function
v € C[0,1] is a positive solution of (2.5), if v satisfies (2.5) and v > 0, t € [0,1], v #0.
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Let G, (t, s) be the Greens function of the following problem:
(-1)"w®)(t) =0, in0<t<]1,

w® (0) = w(zi)(l) =0, 0<i<n-1.

By induction, the Greens function G,(t, s) can be expressed as (see [2])
1
Gi(t,s) = j G(t,8)Gi—1(¢,8)dE, 2<i<m,
0

where

t(l-s), 0<t<s<1,
Gi(t,s) = G(t,s) =
s(1-1), 0<s<t<l1.

So it is easy to see that
Gu(t,s) >0, (t,5)€(0,1)x(0,1).
Lemma 2.1 (see [2]). (I) Forany (t,s) € [0,1] x [0,1],
Gyu(t,s) < %5(1 —-3).
(IT) Let 6 € (0,1/2), then for any (t,s) € [6,1—-6] x [0,1],

Gu(t,s) > 0,(6)s(1-s) > 6"'0,(6)max G,(t,s),
0st<1

where 0,,(6) = 6™ ((46° — 662 +1)/6)"".

Therefore, the solution of (2.5) can be expressed as

o(t) = J‘Ol Gy(t, s)h(s)f(J‘; U(T)dT> ds.

We now define a mapping T : C[0,1] — C[0,1] by

To(t) = «[: Gn(t,s)h(s)f<’[§ v(7‘)d7‘> ds.
Set

P= 1] : o(t) >
{UEC[O’ ]:0() 20, te[1/4,3

min o(t) > ollv] ¢,
n o) > olol }

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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where ||| = maxjo1)o(t)], o = 6"716,(1/4) = 11"71/25"4 1t is clear that o € (0,1) by
Lemma 2.1.

Lemma 2.2 (see [2]). T : P — P is completely continuous.

3. Main Result

Theorem 3.1. Assume that the following conditions hold
(H1) h(t) € C((0,1),[0,+o0)) does not vanish identically on any subinterval of [0,1],

1

3/4
0< J. s(1 —=s)h(s)ds < f s(1 =s)h(s)ds < +o0 (3.1)
2/4 0

(H2) f:[0,+00) — [0,+00) is nondecreasing, and

lim m =0, lim m = +co. (3.2)

r—0t r r—+co T

Then (2.5) or (1.1) has at least one positive solution.

Proof. Since lim, _,¢-(f(r))/r = 0, there exists 7; > 0 such that

f e
T (0 s(1-s)h(s)ds

for0<r<my. (3.3)

Take R; =73, and set Qq = {v € E : |v]| < R;}. Then, for for all v € PN 0Q;, we have

To(t) = JZ Gu(t, s)h(s)f(Jj U(T)dT> ds

1 S
< 63’1 JO s(1- S)h(S)f<,[0 U(T)dT>ds
S i fl s(1-s)h(s)f(Ri)ds (3.4)
0
1 6" 1Ry 1
1-s)h(s)d
=6 [ s(1- 9h(s)ds «[0 s(L=ohls)ds

< Ri =l

by (H2) and Lemma 2.1.
Consequently,

ITv| < ||o|l, Vv edPnoQ;. (3.5)
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On the other hand, since lim, _, ., (f(r))/r = +oo, there exists R > 0 such that

f@r) | 4
r 09 (1/4) [373 s(1 - s)h(s)ds

, forr>R. (3.6)

Choose R, = max{Ry,4R/c} +1,and set Q, = {v € E : ||v|| < R,}. Then, for Vo € P N dQ,,
we have

Jj Gy i >h(s)f<J‘: v(T)dT>ds

0, le ’[3/4 s(1- s)h(s)f(Jj v(r)dr) ds

o(3) - J,
(%)
(3) fms(l—s)h(s)f(J o(r)dr ) ds 57)
(3)
(%)

v

v

1
9,11

v

3/4
0, f s(1-s)h(s)f

U(T)dT> ds

< 2/4
1\ (3/4 2/4
>0, i f s(1 - s)h(s)f< U(T)dT> ds

2/4

N

2/4

by (H2) and Lemma 2.1.
Since v € P N 0Q,, then we have

2/4 2/4
f o(T)dt > f ( min ’()(T))dT > —||v|| > R2 >R. (3.8)
1/4 1/4 T€[1/4,3/4]

So from (3.7), we get

()

v

6, (%) JGM s(1-s)h(s)f <’[12//: U(T)d7'> ds
20,(1) [ su-omr(Fr)as

1\ (/4 4 oR,
>0,( - 1-s)h(s)d -
- ( )L/4 5(1-8)h(s) . 04(1/4) 34 s(1 - $)h(s)ds 4

(3.9)

>Ry = v
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Consequently,

ITo| > o], Vo edPnoy.

Therefore, by Lemma 1.2, (1.1) has at least one positive solution.

Theorem 3.2. Assume (H1) holds. In addition, suppose that the following conditions hold:

(H3) f:[0,+00) — [0,+00) is nondecreasing,

lm&:ﬂm limm:O.

r—0t T " rodeo 1

Then (2.5) or (1.1) has at least one positive solution.

Proof. Since lim, ¢+ (f(r))/r = +oo, there exists > 0 such that

f (r) 4
r 0.(1/4) [3/4 s(1 - )h(s)ds’

forO<r <.

Take R; € (0,7), and set Q; = {v € E : ||[v|| < R;}. Then, for for allv € P N 0Q4, we have

TU(%) = J‘: G, <411’ s)h(s)f(Jj U(T)d’l')ds

v
D
=
N
N
—
2
iy
2
—_
|
2
=
2
~
N
-
=
3
QU
‘“]
~
Q.
)

E:j s(1- s)h(s)f(f v(T)dT> ds

3/4 2/4
I s(1- S)h(s)f< U(T)d7->
3/4 2/4
I s(1- s)h(s)f< U(T)dr)
2/4
2/4
< 1/4 \T€l gr/lirslm U(T))d’f) ds

>0, }1 f 3/4s<1—s>h<s>f(%R1)

1 3/4 4 O'Rl
>0, - 1-s)h(s)d -
- (4) L/4 s(1-£)h(s) Soe (1/4) ;)4 s(1 - s)h(s)ds *

>Ry = |9

by (H3) and Lemma 2.1.

(3.10)

(3.11)

(3.12)

(3.13)
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Consequently,

ITo|l > [, Yo edPnoQ,. (3.14)

On the other hand, since lim, _, ., (f(r))/r = 0, there exists R > 0 such that

G

, forr>R. .
T [y s(1-s)h(s)ds T (.15

Choose R, = max{Ry, R} +1,and set Q; = {v € E : ||v|| < Ry}. Then, for for all v € P N 0Qy,,
we have

To(t) = JZ Gul(t, s)h(s)f(Jj U(T)dT> ds

1 1 S
< P Jo s(1— s)h(s)f(J‘O U(T)dT>ds
1
<o f s(1 - s)h(s) f(Ry)ds (3.16)
0
n—1 1
< nl_l - 0T Ry f s(1-s)h(s)ds
6" () s(1 - s)h(s)ds Jo
SRy = |lo]|.
Consequently,
Tl < |lv|l, YoveoPno,. (3.17)
Therefore, by Lemma 1.2, (1.1) has at least one positive solution. O

Theorem 3.3. Assume that (H1) holds. In addition, the function f is nondecreasing and satisfies the
following growth conditions:

(H4)
. fr)y 1 6
| = ; .
o P TS 2 (1s(1 - s)h(s)ds (3.18)
(H5)
lim sup fr) < 6" (3.19)

=0 T fys(l- s)h(s)ds;
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(H6) there exists a constant a > 0 such that

a a a
0> s (27 s(1 - s)h(s)ds’ forre [Z’E]' (3:20)

Then (1.1) has at least three positive solutions.

Proof. For the sake of applying the Leggett-Williams fixed-point theorem, define a functional
a(u) on cone P by

a(v) = 1/11;1;;/41)0), Yo € P. (3.21)

Evidently, « : P — R* is a nonnegative continuous and concave. Moreover, a(v) < |[v|| for
eachv € P.

Now we verify that the assumption of Lemma 1.1 is satisfied.

Firstly, it can verify that there exists a positive number ¢ with ¢ > b = a/o such that
T: FE — P..

By (H4), it is easy to see that there exists 7 > 0 such that

f(r) 1 6"
~ 7 V 2 . .
r "2 To-ohsds (-22)
Set M; = f(7), and take
1
c> max{b, % I s(1 - s)h(s)ds}. (3.23)
0

If v € P., then

ITo|| = trer}g,ﬁ J: Gu(t, s)h(s)f(Jj v(T)dT> ds

1 S
< o1 | s0-omef([ omar)as
1
S 63—4 . s(1-s)h(s)f(llvlds (3.24)
P Il s(1-s)h(s)ds 6" ol M
o 2fys(-9)h(s)ds
<cC

by (H1) and (H3).
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Next, from (H5), there exists d € (0, a) such that

f(r) 6!
<
T [1s(1-s)h(s)ds

, ¥r e [0,d]. (3.25)

Then for each v € P, we have

ITo| = maxj Gu(t,s) h(S)f(fsv(T)dT>dS

< 6"1*1," s(l-s h(s)f(f v(r)dr)

jo s(1 - $)h(s) f(lo])ds

(3.26)

< 6n—1

6" ol
j’; s(1—-s)h(s)ds

1
< % .[0 s(1-s)h(s)ds

<d.

Finally, we will show that {v € P(a,a,b) : a(v) > a}#0 and a(Tv) > a forall v €
P(a,a,b).
In fact,

o(t) = “T”’ € {veP(a,ab): a) > a). (3.27)

For v € P(a, a,b), we have

b> >v> i P >a,
2ol 202> te[{r}gﬂ]v( )2 a (3.28)

forallt € [1/4,3/4]. Then we have

To(t) = mm f G,(t, s)h(s)f(f v(r)dr)ds

te[1/43/4 €[1/43

> 9n<31> J‘j/: s(1 - s)h(s)f(Jj v(T)dT) ds
9n<31> J‘j/: s(1 - s)h(s)f(Jj v(T)dT) ds

v
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> 9n<31> Jj: s(1-s)h(s)f <f:/4 U(T)dT> ds

1 3/4 2/4
> 9n<—> j s(1-s)h(s)f (I v(T)dT> ds
4/ )osa 1/4
3/4
> 9n<1> j s(1 - s)h(s)ds o
4/ )asa 04(1/4) 57y s(1 - s)h(s)ds
=a
(3.29)
by (H6). In addition, for each v € P(a, a, ¢) with ||Tv|| > b, we have
i > >a.
i (To)(t) 2 o||Tv|| > ob > a (3.30)

Above all, we know that the conditions of Lemma 1.1 are satisfied. By Lemma 1.1, the
operator T has at least three fixed points v; (i = 1,2,3) such that

o1l < d,

a< i o) (3.31)

ml|| >d with min ©v3(t) < a.
o] min o0

The proof is complete. O

Example 3.4. If n = 1, then consider the boundary value problem:

u2

-u"(t)=——, in0<t<l,
®=ta-p (3.32)

u(0) =0, u'(0) =u/'(1) =0.

Example 3.5. If n = 2, then consider the boundary value problem:

ul/3
, in0<t<l,
t(1-1t) (3.33)

u(0) =0, u'(0)=u'(1) =u"0)=u" (1) =0.

u®(t) =

It is obvious to see that Examples 3.4 and 3.5 satisfy the assumptions of Theorems 3.1 and 3.2.
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Example 3.6. Letn =1, h(t) = 1/(t(1 —t)). Then let us consider the following problem:

1 .
t(l—t)f(u)’ in0<t<l, (3:34)

u(0) =0, u'(0) =u'(1) =0,

—u®(t) =

where the function f is defined as follows:

w-1"2+65 u>1,

f@) =3 195,2 (3.35)
, 0<ux<l.

2+u

It is obvious that f is continuous and (H1) holds. On the other hand, since [u?/(2 + u)]' =
(12 + 4u)/(2+u)*> > 0, for 0 < u, it is clear to see that 19542/ (2 + u) is nondecreasing for
0<u<l,and (u - 1)1/ 2 4 65is also nondecreasing for u > 1. In addition,

_1\1/2
lim supm = lim sup(rl)—Jr65 =0<
r— oo r r— r

6n—1 _ 1
[ls(-s)(1/s(1-s)ds 2’

2 n-1
lim sup m = lim sup 1957 =0<— 6 =1.
r—0 r r—0 r(2+r) .[0 S(l—S)(l/S(l—S))ds

NI =

(3.36)

So (H4) and (H5) hold.
Finally, choosing a = 4, then for r € [1,1/0], we have

a

0.(1/4) [3/3 (1 - s)h(s)ds

fr) > 65> 64 = (3.37)

Therefore (H6) hold.
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