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We characterize the global and nonglobal solutions of the Timoshenko equation in a bounded
domain. We consider nonlinear dissipation and a nonlinear source term. We prove blowup of
solutions as well as convergence to the zero and nonzero equilibria, and we give rates of decay
to the zero equilibrium. In particular, we prove instability of the ground state. We show existence

of global solutions without a uniform bound in time for the equation with nonlinear damping. We
define and use a potential well and positive invariant sets.

1. Introduction

We consider

" +kA2u—M<||Vu||§>Au+g(ut) = f(u) inQ, (1.1)
with initial conditions
u(x,0) =uy, wu(x,0)=vy9, x€Q, (1.2)
and with one set of the following boundary conditions:
u=0, Au=0 ono0Q, (1.3)

or

ou
u=0, v 0 on 02, (1.4)
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where Q C R" is a bounded domain with sufficiently smooth boundary, || - ||, is the norm in
L*(Q),

M(*) =a+ps¥, a0, 20, a+p>0,y21, k=1, (1.5)
g(w) = 6uu, ">, 6>0, 122, (1.6)
f(u) = yu|u|r_2, u>0, r>0. (1.7)

When the source term f = 0, there is a considerable set of works studying several properties
of equation (1.1), see for instance, the early papers by Ball [1, 2], Haraux and Zuazua [3], and
the books by Hale [4], Haraux [5], and references therein. For a destabilizing source term,
sf(s) >0, s € R\ {0}, in the works of Payne and Sattinger [6], Georgiev and Todorova [7],
and Ikehata [8], qualitative properties of (1.1) are studied, when k = 0 = . To understand
the dynamics of second-order equations in time, similar to (1.1), active research is reported in
Alves and Cavalcanti [9], Barbu et al. [10], Cavalcanti et al. [11-16], Rammaha [17] Rammaha
and Sakuntasathien [18], and Todorova and Vitillaro [19], Vitillaro [20]. For the Timoshenko
equation, with g = 0, Bainov and Minchev [21] gave sufficient conditions for the nonexistence
of smooth solutions of (1.1), with negative initial energy, and gave an upper bound of the
maximal time of existence. For positive and sufficiently small initial energy, blowup and
globality properties are characterized in Esquivel-Avila [22]. For the Kirchhoff equation,
that is, (1.1) with k = 0, the nonexistence of global solutions is studied in [23]. In [24, 25],
we characterized properties such as blowup and asymptotic behavior of solutions, for (1.1)
with k = 0 and § = 0. To the knowledge of the author, such problems are still open for
the Timoshenko equation (1.1). Here, we want to give some results about the dynamics of
problem (1.1). To do that we will generalize the concept of the depth of the potential well in
such manner that our results of the dynamics be as sharp as the ones in [24, 25]. Furthermore,
for particular cases, our definition of depth of the potential well will coincide with the one
introduced in [6].

2. Preliminaries and Framework

We begin this section with an existence, uniqueness, and continuation theorem for (1.1). The
proof is similar to the ones in [7, 8], where semilinear wave equations are studied.

Theorem 2.1. Assume that r > 2 and r <2(n—2)/(n—4) if n > 5. For every initial data (ug, vo) €
H = B x L*(Q), where B is defined either by B = H*(Q) N HY(Q), or B = H2(Q), there exists a
unique (local) weak solution (u(t), v(t)) = S(t)(uo, vo) of problem (1.1), that is,

9 (00, w), + (Bu(t), bw), + MIVOIF) (Vut), Vo), + (3(0(0)),w), = (), w),
(2.1)

a.e. in (0,T) and for every w € BN LY (Q), such that

ueC([0,T); B)N C1<[O,T);L2(Q)>, v=u € L*(0,T) x Q). (2.2)
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Here, S(t) denotes the corresponding semigroup on H, generated by problem (1.1), and (-,-),
is the inner product in L*(Q).
The following energy equation holds:

Eo = E(t) + ﬂ Sllo(r) | dr, (2.3)
where
E(t) = E(u(t),v(t)) = %Ilv(t)llﬁ + J(u(t)), (24)
J(u) = %a(u) + 2(Y1—+1)c(u) - }b(u), (2.5)
with
aw)=ully, b =pll], e = pIVul;". (2.6)

Here, Eq = E(ug, vo) is the initial energy, and || - ||; denotes the norm in the L1(2) space.
If the maximal time of existence Ty < oo, then S(t) (1o, v9) — oo ast / Ty, in the norm of

H:
12, 0) Iy = lully + 0113 = 1 Aul3 + al Vull3 + lo]B. 27)
In that case, from (2.3)—(2.6), |u(t)|l; — ocoast /' Ta.
Now, we define, respectively, the stable (potential well) and unstable sets:
W= ([I(w) >0]U{0}) n[J(u) <d], 28)
V= [I(w) <01 N [J(w) <d], '
where
I(u) = a(u) + c(u) — b(u). (2.9)

Here, [I(u) < 0] denotes the set of u € B with that property, and the depth of the
potential well is defined as follows:

.
d="-=5"0, (2.10)
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where
_ e (AW
VS= O;I‘}£B<E(u)1/r > (2.11)
b(1)>0
a(u) = a(u) + xic(u), E(u) =b(u) + rc(u). (2.12)
with
_r=2(y+1) s S 2.13)

ST (1) ICEPRED)

We assume that r > 2(y + 1), and since y > 1, then x; € [0,1/2), and x; € [-1,-1/2).

Also note that if r = 2(y + 1), then k1 = 0, k; = -1, and we have the following characterization
of the depth of the potential well (2.10)-(2.11):

d = inf supJ(iu), 2.14
pinf supJ (1) 2.14)

which is the definition given in [6], where a nondissipative nonlinear wave equation is
studied.
Considerany u € B,r >2,and r <2n/(n—4) if n > 5, then

a(u) > C(Q)bw)*" +x1c(u) > C(Q)bw)*", (2.15)
where C(Q) > 0, is any constant in the Sobolev-Poincaré’s inequality

1/2
(18wl + | Vulg) > \/C@pu"|ul,. (2.16)
Moreover, if E(u) > 0, from (2.15) and since b(u) > E(u),
a(u) > C(Q)b(u)>". (2.17)

Hence, S > C(Q),and d > D = ((r - 2)/2r)C(Q)"” "2 > 0.
If u, denotes any nonzero equilibria of equation (1.1),

&= [O#ue €B: A%, - M<||u||§>Aue = f(ug)], (2.18)

then, by (2.1) in Theorem 2.1 with u(t) = u, = w, we get that u, belongs to the Nehari
manifold, /U, that is,

éC./UE[O;éueB:T(u)=I(u)=O], (2.19)

where I(u) = a(u) - E(u).
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Consequently, E(ue) = a(u,) > 0. Furthermore, from (2.17) which is an equality when
C(Q) = S, we conclude that the Nehari manifold can be represented by the line: y = x, in the
plane with axes x = E(u) and y = d(u), beginning at the point: y = x = S"/2 = (2r/(r-2))d.
We also note that

a(u) - %E(u). (2.20)

N —

J(u) =

From these facts it follows that the depth of the potential well (2.10) is characterized
by

. r—2
d= i?/fu] (u) = = (2.21)

where

0O<o= ;gjfva(u) = Jgjfvb(u) (2.22)

Hence, any equilibrium is such that u. € [J(u) > d]. Moreover, like in [6], the set of
extremals of (2.21) is characterized by set of equilibria with least energy, that is the ground
state

N =(ueeé:Ju)=d] = |u.€&:au)=bu) = Q]. (2.23)

Observe that J(u) = d is a tangent line to the curve defined by the equality in (2.17) with
C(Q) = S, at the point /", which holds if b(u) > 0. On the other hand, we notice that

x1b(u) — 12a(u) = x1b(u) — k2a(u) > 0, (2.24)
and is equal to zero if and only if a(u) = 0 = b(u). Hence, if I;(u) <0, then

a(u) >

r20t Dy, (225)

Therefore, next results about the stable and unstable sets follow.

Lemma 2.2. The following properties of V and W hold:

(i) W is a neighborhood of 0 € B.

(ii) 0 € [I(u) < 0] (closure in B), in particular O ¢ V.
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(iii) W = W, UW_uU {0}, where

W,=Wn [I;(u) > 0] - [Q(r—Z)/TI;(u)Nr <a(u) < %B(u) + %Q, 0<bu)< Q],

(2.26)
- -2 1)~ N 2 -2 ~
MfEVVOPWH<O]C[i—é%:lbm)<aW)<;bW)+z?—@—ﬂq<bm)<ﬂ.
v = Jor 8002 < atw < 2o + =26,
(iv) V = [o"2/rb(u)*" < d(u) < ;b(u) =9 b(u) > o|.
V) N =WnV=W,NV =[u, € N, a(u) =b(u,) = ql.
(vi) W=[I(w) <0]°n[J(u) <d], V = ([I(w) > 0] U {0}) N [](u) <d].
The following result follows easily like in [23].
Lemma 2.3. One has that
) —2.
Ju) > =aw) > =b(u), (2.27)
10 > " 2ag + 20D
r 2r(y +21) ) (2.28)
> La(u) + wb(u),
2(y+1) 2r(y +1)
for any u € B such that I(u) > 0, in particular if 0#u € W, and
) -2
d<rmﬂaW)<;wauL (2.29)
r-2 r-2(y+1)
d < o a(u) + WC(H) (2 30)
Y r-2(y+1) . '
20t )

forany u € B, such that I(u) <0, in particular ifu € V.

A set U C H is positive invariant, with respect to problem (1.1), if the corresponding
generated semigroup S(t) on H is such that

S(HV c . (2.31)

Lemma 2.4. Let (u, v) denote any solution of (1.1), given by Theorem 2.1. Then, the sets

S=[E(u,v)<d|n[(u,v) e H:ueW], (2.32)

U=[E(u,v)<d|N[(u,v) e H:ueV], (2.33)

are positive invariant.
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Proof. First, we show that S is positive invariant. In order to do that, we take (19, v9) € S.
Then, by (2.4), J(u(t)) < E(u(t),v(f)) < Eo < d, for any t > 0. Now, if S is not positive
invariant, there exists some t > 0, such that I(u(t)) = 0, with u() #0. Then, by (2.21),d <

J(u(t)). But this is impossible because | (u(t)) < d. The proof of the positive invariance of A
is quite similar. Indeed, if this is not true there exists some ¢ > 0, such that I(u(t)) = 0. From
(ii) of Lemma 2.2 u(f) #0, and this implies the same contradiction as before. O

Next result gives an interpretation of sets S and % and follows from Lemma 2.2.
Lemma 2.5. The sets S and U have the properties

C [E(u,v) <d]n [(u,v) € H: 0" 2/"bw)*" < a(u) < %E(u) + #@ 0<b(u) <o,

r-2(y+1)
——rY

U[E(u,v) <d] N [(u, v)eH: b(u) < a(u) < %l;(u) + #(), —yo < b(u) < o],

= [E(u,v) <d] N [(u,v) € H: 0" 2/"bw)*" < a(u) < %E(u) + #@ b(u) > of,

(2.34)

SNU=[(ue,0) € H:u, € N]
. (2.35)
- [(ue,O) €H:u N, a(u,) = b(u,) = Q].

The following result is a direct consequence of (vi) in Lemma 2.2 and Lemma 2.4.

Lemma 2.6. For every solution of (1.1), only one of the following holds:

(i) there exists some to > 0 such that (u(ty),v(to)) € S, and remains there for every t > t,
(ii) there exists some ty > 0 such that (u(ty),v(ty)) € U, and remains there for every t > t,
(iii) (u(t),v(t)) € [E(u,v) > d] for every t > 0.

Hence, we notice that the sets S and % play an important role in the dynamics of
(1.1). Moreover, we will prove that any solution eventually contained in .S converges to the
zero equilibrium. If enters in U, either blowups in a finite time or it is global but without a
uniform bound in H for every t > 0, in the case that A > 2, in (1.6). Also, we will prove that
any solution with (u(t),v(t)) € [E(u,v) > d], for every t > 0, is bounded and converges to the
set of nonzero equilibria &.

We will need the following inequalities to show blowup and convergence to the zero
equilibrium, respectively, in the dissipative case.

Lemma 2.7. Let F € Wllo’z (R*) be a nonnegative function such that

F(t) > CF*(t) ae. fort>0, (2.36)

witha>1and C > 0.
Then, there exists some T* > 0 such that limy »p-F(t) =
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Proof. Define G(t) = F179(t), then
Gt)<(1-a)C<0 ae. fort>0. (2.37)

Hence, 0 < G(0) + (1 — a)Ct, which is only possible if t < T* = (1/C(a - 1))¥7%(0). O
Lemma 2.8. Let F € Wlloi (R*) be a nonnegative function such that
F(t) < -CF°(t) ae. fort>0, (2.38)

witha >1and C > 0.
Then, fort >0,ifa>1

}—1/(a—1)

F(t) < %{1 +tC(a-1)Fe! ) (2.39)

and,ifa=1
F(t) < Foe . (2.40)

Proof. Consider a > 1, and notice that (F'"?)(t) > (a - 1)C. Then, we integrate and obtain
the first inequality. Now, let a — 1, and the second one follows. ]

3. Timoshenko Equation

Due to our assumptions on r and y, we restrict our analysis to dimensions n < 5. Indeed,
sincey >1,2(y+1) <randr <2(n-2)/(n—-4),if n > 5, then our analysis considers, n = 5
whenever y < 2. We also notice that in any case we do not consider the interval 2 < r < 4.
Moreover, r < 6 whenever n = 5. We begin with a characterization of blowup when 6 > 0 and
A>2.

Theorem 3.1. Let (u(t), v(t)) = S(t)(uo, vo) be a solution of problem (1.1), and suppose that r >
2(y + 1). A necessary and sufficient condition for nonglobality, blowup by Theorem 2.1, is that A < r
and there exists ty > 0 such that (u(ty),v(ty)) € U.

Proof. Sufficiency

By Lemma 2.4, (u(t), v(t)) € U for all t > t,.
Now, we consider the function defined, along the solution, by

U(t)=d - E(), (3.1)

and notice that because of energy equation (2.3),

U(t) >d- Ey= 00 >0, (32)

where, now Ey = E(u(ty),v(tp)).
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Notice that from (2.29) in Lemma 2.3,

U(t) <d—J(u(t))

r

<d-
- r—2

1~
d+ Zb(u(t)) (33)

2 1
= ———5d+ —b(u(t)) - c(u(t)).

_r
(r-2)(y+1)

We will need some estimates. First, we notice that from energy equation in terms of
U(t) and (3.3),

|6(u®), 0 P®1) | < slu®ll lo®Il™

< C(Q)6llu®)| oty

< C@Q6llu) )y lu®)E @1} (3.4)

< C@8llu(t) 1 [vuu(t)n’;* N ﬁnvam]

1 .
(-k)/r 31
<O vl + 5000
where k € (1,r/1), C = C(Q)(r/‘u)(l_k)/’, C(Q) > 0 is the constant in the continuous

embedding L"(Q) ¢ L*(Q), C(v) > 0, and v > 0 will be chosen later.
Consider a positive number g to be chosen later, from (3.2)-(3.3), we obtain

1) = ) ) + T ey + T2 D ey + T Iy

2 (y+1)
(3.5)
_ _9 1 _
> q(Uy—d)+ 2 - 2 a(u(t)) + %c(u(t)) + rr—qb(u(t)).
If Uy > d, we choose g = 2(y + 1), and from (3.5) we get
“T(u(t) > wb(u(t)). (3.6)

If Uy < d, then we notice that from (3.2)-(3.3),

(r=2)(U-d) (1 Y
Up-d2> -0+ 2d <;b(u(t)) - mc(u(t))>- (3.7)
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Hence and from (3.5), we have the estimate

1) = 1 2aqu(v)
q g-2(y+1) 2y(d - Up)
2(Y+1)< g (-2 +2d>0(u(t)) 9

4<T—Q_ (r-2)(d -y

P\ T -2 r2d

)b(u(t)).

In this case, we choose the number g so that the coefficient of c(u(t)) in (3.8) be equal
to zero, then

2(y+1)((r-2)Tp +2d)

T r-2(+ 1)V +2(y+ 1)d’ (39)
We note that 2 < g < 2(y + 1), and we get
s T O,
Therefore, from (3.6) and (3.10),
~I(u(t)) > Ch(u(t)), (3.11)
where
c=r=20r+1) min(l, r% > > 0. (3.12)
r (r-2(y +1))Uo+2(y + 1)d
Now, we define the function, along the solution, by
F(t) =VV1t) + e(u(t), v(t)),, (3.13)

where a=(1+(1-k)/r)"" € (1,2) and e > 0 will be choosen later.
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We intend to apply Lemma 2.7 to functional (3.13). First, we calculate the derivative,
along solutions, with respect to t. Let us start with the second term of (3.13). From (3.2)-(3.4)
and (3.11), one has

2 (i), 0, = 0@~ 1w(®) - 5(u(®), 0®RMO ),

> ()2 + Cullu(t) L - CO07 (1) [wslluge |2 + —— )
2 # r r

C(v)
. 3.14)
N (kA-r)/1 Ca . (
S 2 _ r b r_ 1/a
> oDl + [Cy vco (1) vo] )l = s 0
éy Ca
> 2 ~r r_ 1/a
2 o0l + 5 Il - g5y 00,
where b= (k(A-1) - (r—1))/r <0, and v > 0 is sufficiently small.
Consequently, if € > 0 is sufficiently small,
() > Clo®15 + lu®ll] >0, (3.15)
where C = emin(1, C’ﬂ/Z) > 0.
From (3.15) and choosing e > 0 small enough, we get
F(t) > Fo = Up + e(u(to), v(t)); > 0. (3.16)
Utilizing two times (3.3), we get
Fo(t) <277 [U) + €| (u(t), v(1)),]]
<2 Bl + eC(@ lu®) o)l
<27 Ejul] + e2c(@)” (Jluct) |2/ + ||v<t>||%)] (3.17)
|7
a— /4 r a a ‘l/l(T - 2) ‘ r
<21 [l + erc@q (K52 ) Il + o) )|

< Cllu®Il; + lo®ll],

where C(Q) > 0 is the imbedding constant of L"(Q) ¢ L*(Q), ¢ = (1 - 2a)/r(2 - a) > 0, and
C>0.

Hence and from (3.15), we obtain the inequality in order to apply Lemma2.7.
Therefore, the maximal time of existence is finite: T < oo.
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Necessity

Suppose that A > r. Define the function, along the solution, by
2p r
W) = E() + —lu®)l- (3.18)

Then,

W) = Et) + 20 (u®)u®) 7, 0(1))

r

<-8lo®I} + ol + Clu; (3.19)

<CO) +1),

where C = max(6/2, Cr/p), C =2uC(Q)(6/2)", and C(Q) > 0 is the imbedding constant of
LYQ) c L"(Q).

Hence, by Gronwall inequality, it follows that (u,v) is bounded in H for any finite
time. A contradiction.

Proceeding again by contradiction suppose that, for all ¢ > 0, (u(t), v(t)) ¢ U. Then, by
Lemma 2.6, we have either u(t) € Sforallt >0, or E(t) > d for all t > 0. In the first case, from
(2.28) in Lemma 2.3

r —

2r2 a(u(t)), (3.20)

1
Eo > S llo()]f3 +

thatis, (u(t), v(t)) is bounded in H. This is not possible. In the second case,
t
6 [ lotrltar <k -, (321)
0

where Ey = E(ug, vp). Hence, by the Holder inequality,

: A
6t f v(r)dr| <Eo-d, (3.22)
0 A
and consequently
[u@®)lly < C(T), (3.23)

for t € [0,T], where C(T) = |Jug||, + ((Eo — d)/6)/*TO-D/4,
From Theorem 2.1,

li B, = oo; 3.24
Jim [Ju(®)]], = oo (3:24)
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hence, by Sobolev-Poincaré’s inequality (2.16), for every M > Ey, there exists some f > 0, such
that

M<l _rza(u(t)), (3.25)

for every t > t. This implies the first inequality of (2.29) in Lemma 2.3, replacing d by M.
Now, we consider the function (3.13)

F&) =V +e(u(t),v(t)),, (3.26)
defined for t > t, where a € (1,2), e > 0 is sufficiently small, and here
Uty =M -E(t) >0, (3.27)

and repeat the sufficiency part of the proof. Then, by Lemma 2.7, ¥(t) blowups as t , T,
T* > t. Moreover, for t <t < T*,
#(0)

F(t) > , (3.28)
ey )
hence and from (3.26), (3.27), and since E(t) > d,
s f F(E
||u(t)||§ > ”u(t) ”z + % L <1 3 (T —f>/éT>* _?>>1/(a—1) -oVr) |dr
> ” ( )” ( ) N M—aye (3.29)
2( 1) A 7\ (@a)/(a-1)
s (-5 b
Consequently,
lim [u(8)]3 = oo. (3.30)
But this contradicts (3.23), since L'(Q) ¢ L*(€2). The proof is complete. O

Remark 3.2. From the last result, if A = 2 and r > 2(y + 1), any solution of problem (1.1),
(u(t),v(t)), is global if and only if either (i) there exists ty > 0 such that (u(ty), v(tp)) € S or
(ii) (u(t),v(t)) € [E(u,v) > d], for every t > 0. On the other hand, if A > 2 and r > 2(y + 1),
then any solution is global if and only if one of the following holds: (i), (ii), or (iii) A > r and
there exists ty > 0 such that (u(ty), v(tg)) € U.
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We next prove a characterization of convergence to the zero equilibrium, and we give
rates of decay.

Theorem 3.3. Let (u(t), v(t)) = S(t) (1o, vo) be a solution of problem (1.1) with A > 2. Suppose that
r>2(y + 1) and that X <10, if n = 5. A necessary and sufficient condition for (u(t),v(t)) — (0,0),
strongly in H ast — oo, is that there exists tg > 0 such that (u(ty),v(ty)) € S.

In this case, if F(t) denotes either the energy

E(t) = E(u(t),v(t)), (3.31)
or the norm of the solution in H
w(t) = [|w®), o))l = a(ut)) + [o®)]3, (3.32)
One has the rates of decay, for t > T,
F(F) < K0{1 + t(#)KlKé*‘z” 2 }_Z/M), (3.33)
and, for linear dissipation, A = 2,
F(t) < Koe ™™, (3.34)

where T > 0 is sufficiently large, and Ko > 0, Ky > 0 are constants depending only on initial
conditions.

Proof. Necessity

By (ii) in Lemma 2.2, (0,0) ¢ U, and since the equilibrium (0,0) ¢ [E(u(t),v(t)) > d], strong
closures in H, then, by Lemma 2.6, the solution must eventually enter in S.

Sufficiency

By energy equation and (2.27) in Lemma 2.3, the solution must be global and uniformly
bounded in the norm of H, that is w(t) < 2rd/(r — 2), for any t > 0. Hence, there exists a
sequence of times, {t,}, such thatif n — oo thent, — oo, (u(t,),v(t,)) — (4, v) weakly in
H and, since the embedding B ¢ L"(£2) is compact, b(u(t,)) — b(i). Also, notice that the
energy is such that

0<Ey = imE(t) = inf E(t) < co. (3.35)

Consequently, from the energy equation and the continuous embedding L*(Q) C
L*(Q),

t+1
lim f lo(T)|[3dT =0, (3.36)
— 00 t
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in particular, for any sequence of times {s,} such thats, — wasn — oo,

1
lim | h,(t)dTr =0, (3.37)

n—oo 0

where h, (1) = ||v(s, + T)H%, for T € [0,1]. By Fatou Lemma,

liminf ||v(s, + 7)|[ = liminf h,(7) = 0, (3.38)

for a.e. T € [0,1], and by the weak convergence to 7,

I2ll, < liminf o (¢, = 0, (3:39)

where we choose {s,,} such that t,, = s, + 7y, for some 1y € [0,1].

It can be shown that the semigroup generated by problem (1.1) is continuous in H
with the weak topology, and then that the weak limit set is positive invariant, see Ball [26].
Consequently (i1,9) = (u.,0) must be an equilibrium of (1.1). Furthermore, by the lower-
semicontinuity of the norm in H, one has

b(ue) = a(ue) < li,gigc}f{ o5 + ﬁ(u(tn))}
= lim {ZE(tn) + %l;(u(tn))} (3.40)

=2E, + %E(ue).

Hence,
r—2-
b(u,) <E, <d. (3.41)
2r
Then, by (2.19) and (2.21), u, = 0, and
tlim (u(t),v(t)) = (0,0) weakly in H. (3.42)

Strong convergence follows if we get the rates of decay in our statement. Here, we will
adapt the technique used in Haraux and Zuazua [3], to (1.1). That technique is based on the
construction of suitable Liapunov functions defined along solutions and the application of
Lemma 2.8. One of them is the energy, and we will need one more, defined by

W(t) = E(t) + kE®)Y > (u(t), (1)), (3.43)
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where « > (0 is a constant to be chosen later. We next prove that W (t) is equivalent to both, the
energy E(t) and the norm w(t) of the solution, in the sense of (2.30) and (2.28) below. First
we note that from (2.27) in Lemma 2.3,

T2 <E() < S, (3.44)

where K — 1= (B/a(y +1))(2rd/a(r - 2))".
Also, notice that from (3.43),

IW(t) — E(t)| < kEy* Mu®) . llo ()], < xEy/* ' C1(Q)w(t), (3.45)

where C;1(€) > 0 is a constant that depends on the continuous embedding B ¢ L?(Q). Hence
and from (3.44), if x is sufficiently small, then

1 3
SE(M <W () < SE). (3.46)

We will need the following estimate:

6(u), o ®l®I), < Slu®lL 0O}

< 6C(Q)a(ut) M2 aut) Moy

0-2)/24 (3.47)
< 5C2(Q)<2—ron> a(u(t))l//\(_E(t))(A—l)/A

—

~a(u(t) - CE(t),

>

where we apphed (3.44) in the third step and Young inequality in last step, and the constants
C(Q) >0, C>0 depend on the continuous embedding B ¢ L*(Q), and C also depends on
E.

It follows that, by (3.42) and since B C L"(Q) is compact, for any ¢ > 0, there exists
some T > 0 such that for any t > T

b(u(t)) < C3(Qb(u(t) "> a(u(t)) < eE(t), (3.48)

where C3(Q) > 0 is the corresponding embedding constant and we used (3.44) in the last
step.
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Since we will apply Lemma 2.8, we need to calculate the time derivative of (3.43) and
we begin with

(), 0(0); = 001} - a(u(t) - c(u(t) + b(u(t) - 6 (u(t), @),
< ot} - ya(u(®) - c(u(t)) - CE(h) + eE() (3.49)
< SIoIE - (1 - @) - CE®),

which holds for any ¢ > T, and where we used (3.47), (3.48) and definition of E(t).
We notice that for any small 7 > 0, and by Young inequality and energy equation

V02 o0l < BV (0CH@) o0} < nEY2(6) -~ Cn)EC), (3.50)

where C4(Q) > 0, C(#) > 0 depend on the continuous embedding L*(Q) ¢ L*(R2), and C(#)
depends on 7.
Then, for € and 7 sufficiently small, (3.49) and (3.50), imply

V20 & u(t), 0(0), < -5 EV(0) - CEQ), @51)

for any t > T, where C= C(n) + éEé/zfl.
Consequently, for x sufficiently small and any t > T

W(t) <E(lt) -«

grcl(Q)Eé‘/z‘lE(t) - KGEW(Q + éE(t)) < —gE“z(t) < —xWY2(1),
(3.52)

where xy = (x/2) (2/3)“2 and C1(Q) > 0 is the constant in (3.45); also we used (3.44), the
fact that the energy is decreasing and (3.46). Then, from (3.52) and Lemma 2.8, we obtain the
desired rates of decay for W (t). The result now follows by (3.46) and (3.44), and the proof is
complete. O

Remark 3.4. By (2.35), the ground state is: [(#,0) € H : u € N*] = SN U. Then, in any H-
neighborhood of that subset of nonzero equilibria, one can choose initial conditions either
in # or in S. Hence, by Theorem 3.1 and (3.3), the ground state is unstable in the sense of
Liapunov when the dissipation term g(u) is either linear or nonlinear.

Next we will study the behavior of solutions such that (u(t), v(t)) € [E(u,v) > d] for
all t > 0. First, we prove that those solutions are uniformly bounded in time. To that end we
will study the cases: A =2 and A > 2 separately, First, we consider the case A = 2.

Theorem 3.5. Let (u(t), v(t)) = S(t)(uo, vo) be a solution of problem (1.1). Assume that r > 2(y+1),
and A = 2. Also, assume that r < 2(6/n+ 1) if n > 2. If (u(t),v(t)) € [E(u,v) > d] forall t > 0,
then the solution is global and uniformly bounded in H, for all t > 0.
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Proof. Suppose that (u(t),v(t)) is not global, then by Theorem 2.1 blowups and by
Theorem 3.1, (u(ty), v(tp)) € U for some ty > 0. Hence, (u(t),v(t)) € [E(u,v) < d] for all
t > ty. A contradiction.

Next, we will prove that ||u(t)]|2 is uniformly bounded for all £ > 0.

Let (t) = (1/2)|lu(t)||3 - C, where C > 0 is the constant given below. Then, we obtain

F(b) + 6F(t) = oI5 - a(u(t)) + bu(b))

= 2 ol + 52 aun) - rE@ (353)

2 C(Q)(r-2)¥(),

where C(Q) > 0 is the imbedding constant of B C L*(Q), and C = rEy/ (r — 2)C(Q).

We define 1(t) = F*(t) = sup{¥(t), 0}, the positive part of F(t). We claim that, along
solutions of (1.1), the time derivative satisfies J0(t) < 0. Indeed, if this is no the case, there
exists some ty > 0 such that

F(to) >0,  F(t) > 0. (3.54)

By a standard comparison result for ordinary differential equations, (3.53) and (3.54)
imply that #(t) — o ast — oco. Consequently, for any constant C > Ey, there exists some
to > 0, such that for t > £,

2
S au(h)). (3.55)

C<r

This is (2.29) in Lemma 2.3, replacing d by C. If we now define, for t > f, the function
Ut)=C-E(1), (3.56)

we can repeat the sufficiency part of the proof of Theorem 3.1 and show that the solution
blowups in a finite time, consequently is nonglobal. A contradiction. Then, |[u(t)|2 < C < oo,
for all t € R*, and some constant C > 0.

Next, we will prove that uniform boundedness of |lu(t)|, implies uniform bound-
edness of (u(t),v(t)) in H, for all t € R*. To that end, we consider the functions H(t) =
G(t) — kEy = ¥(t) + 6 (t) — kEy, where now ¥(t) = (1/2)||u(t)||§ and k > 0 is defined below.
From the second line in (3.53),

H(t) > KH(t), (3.57)

where K = min{r +2,aC(Q)(r-2)/(1+6)} >0and k=r/K.
Hence, for0 < s < T,

H(T) > H(s)eKT=9), (3.58)
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and consequently, from definition of H(t), for0<s <7 <t,

t
F) = F)e )+ [ (r) 4 kEDS T ar

t
> Q(S)e—ﬁ(t—s) +I (ﬂ(s)eK(r—s) + kEO>66(r—t)dT (3.59)

> i%(eK(t—s) _ eé(s—t)) + %(1 _ eﬁ(s—t)>'

Notice that if H(s) > 0, for some s > 0, we obtain from (3.59) that lim;_, . (t) = 0. A
contradiction. Then, for all ¢t > 0,

G(t) < kE,. (3.60)
Now, we define £(t) = G(t) + kEo, and like in (3.57)
L(t) > —K.L(1), (3.61)
where K = min{r +2,C(Q)(r —-2)} > 0and k = r/K. Hence,
L(t) > £(0)e Xt > min{.£(0),0}, (3.62)
and consequently,
Gt > min{C}(O), —EEO}. (3.63)

Hence and from (3.60), G(t) is uniformly bounded in time.
We integrate the second line of (3.53) in terms of G(t) and, by the energy equation, we
obtain

r=2(y+1) (!
Gt +1-60> === |

<||U(T)||§ + a(u(r)) + c(u(T))>dT - rEy. (3.64)

y+1

Hence and since G(t) is uniformly bounded in time,

fm w(t)dr <C, (3.65)
t
where C > 0 is a constant, and
Wit) = Sl + 2a(ut)) + ————c(u(t) = E(t) + ~b(u(®)) (3.66)
T2 202 2(y +1) r ' '
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Next, we will show that there exists a constant k¥ > 0, such that

w(t) <x(w(s)+1), (3.67)
forany0<s<t<s+1
To this end, we calculate
w(t) = (vt), f(u(t)), - 6llo®)l3 < pllot) /)l (3.68)

If n = 1, we integrate and obtain, for 0 < s <t <5+ 1, that

wit) < w(s) + uj o (@)l llu(r) 57,

t
<w(s)+5 f (@) I3+ lu @) ) dr (3.69)

S

s+1

t
<w(s) + g f ()RS Ddr + ‘uf w(T)dr.

S

By Gronwall inequality and (3.65),

1
wt) < (i) + IS g oy )"

s+1 -1
<C w<s>+f (||u<r)||§+a||Vu<T>||§+||v(r>||§)dr] }

S

L

[ s+ r-1
{w(s)+ f 1w(r)dr] }

L

(3.70)

IA
(@

< C’{w(s) + er},

where C >0,C >0 depend on the continuous embeddings B ¢ L?(Q), and H*(Qx (s,s+1)) C
L2D(Qx (s,5 +1)).
If 2 < n <5, we use Galiardo-Niremberg’s inequality,

1 -1)(1-
lellygyy < CE@lully ™ luafly 04, 3.71)

where C(Q) > 0,and a = n(r —2)/4(r — 1). Noticethata < 1if2<n<4,anda<1ifn =35,
because r <2(n —2)/(n—4) = 6. Then, from

w(t) < pllo@) (b li5g-1y, (3.72)
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we integrate and apply Gronwall inequality, for 0 < s <t <s+1,
wlt) < w(s) + uf lo @)@l d
<w(s) + uC(Q) f (@)l )y dr
< w(s) + C(Q) f @@ ) (3.73)
< w(s) EXP{#C(Q)f S <T>||§T‘”‘1‘“>dr}

< wl(s) exp{ f (@) }

where C = uC(Q)sup,|lu(®)[|Y .
Notice that (r — 1)a — 1 < 2 because by hypothesis r < 2(6/n + 1), then we use the
Holder inequality, and from (3.65) we get

t {(r-1)a-1}/2
w(t) < w(s) exp{é<f ||u(T)||23dT> }
s+ {(r-1)a-1}/2
< w(s) exp { é< f ' (T)dT> } (3.74)

<w(s) exp{éc{(r—l)a—l}m } '

Then (3.67) holds for any n > 1, under our assumptions on r.
Consequently, (3.65) and (3.67) imply that

t
lo®)1+ lw®l < fl 2w(t)ds

<2x ft (w(s) +1)ds (375)
t-1

<2x(C+1),

and the proof is complete. U

Next, we consider the case A > 2. Due to our assumptions on r, we restrict our analysis
to ny < 4. Since y > 1, our analysis considers, at most, dimensions n < 3, whenever y < 4/3.

Theorem 3.6. Let (u(t), v(t)) = S(t)(uo, vo) be a solution of problem (1.1). Assume that r > 2(y +
1), and A > 2 with A <2(n+1)/(n-1) if n > 2. Also assume that r < 2(4/n+1) forn > 1. If
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(u(t),v(t)) € [E(u,v) > d] forall t >0, then the solution is global and uniformly bounded in H, for
allt > 0.

Proof. Globality follows like in last Theorem. Suppose that

lu(t)l; <K, (3.76)

for some constant K > 0, and every ¢ > 0.
We recall Galiardo-Nirenberg’s inequality

[ulll < C(Q)a(u)™?||ull}~?, (3.77)

where C(Q) > 0is a constant, a = (1n/2)((r —2)/2r),and a € (0,1].
Hence and from (3.76) in the energy equation, we obtain, for any time # > 0,

Eo> ZloOIf + a(u(t) - Ca(u()™?, (378)

where C = K™1=9/2C(Q)u/r, and therefore (u(t),v(t)), t > 0, is uniformly bounded in H,
since ar < 2 if and only if r < 2(4/n + 1). This implies, since r > 2(y + 1), that ny < 4.
Now, we prove (3.76). First, we notice that from energy equation,

t
5j lo(r)|\dr < Eo - d. (3.79)
0

Hence, by Holder inequality,

¢ A
574D f o(t)dr| <Ey-d, (3.80)
0 1
and then
lu®)l, < C(), (3.81)

for every t > 0, where C(t) = |Jug||, + ((Eo — d)/6)" t-D/4,
Next, we define

2e(t) = [|(u(t), o)) 17, (3.82)
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and obtain the following estimate for t € (0,T), and T > 0 finite and arbitrary:

¢ t
[ 8(utr) o) o) dr < | Slum o ar

0
¢ 1/A ¢ (A-1)/4
s<f ||u(T)||ﬁdT> 6<f ||v<T>||ﬁdT>
0 0

< Collullpyxo,r) (3.83)

t 1/2
< é(fo(nu(f)n% +al| Vu(r)|; + ||v<r>||§)dr>

; 1/2
< 6(_[ w(T)dT> .
0

Here, we used the Holder inequality, the energy equation and the fact that E(t) > d,
also Cy = (Ey - d)()‘*l)/)‘Sl/A >0,and C > 0, C>0 depend on the continuous embedding
H'(Qx(0,T)) c L*(Qx(0,T)), valid for A >2and A <2(n+1)/(n-1) if n > 2. C also depends
on the embedding B C L?(Q).

Now, we define the function

1
F(t) = 5 lu®lz -, (3.84)
where x > 0 is the constant given below. Then, the second derivative is

() = oMl - a(u(t) - c(u®) - 5(ut), o) o), +bu(t))

r+2
="l +

r-2 r-2(y+1)
3 a(u(t)) + W

> (r - 2)w(t) - 6<u(t), lv(t)le(t)>z ~ ko

c(u(®) -6 (utt), (O o)) - rE(®)

(3.85)

If we integrate (3.85), and we use (3.83) and that w(t) > E(t) > d, we obtain

t ¢ 1/2
F(t) > F(0) + (r-2) Lw(T)dT—éU w(T)dT> — rEot

0

>F(0)+ (r-2) jtw(T)dT{l - rEgt
0

C
(r - 2)\/de} -
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(r-2)

=¥(0) + 5

t
j w(t)dt — rEpt
0

B t
>¢0)+ T [ gyar,
0
(3.86)
for t € (T, T), where \/T,,d = 2(~3/(r -2) >0, C(Q) > 0 is the embedding constant of

B c L*(Q),and xk = 2rEy/(r —2)C(Q) > 0.
Now, we define for every t > 0,

G(t) = JZ F(T)dt + @, (3.87)
where C = (r —2)C(Q) /2. Hence, (3.86) has the form
Gt -CG(t) 20, (3.88)

forevery t € (T,,, T).

We define H(t) = ¥*(t) = sup{¥(t),0}, the positive part of ¥(t). We claim that, for
every t > T, the time derivative satisfies H(t) < 0. Otherwise, there exists some ty € (T,,, T)
such that

F(to) >0, F(to) >0, (3.89)
that is,
G(to) > 0, G(i’o) > 0. (390)

By a standard comparison result for ordinary differential equations, (3.88) and (3.90)
imply that

F(t) = G(t) > Moe" ™, (3.91)

fort € (t;,T) and some t; € (ty, T), where M, > 0 depends on ¥(tp) and & (to). Furthermore,
for any constant M > 0, there exists some t, € (t1,T), such that MopeVCt > M(1 + 20-D/4) for
t € (t,T). Then, (3.91) contradicts (3.81), since L*(Q) ¢ L?(Q). Consequently, (3.76) holds
with K = max{maxo«e<r, [[(t)|13, 2%}, and the proof is complete. O

From Remark 3.2 and Theorems 3.1, 3.3, and 3.5, any global solution of (1.1), with
A =2, is necessarily uniformly bounded in H, for all ¢ > 0. However, this is false when A > 2,
as we show next.

Theorem 3.7. Let (u(t), v(t)) = S(t)(uo, vo) be a solution of problem (1.1). Assume the conditions,
on r and A, made in Theorem 3.6. Then, (u(t),v(t)) is global and not uniformly bounded in H, for
t >0, if and only if L > r and there exists to > 0 such that (u(ty), v(to)) € U.
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Proof. Sufficiency

By Lemma 2.4, (u(t),v(t)) € U, for every t > t;. This solution must be global. Otherwise, by
Theorem 2.1, blowups in a finite time and, by Theorem 3.1, necessarily A < r. A contradiction.

Now, suppose that, for t > t;, the solution is uniformly bounded in H. Hence, there
exists a sequence of times {t,}, such that if n — oo, then t, — oo, (u(t,),v(t,)) —
(1,9) weakly in H and, since the imbedding B ¢ H'(Q) N L"(L) is compact, E(u(tn)) —
b(it). Moreover, since the energy is nonincreasing and bounded, E,, = lim;_, E(t) € R.
Consequently, from the energy equation and since LMQ) c L*(Q),

t+1
lim f llo(7)|l3dT = 0, (3.92)
— 00 t

in particular, for any sequence of times {s,} such thats, — ccasn — oo,

1
lim | h,(t)dT =0, (3.93)

n—oo 0

where h,(7) = ||v(s, + T)||3, for T € [0,1]. By Fatou Lemma,

liminf |v(s, + T)|[ = liminf h,(7) = 0, (3.94)

for a.e. T € [0,1], and by the weak convergence v(t,) — o, in L*(Q),

[oll; < liminf [[v(t,)ll, =0, (3.95)

where we choose {s,} such that t,, = s, + 7y, for some 7y € [0, 1].

It can be shown that the semigroup generated by problem (1.1) is continuous in H
with the weak topology, and then that the weak limit set is positive invariant; see Ball [26].
Consequently (i,7) = (u,,0) must be an equilibrium of (1.1). Since (u(t,),v(t,)) € U then,
by definition (2.33) and (2.29),

2rd
r—2

b(u,) = lim b(u(ty)) > . (3.96)
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Since the norm in H is weak lower-semicontinuous, from (2.4), (2.19), and (2.20), we
get that

b(ue) = a(ue)

< timinf { o (k)3 + au(t)) |

) (3.97)
= lim {ZE(tn) + ;b(u(tn))}
2.
= 2E,, + ~b(u,).
Hence,
"= 2w <E, <d (3.98)
o C\He) S Bw <4 :

This contradicts (3.96). Then, the solution cannot be uniformly bounded in H, for all t > 0.

Necessity
This follows from Lemma 2.6 and Theorems 3.1, 3.3, and 3.6. The proof is complete. O

Next, we characterize the convergence to the set of nonzero equilibria of equation (1.1).
Due to our assumptions on r and y, our result considers, at most, dimensions n < 3 for A > 2,
and n <5 for A =2.

Theorem 3.8. Let (u(t),v(t)) = S(t)(uo,vo) be a solution of problem (1.1). If A > 2, assume
the conditions, on r and A, made in Theorem 3.6. If A = 2, and assume the conditions, on r
made in Theorem 3.5. Then, (u(t),v(t)) — €&, strongly in H as t — oo, if and only if
(u(t),o(t)) € [E(w,0v) > d] forall t > 0, where £, = [(Ue,0) € € ¢ J(ue) = Eo, > d] and
E., =1lim;_, o E(u(t),v(t)).

Proof. Sufficiency

By Theorems 3.5 and 3.6, the solution is global and uniformly bounded in H, that is, w(t) =
||(u(t),v(t))||%{ < K, for all t > 0, and some constant K > 0. Then, like in the sufficiency
part of the proof of Theorem 3.7, there exists a sequence of times such that t, — oo and
(u(tn), v(tn)) — (ue,0), weakly in H, asn — oo, where (u,,0) is an equilibrium. If

{(u(t),v(t))};s is precompact in H, (3.99)

then strong convergence to (u,, 0) follows. In this situation, (u(t,), v(t,)) converges to the set
&, because (0,0) € [E(u,v) > d], strong closure in H.
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Haraux [5], developed a technique to prove precompactness of bounded orbits of
some kind of semilinear wave equations. We will follow that method to prove (3.99). To this
end we define, for every e >0, and ¢t > 0,

u(t) su(t+e)—ult),  ve)=o(t+e)-ov(t),  2we(t) = (ue(t), ve(®)l,  (3.100)

and note that from (2.1), we get the energy equation for (u.(t), ve(t))
t
we0) = w0+ | (7)) = (), () (3.101)

where,

ge()=g(v(t+e) -g(v(t)),  fe(t) = f(u(t+e)) - f(u(h),

ie(t) = m(Jlu(t +e)|3) Au(t + ) ~m(lu()l3) Auct),  m(IVu®IB) =PIV
(3.102)

However, in order to handle the nonlinearity 1. (t), we need to introduce the function
We(t) = ! z 2
(1) = welt) + sm(IVu(t + €)l13) | Vue (D). (3.103)

Hence, the corresponding energy equation for W,(t) is
t t
We(0) = We(t) + fo (8¢(T) = fe(T) = me(7), ve(7)) AT — fo (ne(7), ue(7))od7,  (3.104)

where,

me(t) = (m(IVutt+ o)l5) - m(IVu(®)3) ) Auh),
(3.105)
ne(t) = m'(||Vu(t + e)||§) (Au(t +€),v(t + €))y Aue(t).

Notice that since the solution is uniformly bounded by K, there exists a constant K > 0,
depending on K, such that

we(t) < We(t) < Kwe(t). (3.106)

We will prove that for any 7 > 0, there exists e(77) > 0, such that

we(t) <1, (3.107)

forevery t > 0, and € € (0,€(17)), that is, t — (u(t), v(t)) € H, is uniformly continuous.



28 Abstract and Applied Analysis

For every t > 0, we have one of the following two cases:

We(t+1) <W,(4), (3.108)
We(t+1) > We(t). (3.109)
From (3.109) and (3.104),
t+1 t+1
0>We(t) - We(t+1) = t (8e(7) = fe(7) = me(7),ve(7)),dT — L (ne(7), ue(7)),dT.
(3.110)

Notice that, by a well-known inequality,
(8:(1),ve(£)), 2 2 8|[ve (B3 (3.111)
Also, we recall the inequality

|Fe)] < o@p(lutt + 2+ ()2 e (), (3.112)

where o(r) =1,if r € [2,3] and o(r) = (r = 1) /2, if r > 3.
From the Holder inequality, (3.112) yields

1/2

<It+1 || fe(7) ||§d7‘> <20(r)uC(Q)sup a(u(t)) 272
t 20

. 1/2(r-1)
2(r-1
x<f nwwﬂQL&h> ,
t

where C(Q) > 0, is an embedding constant in B ¢ L2~D(Q).

We claim that t — u(t) € L2~D(Q) must be uniformly continuous. Otherwise, there
exists some 779 > 0, and sequences {€,},1, {tn},>1, such thate, — 0,andt, — oo0,asn — oo,
and

(3.113)

||u€n (tn)||2(r71) > Mo, (3.114)
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for every n > 1. By assumption, B ¢ L2V (Q) is compact, then {u(t, + €,) Vst {1(tn) )51 are
precompact in L2""D(Q), and we can extract subsequences {u(t, + €,) Vst (u(t,) )51, such
that for some fixed ny, sufficiently big, and every n > ny,

[ty + €n) = u(t) o) < Nlulty + €)= ultn, + €)1
+ {[1(tny + €ny) = utng)llp1y

+ [Jutny) = 1t [y (3.115)

L

Sz T3tz T

This contradicts (3.114). Hence, for any 7 > 0 there exists some €(77) > 0, such that for
every t > 0, and every € € (0,€(7)),

41 1/2(r-1)
<f [ usmniﬁ::i;df) < ti-D, (3.116)
t

Consequently, from (3.113), (3.116) and the Holder inequality

t+1

. 1/4
(fe(1),ve(T)),dr| < Crp*OV <f 1||vs<T>||ﬁdr> , (3.117)
t

where C > 0 depends on K, y, r, C(Q2) and the inclusion L*(Q) C L*(Q).
Now notice that,

Ime(®ll < sup{om (V1) } V0t + €)1 - V@ B[l au,

=sup{m (I Vu(®)I) }I(Vult + &) + Vu(t), Vu(t + &) = Vu®), | 8u(0),

(3.118)
< sup (1740 IE) 18t + &) + B 18Ol i 01
< C(K) [lue®)ll,,
and that
[(1e(6) e (0),] < 1 (I V2t + )1 ) | At + €) [0t + €) | A (1) e (D
(3.119)

< C(K)[lue®)]l,,

where C(K) > 0 is a constant.
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Since B ¢ L?(Q) is compact, we show like in (3.116), that

t+1 1/2
<f IIue(T)IlﬁdT> <D, (3.120)
t

Consequently, from (3.118)—(3.120) and the Holder inequality, we obtain

t+1 174
< @114‘“){ <f ||ve(T>||ﬁdT> +1 }
t

(3.121)

t+1
f ((11e(7), 0e(1))s + (ne(7), ue(7)), )T

t

where C > 0 depends on K and the inclusion L*(Q) c L2(Q).
From (3.117), (3.121), and (3.111) in (3.110), we have

t+1 \ ~ t+1 | 1/4
f lve(7)ladr < Cp*Y (f ||ve<r>||ldr> +1¢, (3.122)
t t

where C > 0 is a constant. Consequently, for 7 sufficiently small, we obtain

t+1
f loe(mllkdr < 7, (3.123)
t
t+1 rlz
f Joe(r) tr < . (3.124)
t

We apply inequality (3.112) to g., and by the Holder inequality we get
t+1 t+1 | VX /1 \ 1/A
[ (getmtr)ir < o<A>6< [ ||ve(T>||AdT> <f ||ue<f>||ldf>
t t t

t+1 (A=2)/4 t+1 (A=2)/4
X <I lo(T + €)||ﬁd7'> + <f ||U(T)||ﬁd7-> .
t t

(3.125)

Notice that by (2.3) and since E(t) > d,

o(b)|dt < Fo-d (3.126)
4 5
0
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By assumption B ¢ L*(Q), then

t+1 /4
<f IIue(T)IlﬁdT> <2C(Q)sup [[u(t)]lp < C, (3.127)
t t>0

where C > 0 depends on the embedding constant C(£2) and K.
Therefore, from (3.123), (3.126), and (3.127) in (3.125), we get, for 7 sufficiently small

o\ (-2)/2 2
< 20(1)6C(E0 - d) 17 < % (3.128)

t+1
L (ge(r), ue(r)), dr

By (3.113), (3.116), (3.120) and the Holder inequality, for small 77, we obtain

t+1 2
f (fe(T), ue (1)), dr < CPAD < % (3.129)
t

one has that
(e (t), ue (1)), = =m (|| Vu(t + €)I3) IV ue (1)}
+{m(IVutt+ o)) - m(IVu(t)|) | (Autt), ue (), (3.130)

< C(K)|lue®)]l,,

where C(K) depends on K. Hence, by (3.120) and the Holder inequality, and again for small
1,

t+1 2
f (o) ue(r))pitr < 'L (3.131)
t

From (2.1), one has the identity

%(Ue(t)/u(t)e)z ~lloe®)115 + | Aue (3 + all Ve ()13 + (ge(t), ue (1)), (3.132)

= (1e(t), ue(t))y + (fe(t), ue(t)),.
Hence, (3.124), (3.128), (3.129), and (3.131) in (3.132) yield

t+1 ) 41,12
f luee(Dlf5r < 2sup(loe(®) Ll ®ll) + - (3.133)
t >
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For every t > 0, one has

lue(®)ll, < e sup [v(s)], < eV2K,

se[tt+1]

(3.134)
o)l < 2811(1)3 o)l <2v2K
£
then, for € € (0, €(r7)), with €(#) sufficiently small, (3.133) is
t+1
f ue(T)I3dT < 1> (3.135)
t
Hence, in case (3.109), from (3.124) and (3.135), we conclude that
t+1 3 2
f wo(T)dT < % (3.136)
t
And, from (3.106) with 7 small,
t+1 3
W, (7)dr < gﬂ (3.137)

t

From (3.104), (3.111), (3.117), (3.121) and (3.124), we have, for any s € [t,t + 1], ¢ >0,
and 7 sufficiently small, that

t+1

t
We(t+1) =We(s) + | (me(T) + fe(T) = 8e(T), ve(T)),,dT + JO (ne(7), ue (7)) dT

S

t+1 t+1
<Wets)+ || (e vodr| +| [ omem) ou()adr
' (3.138)
t+1
e[ oo
t
2
<W.(s)+ 2L,
5
Therefore, by (3.137), we obtain
t+1 211
We(t+1) < We(s)ds + 5 <. (3.139)

t
Consequently, in both cases, (3.108) and (3.109),

We(t+1) <max{n, We(t)}, (3.140)
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and then

We(t) < max{q, rr}0a>1<]W€(s) }, (3.141)
sell,

for any t > 0.
Since the solution (u,v) : [0,1] — H, is uniformly continuous, for any 7 > 0 there
exists some €(7) > 0, such that

max We(s) <1, (3.142)
s€[0,1]

for any ¢ € (0,€(7)). Then, (3.141) and (3.106) imply (3.107) forany f > 0,7 > 0,and 0 < € <
() = min(é(n), &(n) ).

Next, we will prove that the orbit {(u(t),v(t))},, is a precompact subset of H. We
start with {v(t) } 59 C L*(Q).

Notice that because of (3.107)

t+e
< éf lo(t) - o(7) |pdr

t

ov(t) - % J¢+€ v(t)dr

t

2

< sup fJo(t) - o(m)l, (3.143)

TE[t t+e]
<4/27.

Since {u(t)}( is bounded in B, then

é <Jt+€ U(T)d7'>

< utt + €) ()l
B

2
< Zsup [lu(t)l| (3.144)
€ >0

<2

t+e

Consequently, {(1/¢) [, v(7)dT} s is precompact or, equivalently, totally bounded in
L*(Q), because B C L*(Q) is compact. Hence, by (3.143), {v(t) },5¢ is precompact in L?(Q).
Like in (3.143), from (3.107), we obtain that

< sup lu(t) —u(7)||z < \/271 (3.145)

B TE[tt+e]

u(t) — % ‘[M u(t)dr

t
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If {A2 :+€ u(t)dr} 5 is precompact in B' = dual space of B, then precompactness of
{u(t)} ;50 in B follows from (3.145), since

£l = <A2>_1 B — B, (3.146)

is a linear and continuous operator.
According to the dense and continuous inclusions

BcLMQ) cL*(Q) c LY (Q)c B, (3.147)

where LY (Q) = (L}(Q)), * = 1/ (A - 1), we extend the inner product in L?(Q) to the duality
product in B’ x B. Now, we integrate the wave equation, and since £ : B — B’ is closed, we
get, in the sense of B/,

A? ft+€ u(t)dr =v(t) —ov(t+¢€) + J‘He M(||Vu(7')||§> Au(t)dr
t

t

(3.148)
t+e t+e
- s [
t t
By the Holder inequality and (3.126),
t+e t+e
f g(T))dr| < 5f | (o(T)ly dr < 6YH(Ey — d) D7, (3.149)
t e t
Boundedness of u(t) in B, since B ¢ L1 (Q), yields the estimate
t+e t+e 1
‘ fuydr| <[ @l dr
t 2 t
< pC(Qsup|u(t)y (3:150)
t>0
< HC(Q)C(K).
Also,
t+e ) )
’ f M(|IVu(r)[3) Au(r)dr|| < sup{M(IVu®)3)lu®ls} < C(K), (3151)
t 2 t>0
Therefore, (3.149)—(3.151) in (3.148) imply that
t+e
AZI u(t)dr| <C, (3.152)
t A+

for some constant C > 0 and every ¢ > 0.

B c LY(Q) is compact by assumption. By Schauder Theorem, see for instance Brézis
[27], B ¢ L}(Q) is compact if and only if L' (Q) C B’ is compact. Then, (3.152) implies that
[A? tt+€ u(7)dr} 5 is precompact in B'.
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Necessity

Suppose that the solution converges, strongly in H, to the set £,. Since the energy is
nonincreasing, E(t) > E,, = lim;_,,E(t) > d, for all t > 0, and the proof is complete. O

Remark 3.9. By Theorem 3.3 and (2.35), every H-neighborhood of the ground state, S N A =
[(u.,0) € H : u, € N*], is connected, through an orbit, with (0,0). Furthermore, if E,, = d in
Theorem 3.8, the ground state attracts every solution such that (u(t), v(t)) € [E(u,v) > d], for
every t > 0.
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