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We study some new A-sequence spaces using ideal convergence and an Orlicz function in
2-normed space and we give some relations related to these sequence spaces.

1. Introduction

Let X and Y be two nonempty subsets of the space w of complex sequences. Let A =
(ank), (n,k = 1,2,...) be an infinite matrix of complex numbers. We write Ax = (A,(x))
if Ap(x) = Y52 ankxi converges for each n. If x = (xx) € X = Ax = (A,(x)) € Y we say that
A defines a (matrix) transformation from X to Y, and we denoteitby A: X — Y.

The notion of ideal convergence was introduced first by Kostyrko et al. [1] as a
generalization of statistical convergence. More applications of ideals can be seen in [2-5].

The concept of 2-normed space was initially introduced by Géhler [6] as an interesting
nonlinear generalization of a normed linear space which was subsequently studied by many
authors (see, [7, 8]). Recently a lot of activities have started to study summability, sequence
spaces, and related topics in these nonlinear spaces (see, [9-12]).

Let (X, - ||) be a normed space. Recall that a sequence (x,) of elements of X is called
statistically convergent to x € X if the set A(e) = {n € N : ||x, — x|| > €} has natural density
zero for each ¢ > 0.

A family O C 2Y of subsets a nonempty set Y is said to be an ideal in Y if

(i) A, BeEDimply AUB € J;

(i) A €9, BC Aimply B € O, while an admissible ideal 2 of Y further satisfies {x} € 0
foreach x € Y, (see [7, 13]).
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Given 0 C 2V a nontrivial ideal in N. The sequence (x,),cy in X is said to be J-
convergent to x € X, if for each € > 0 the set A(¢) = {n € N : [|x, — x|| > €} belongs to
0, (see, [1, 3]).

Let X be a real vector space of dimension d, where 2 < d < oo. A 2-norm on X is a
function [|-,-|| : X x X — R which satisfies

(i) |lx, y|| = 0 if and only if x and y are linearly dependent;
(@it) llx, yll = lly, x[I;
(iii) [lax, yl| = lalllx, yl, a € &

() llx, y + 2l < [loe, yll + [lx, z[].

The pair (X, ||-,-||) is then called a 2-normed space [7]. As an example of a 2-normed
space we may take X = R? being equipped with the 2-norm ||x,y|| := the area of the
parallelogram spanned by the vectors x and y, which may be given explicitly by the

formula
> . (1.1)

Recall that (X, [|-, -||) is a 2-Banach space if every Cauchy sequence in X is convergent to some
x in X.

X1 X12

llx1, x2| g = abs<

X21 X22

Recall in [14] that an Orlicz function M : [0,0) — [0, 0) is a continuous, convex,
nondecreasing function such that M(0) = 0 and M(x) > 0 for x > 0, and M(x) — oo as
X — oo.

Subsequently Orlicz function was used to define sequence spaces by Parashar and
Choudhary [15] and others [16, 17].

If convexity of Orlicz function M is replaced by M(x + y) < M(x) + M(y) then
this function is called modulus function, which was presented and discussed by Ruckle [18]
and Maddox [19]. It should be mentioned that notable works involving Orlicz function and
modulus function were done in [16, 18-23].

In this article, we define some new sequence spaces in 2-normed spaces by using
Orlicz function, infinite matrix, generalized difference sequences, and ideals. We introduce
and examine certain new sequence spaces using the above tools as also the 2-norm.

2. Main Results

Let I be an admissible ideal of N, M be an Orlicz function, (X, ||-,-||) be a 2-normed space,
and A = (a,k) be a nonnegative matrix method. Further, let p = (px) be a bounded sequence
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of positive real numbers. By S(2 — X), we denote the space of all sequences defined over
(X, II,-Il). Now we define the following sequence spaces:

WI (M/ Am, P/ ||/ ‘7 ||)

m _ Pk
xeS2-X):Ve>0 {nEN Zank[MQ%'ZH)] 25}61

for some p >0, L € X and each z € X

0 Amxk Pk
xeS2-X):Ve>0 neN:ZankM ’ ,Z >ep el
k=1 ’

for some p >0, and each z € X

Wi(A, M, A", p, |, 1)

WOO(A/ M/ Am/P/”/‘/ ”) (21)

Pk
)] <

A™xp

7

xe€S2-X):3dK >0 s.t. supZank [M(
neN f=1
for some p >0, and each z € X

WL (A M, A" p, ||, )

{xeS(Z X):3K >0, st{neN Zank[M<“AZxk,z“>]psz}

€ I for some p >0,and each z € X},

where A"x = A" x — A" xp,q.
Let us consider a few special cases of the above sets.

()If M(x) = x, for all x € [0,00), then the above classes of sequences
are denoted by W'(A, A™,p, I, ), Wg(A, A™,p, /1), Wee (A, A, p, |-, II), and
WL(A, A™,p, ||, ), respectively.

2)If pr = 1 for all k € N, then we denote the above classes of sequences
by WI(A/ M, A™, ”/ r ”)/ Wé(A/ A™, ”/ r ”)/ WOO(A/ Am, ”/ r ”)/ and Wio(A/ A™, ”/ r ”)/
respectively.

() If M(x) = x, for all x € [0,00), and px = 1 for all k € N, then we denote
the above spaces by WI(A,A™, |- ), Wg(A,Am, I 1), WA, A™,||,-|), and
WL(A,A™, |, |I), respectively.

(4) If we take A = (a,x) as

1

—, ifn>k,

ank = 1 (22)
0, otherwise,
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then the above classes of sequences are denoted by WI(C, M, A™, 1D,
WOI(C/ M/ Aml P/ ||/ y ”)/ Woo (C/ M/ Aml P/ ||/ y ”)/ and Wio (C/ M/ Aml P/ ”/ y ||) respec_
tively, which were defined and studied by Savas [24]

(5) If we take A = (auk) is a de la Vallée poussin mean, that is,
! ifkel,=[n-\,+1,n]
A = {An’ " A (2.3)

0, otherwise,

where (1) is a nondecreasing sequence of positive numbers tending to oo
and A1 < A, + 1, 44 = 1, then the above classes of sequences are
denoted by WI(M,A™, A,p, I, 1), Ws(M, A™, A, p, I, |I), Wee (M, A™, 1, p, ||, -, 1),
and Wgo(M/ Am™, )‘/Pl ”/ r ”)

(6) By a lacunary 6 = (k,); r = 0,1,2,... where ky = 0, we will mean an increasing
sequence of nonnegative integers with k,—k,_; as+ — oo. The intervals determined
by 0 will be denoted by I, = (k,-1, k] and h, = k, — k,—1. As a final illustration let

L ifk<k<k,
ank = 4 hy (2.4)
0, otherwise.

Then we denote the above classes of sequences by WI(M, A™,0, 1D,
Wé(M/ Am/ 9/ p, ”/ ‘r ”)/ Woo(M/ Am, Q/P/ ”/ ‘y ”)/ and Wio(M/ Am/ 9/ P, ”/ ‘r ”)

The following well-known inequality (see [25, p. 190]) will be used in the study:.

0<px <suppr = H, D= max<1,2H‘1>, (2.5)

|ak+bk|pk SD{|ak|pk +|bk|pk}, (2.6)

for all k and ax, by € C. Also |a’* < max(1,|a|™) forall a € C.

Theorem 2.1. W(A, M, A™,p, ||, 1), We (A, M, A™,p, ||, |I), and WL (A, M, A™,p, ||, ||) are
linear spaces.

Proof. We will prove the assertion for Wé (A, M, A™,p,|,-,|I) only, and the others can be
proved similarly. Assume that x,y € WOI (A, M, A", p,|,-, 1) anda,f € R. In order to prove
the result we need to find some p3 such that

alA"x; + PA" xy

p3 ’

{n eN: Zank [M(

Pk
ZD] 25}61 for some p3 > 0. (2.7)
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Since x,y € Wé (A, M, A™,p,||,- ), there exist some positive p; and p, such that

Pk
>] 25} €1l for some p; >0,

m

e e[ 52
1

(2.8)

A" xp

e S (222 -

Pk
)] 25}6[ for some p, > 0.

Define p3 = max(2|a|p1, 2|p|p2). Since M is nondecreasing and convex and also ||, -, || is a 2-
norm, A™ is linear

© AM Pk © m AM Pk
Zankl:M<‘ M,z >] SZ%k[M( al xk/z“+‘ﬁ xk,z >]
k=1 p3 k=1 P3 p3

> S5l

S 7 /Z

S (|5 2]+ |55

S [M (|52 [ 252 A)]

Z 2

P2

m 43
<D on [M([| 2]
0 m Pk
o3 (| A])]
k=1 P2

(2.9)

where D = max(1,2571). From the above inequality we get
o0 A™ + Pk
neN:ZankM M,z > €
k=1 p3
© m Pk
C neN:DZank[M<HA Xk 5 >] > £ (2.10)
k=1 P1 2
o] Amyk Pk
U neN:DZank[M<|| 5 ,ZD] .
2

k=1
Two sets on the right-hand side belong to I, and this completes the proof. O

v
N ™

It is also easy to verify that the space W, (A, M, A™,p,||,-, 1) is also a linear space and
moreover we have the following.
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Theorem 2.2. Forany fixedn € N, W, (A, M, A™,p, |, -, ) is paranormed space with respect to the

paranorm defined by
A" xp e\
gn(x) = ;Iel>f< pP/H <Za"k [M<| ; ,Z )] > <1, VzeX . (2.11)
Proof. The proof is parallel to the proof of the Theorem 2 in [24] and so is omitted. O

Theorem 2.3. Let X(A, A™ ) stand for Wl(A, ™, M,p, ||, 1), WH(A, A™ Y, M,p, |, |I), or
WL(A, A", M,p, ||, ||) and m > 1. Then the inclusion X (A, A™) C X(A, A™) is strict. In
general X(A, A") ¢ X(A, A™) foralli=1,2,3,...,m— 1 and the inclusion is strict.

Proof. We shall give the proof for Wl(A, A", M,p,||,-,|) only. It can be proved in a
similar way for WL (A, A™1, M,p,|,- ), and WI(A, A™L, M,p,|,-, ). Let x = (xx) €
WI(A,A™ Y, M,p, |, |I). Then given £ > 0 we have

{eNi[MQ

Since M is nondecreasing and convex it follows that

e DI

o) Am—l _ Am—l
_ Zank |:M<H Xk+1 Xk,Z

Am—l Xk
P

,Z

Pk
>] > s} €l for some p > 0. (2.12)

)|

k=1 2p
o ) ” (2.13)

) m—

<DZank< 1M< A xk+1,z > + 1M< A xk,z > >
= 2 P 2 p
) m-1 Pk m-1 Pk

<DZank< M< A xk+1,z > + M< A xk,z > >
k=1 P P

Hence we have

[rere: S pu(l 5 A"
g{neN.Dgank[ < %,z”)]ng} (2.14)

0 Am—l
U{neN:DZankI:M< xk,z

k=1
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Since the set on the right hand side belongs to I, so does the left hand side. The inclusion is
strict as the sequence x = (k”), for example, belongs to Wé (A™, M, |, ||) but does not belong
to Wé(Am’l,M, II,- |I) for M(x) = x, A = (ank) = (C,1) Cesaro matrix and px = 1 forall k. O

Theorem 2.4. (i) Let 0 < infpx < px < 1. Then WI(A, A™, M, p, |, |I) c WI(A, A™, M, |,-, |]).
(11) 1 < Pk S Sup Pk S c0. Then WI(A/ Aml M/ ”/ y ||) C WI(A/ Aml M/ P”/ y ||)

Proof. (i) Let (xx) € WI(A, M, A™,p, |, ). Since 0 < inf pi < px < 1, we have

o m _ o m _ Pk
Spal( 2L )] < S (2L
k=1 P k=1 P

So

fren:Son (2L )] =)
cfren w2 ] "2 e

(ii) Let px > 1 for each k, and sup px < oo. Let (xx) € WI(A, M, A™,p, |, ). Then for
each 0 < € < 1 there exists a positive integer N such that

(2.16)

S (|22 -
k=1 P

>]55<1, (2.17)

for all n > N. This implies that

0 m _ Pk
Ssom M([=5=])] <
k=1 P

R

MS

A™Mx, — L
(275

k=1 P

So we have

=) m _ Pk

frenEra (|52 )]
k=1 P
(2.19)
C {n eN: Zank[ <M‘ w,z”)] > s} el
k=1

This completes the proof. O

The following corollary follows immediately from the above theorem.

Corollary 2.5. Let A = (C, 1) Cesaro matrix and let M be an Orlicz function.
(1) Ifo < infpk S Pk < ]-/ the?’l WI(Am/ M/ P/ ||/ y ”) C WI(Am, M/ ||/ y ”)
(2) If]- < Pk < Sup Pk < oo, thei’l WI(Am/ M/ ||/ y ”) C WI(Am, M/ p”/ y ||)
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Definition 2.6. Let X be a sequence space. Then X is called solid if (axxx) € X whenever
(xx) € X for all sequences (ax) of scalars with |ai| < 1 forall k € N.

Theorem 2.7. The sequence spaces Wé(A, M, A", p, |, 1) and WL (A, M, A™, p, |, 1) are solid.

Proof. We give the proof for Wé(A, M, A", p, |, 1) only. Let (xx) € Wé(A, M, A" p, |, 1),
and let (ax) be a sequence of scalars such that |ax| < 1 for all k € N. Then we have

"=}
zD]pkzs}eL

where C = max {1, |ax|"}. Hence (axxy) € Wg(A, M, A™,p, |, ) for all sequences of scalars
(ax) with |ax| <1 for all k € N whenever (xi) € Wg(A, M, A", p, |, D). O

{n eN :Zank [M(Hw,z
k=1 P

A™xp

P 7

(2.20)

c {n en:CSa[(M

k=1

Remark 2.8. In general it is difficult to predict the solidity of Wé (A, M, A", p,|,- ) and
WL (A, M, A™, p, I, 1) when m > 0. For this, consider the following example.

Example 2.9. Let m = 2, pr = 1 for all kK, A = (C,1) Cesaro matrix and M(x) = x. Then
(xx) = (k) € WH(M, A2, p, ||, |I) but (axxk) € WL(M, A% p, ||, ||) when ax = (-1)* for all
k € N. Hence W (M, A%, p, ||, ||) is not solid.
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