Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2011, Article ID 792689, 13 pages
doi:10.1155/2011/792689

Research Article

Existence Conditions for Bounded Solutions of
Weakly Perturbed Linear Impulsive Systems

Alexander Boichuk,! Martina Langerova,?
and Jaroslava Skorikova?

T Institute of Mathematics, National Academy of Science of Ukraine, 01601 Kyiv, Ukraine
2 Department of Mathematics, University of Zilina, 01026 Zilina, Slovakia

Correspondence should be addressed to Martina Langerovd, martina.langerova@fpv.uniza.sk
Received 31 December 2010; Revised 1 July 2011; Accepted 1 July 2011
Academic Editor: Josef Diblik

Copyright © 2011 Alexander Boichuk et al. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

The weakly perturbed linear nonhomogeneous impulsive systems in the form x = A(t)x +
eAi(t)x + f(t),t €e R, t € T = {1}y, AX|p=r, = i + €Arix(Ti—), i € TC R, y; € R", and
i € Z are considered. Under the assumption that the generating system (for ¢ = 0) does not
have solutions bounded on the entire real axis for some nonhomogeneities and using the Vishik-
Lyusternik method, we establish conditions for the existence of solutions of these systems bounded
on the entire real axis in the form of a Laurent series in powers of small parameter ¢ with finitely
many terms with negative powers of ¢, and we suggest an algorithm of construction of these
solutions.

1. Introduction

In this contribution we study the problem of existence and construction of solutions of
weakly perturbed linear differential systems with impulsive action bounded on the entire real
axis. The application of the theory of differential systems with impulsive action (developed
in [1-3]), the well-known results on the splitting index by Sacker [4] and by Palmer [5]
on the Fredholm property of bounded solutions of linear systems of ordinary differential
equations [6-9], the theory of pseudoinverse matrices [10] and results obtained in analyzing
boundary-value problems for ordinary differential equations (see [10-12]), enables us to
obtain existence conditions and to propose an algorithm for the construction of solutions
bounded on the entire real axis of weakly perturbed linear impulsive differential systems.
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2. Initial Problem

We consider the problem of existence and construction of solutions bounded on the entire
real axis of linear systems of ordinary differential equations with impulsive action at fixed
points of time

x=A)x+f(t), teR\T,
(2.1)
AX|ier, =11, T €T, i€,

where A € BC¢(R) is an n x n matrix of functions, f € BC¢(R) is an n x 1 vector function,
BCz(R) is the Banach space of real vector functions bounded on R and left-continuous for
t € R with discontinuities of the first kind at t € T := {7}, with the norm: ||x[[pc ) =
sup,gllx(t)|l, y; are n-dimensional column constant vectors: y; € R"; --- <7, <71 <79 =0<
T < Ty <---,and AxX|=r, = x(T+) — x(Ti—).

The solution x(tf) of the system (2.1) is sought in the Banach space of n-
dimensional bounded on R and piecewise continuously differentiable vector functions with
discontinuities of the firstkind att € T: x € BClt(]R).

Parallel with the nonhomogeneous impulsive system (2.1), we consider the corre-
sponding homogeneous system

x=A(t)x,  Ax|, =0, (2.2)

which is the homogeneous system without impulses, and let X(t) be the fundamental matrix
of (2.2) such that X(0) = 1.

Assume that the homogeneous system (2.2) is exponentially dichotomous (e-dicho-
tomous) [5, 10] on semiaxes R_ = (-o0,0] and R, = [0, o), that is, there exist projectors P
and Q (P> = P, Q* = Q) and constants K; > 1, &; > 0 (i = 1,2) such that the following
inequalities are satisfied:

”X(t)PX’l(s) || <Kje @9, §>5q
”X(t) (I - P)X1(s) || <Kie®6h, s>t tseR,,
(2.3)

”X(t)QX‘l(s) || <Kpe ™9 t>g,

||X(t)(I — Q)X (s) || <Ke ™D, s>t tseR..
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For getting the solution x € BCL(R) bounded on the entire axis, we assume that t =
0 ¢ C, thatis, x(0+) — x(0-) =y = 0.

We use the following notation: D = P — (I — Q); D* is a Moore-Penrose pseudoinverse
matrix to D; Pp and Pp- are n x n matrices (orthoprojectors) projecting R” onto N (D) = ker D
and onto N (D*) = ker D*, respectively, that is, Pp : R* — N(D), Pfj = Pp = P}, and Pp- :
R" — N(D*), P2, = Pp- = P§.; H(t) = [Pp-Q]X7(t); d = rank[Pp-Q] = rank[Pp-(I - P)]
and r = rank[PPp] = rank[(I — Q) Pp].

The existence conditions and the structure of solutions of system (2.1) bounded on the
entire real axis was analyzed in [13]. Here the following theorem was formulated and proved.

Theorem 2.1. Assume that the linear nonhomogeneous impulsive differential system (2.1) has the
corresponding homogeneous system (2.2) e-dichotomous on the semiaxes R_ = (-o0,0] and R, =
[0, o0) with projectors P and Q, respectively. Then the homogeneous system (2.2) has exactly r linearly
independent solutions bounded on the entire real axis. If nonhomogeneities f € BCc(R) and y; € R"
satisfy d linearly independent conditions

[* Ha s 3 Hamm =0, 24

1=—00

then the nonhomogeneous system (2.1) possesses an r-parameter family of linearly independent
solutions bounded on R in the form

x(t,c;) = X, (H)e, + <G [f] > (t), Ve, eR". (2.5)

Yi

Here, Hy(t) = [Pp-Q],X !(t) is a d x n matrix formed by a complete system of d linearly
independent rows of matrix H (t),

X () := X(8)[PPp], = X()[(I - Q)Pp], (2.6)

is an n x r matrix formed by a complete system of r linearly independent solutions bounded
on R of homogeneous system (2.2), and <G[£_])(t) is the generalized Green operator of
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the problem of finding bounded solutions of the nonhomogeneous impulsive system (2.1),
acting upon f € BC¢(R) and y; € R", defined by the formula

r It PX7(s)f(s)ds — Iw(l -P)X (s)f(s)ds
0o t

] ]
+2PX‘1 (Ti)yi - .Zl(l - P)X " (m)yi
i= =]+

+pD*{f 0 QX(s)f(s)ds + f :o (I - P)X7(s)f(s)ds

-1 0
+ Z QX (m)yi + Z(I - P)X_l(Ti)Yi}/ t>0;
i i1

<G[f D(t) - X()- B
Yi

t 0
f QX9 f(s)ds - f (I - Q)X1(s) f(s)ds

=(j+1) -1
+ D, QXM m)yi - Z.(I - Q)X (7)Y

i=—0 i=—j

0 ©
+(I - Q)D”’{I QX7Y(s)f(s)ds + jo (I-P)X71(s)f(s)ds

-1 o0
+ Z QX )y + Z(I -pP)xX! (Ti)Yi}, t<0,
\ i=—00 i=1 (27)

with the following property

(el e (e[ Joo=[ oroa S e

These results are required to establish new conditions for the existence of solutions of
weakly perturbed linear impulsive systems bounded on the entire real axis.

3. Perturbed Problems

Consider a weakly perturbed nonhomogeneous linear impulsive system in the form

x=At)x+eAi(t)x+ f(t), teR\T,

Ax|t=Tl. =Y+ £A1ix(Ti—), T, €C, Yi € R", i€Z, (31)

where A1 € BC¢(R) is an n x n matrix of functions, Aj; are n x n constant matrices.

Assume that the condition of solvability (2.4) of the generating system (2.1) (obtained
from system (3.1) for € = 0) is not satisfied for all nonhomogeneities f € BCt(R) and y; € R”,
that is, system (2.1) does not have solutions bounded on the entire real axis. Therefore, we
analyze whether the system (2.1) can be made solvable by introducing linear perturbations
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to the differential system and to the pulsed conditions. Also it is important to determine
perturbations A;(t) and Aj; required to make the problem (3.1) solvable in the space of
functions bounded on the entire real axis, that is, it is necessary to specify pertubations for
which the corresponding homogeneous system

x=At)x+eAi1(H)x, teR\T,

(3.2)
Ax|j=r, = eA1ix(1i—), T €T, i€Z,
turns into a system e-trichotomous or e-dichotomous on the entire real axis [10].
We show that this problem can be solved using the d x r matrix
By = f Ha) A ()X, (dt + S Ha(m) AsX, (1ic), (3:3)

1=—00

constructed with the coefficients of the system (3.1). The Vishik-Lyusternik method
developed in [14] enables us to establish conditions under which a solution of impulsive
system (3.1) can be represented by a function bounded on the entire real axis in the form
of a Laurent series in powers of the small fixed parameter ¢ with finitely many terms with
negative powers of ¢.

We use the following notation: Bj is the unique matrix pseudoinverse to By in the
Moore-Penrose sense, Pg, is the 7 x r matrix (orthoprojector) projecting the space R to the
null space N (By) of the d x r matrix By, that is, Pg,:R" — N (Byp), and Pp; is the d x d matrix
(orthoprojector) projecting the space R? to the null space N (B) of the r x d matrix B, (B}, =
BT), that is, P, : RY — N(B}).

Now we formulate and prove a theorem that enables us to solve indicated problem.

Theorem 3.1. Suppose that the system (3.1) satisfies the conditions imposed above, and the
homogeneous system (2.2) is e-dichotomous on R, and R_ with projectors P and Q, respectively.
Let nonhomogeneities f € BCc(R) and y; € R™ be given such that the condition (2.4) is not satisfied
and the generating system (2.1) does not have solutions bounded on the entire real axis. If

Pg; =0, (3.4)

then the system (3.2) is e-trichotomous on R and, for all nonhomogeneities f € BCc(R) and y; € R",
the system (3.1) possesses at least one solution bounded on R in the form of a series

x(te) = i skxk(t), (3.5)
k=-1

uniformly convergent for sufficiently small fixed € € (0, &].
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Here, ¢, is a proper constant characterizing the range of convergence of the series (3.5)

and the coefficients x; (t) of the series (3.5) are determined from the corresponding impulsive
systems as

X (t) = xi (i) = X, (B)ex + <G [Al(')x“(" Ckl)])(t) fork=1,2,...,

Avix(Ti—, Ck-1)

¢k = —B; Um Ha(f) Ar(b) <G[Al(')xk‘l("ck‘l)]>(t)dt

Avixi-1(Ti—, Ck-1)

+ 37 Ha(r) A <G [Al(')x’”(" C“)] > (n—)],

o Avixg1(v, ck-1)

1=—00

X_1 (t) = x_1(t, C_1) = Xr(t)C_l, c1= Ba' {jw Hd(t)f(t)dt + i Hd(Ti_)Yi}/

xo(t) = x0(t, co) = Xr(t)co + <G[

— [J'oo Hy®) Ay <G [A1(.)x_1(., c_1) +f('):|>(t)dt

Agix1(Ti—,c-1) + i

v 3 Ham) A <G[A1(')“(" cs (')]><T,-—>].

i~ Arx_q(,cq) +yi

A1()Xr(H)e-1 + f() 0
Yi + A X, (Ti—)c ’

(3.6)

Proof. We suppose that the problem (3.1) has a solution in the form of a Laurent series (3.5).
We substitute this solution into the system (3.1) and equate the coefficients at the same
powers of ¢. The problem of determination of the coefficient x_;(t) of the term with £7! in
series (3.5) is reduced to the problem of finding solutions of homogeneous system without
impulses

J'C,l = A(t)x,l, t é t,

(3.7)
AX_iler, =0, i€Z,

bounded on the entire real axis. According to the Theorem 2.1, the homogeneous system (3.7)
possesses r-parameter family of solutions

x-1(t,c21) = X (H)ea (3.8)

bounded on the entire real axis, where c_; is an r-dimensional vector column ¢_; € R" and
is determined from the condition of solvability of the problem used for determining the
coefficient x( of the series (3.5).
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For £°, the problem of determination of the coefficient x,(t) of series (3.5) reduces to
the problem of finding solutions of the following nonhomogeneous system:

Xo=A(t)xo+ Ar(H)x1 + f(E), t¢T,
(3.9)
Axolt=r, = Arix_1 (=) +1i, 1€Z,

bounded on the entire real axis. According to the Theorem 2.1, the condition of solvability of
this problem takes the form

[* ) [a0X e+ F@]dt+ ] Ha(r) [AuXe(r-)ea + 1] =0 (3.10)

1=—00

Using the matrix By, we get the following algebraic system for c_; € R":

Boc.1 =— foo Hd(t)f(t)dt + i Hu(ti-)yi, (3.11)

i=—o0

which is solvable if and only if the condition

Pg; {J‘oo Hu(t) f(t)dt + i Hd(Ti_)Yi} =0 (3.12)

i=—o0
is satisfied, that is, if

Py; = 0. (3.13)

In this case, this algebraic system is solvable with respect to c_; € R" within an arbitrary
vector constant Pp,c(Yc € R") from the null space of the matrix By, and one of its solutions
has the form

cr=B; {fm HaOf Ot + 3, Hm-—)yi}. (6.14)

1=—00

Therefore, under condition (3.4), the nonhomogeneous system (3.9) possesses an r-parameter
set of solution bounded on R in the form

(3.15)

xo(t, co) = X, (F)eo + <G [Al(‘)x‘l(” A (')] > (®),

Yi + Arix_1(T—, 1)

where (G[;])(#) is the generalized Green operator (2.7) of the problem of finding bounded
solutions of system (3.9), and ¢ is an r-dimensional constant vector determined in the next
step of the process from the condition of solvability of the impulsive problem for coefficient

X1 (t)
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We continue this process by problem of determination of the coefficient xi(t) of the
term with £! in the series (3.5). It reduces to the problem of finding solutions of the system

X1 = A(t)x1 + Al(t)xo, te C,
(3.16)
AxX1li=r, = Arixo(Ti—), 1€Z,

bounded on the entire real axis. If the condition (3.4) is satisfied and by using the condition
of solvability of this problem, that is,

J‘Oo Ha(t) A () I:Xr(t)co + <G[A1(')x‘l("c‘1) AL ]>(t)]dt

Arix_(Ti—,¢c-1) + i

(3.17)
© A4 (x_ ,c_1)+ (-
+ > Ha(ri) A [Xr(Ti—)Co + <G[ 1Ot )]>(Ti_)] =0,
i Avix_1(-,c1) + i
we determine the vector ¢y € R” (within an arbitrary vector constant Pg,c, Vc € R") as
@ A (Nx_ -, C_1) + .
COZ—BSU Hd(t)Al(t)<G|: 1()x-1(, c-1) f()]>(t)dt
— A1ix_1(Ti—,c-1) +7i
(3.18)

+.i Hi(m) Ay <G [Al(‘)x_l(',c_l) + f()]>(7_l_):|

i Agix_q(-,c1) + i

Thus, under the condition (3.4), system (3.16) possesses an r-parameter set of solutions
bounded on R in the form

xi(t e1) = X, (Her + (G [Al(')XO("CO)] > ), (3.19)

Aqix(Ti—, o)

where (G[;])(t) is the generalized Green operator (2.7) of the problem of finding bounded
solutions of system (3.16), and c; is an r-dimensional constant vector determined in the next
stage of the process from the condition of solvability of the problem for x,(t).

If we continue this process, we prove (by induction) that the problem of determination
of the coefficient x;(t) in the series (3.5) is reduced to the problem of finding solutions of the
system

Xk = Al)xx + A1(H)xk1, tE€ T,
(3.20)
Axk|t=7‘,- = Alixk—l (Ti_)/ i€ Zr k= 1/2/ ceey
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bounded on the entire real axis. If the condition (3.4) is satisfied, then a solution of this
problem bounded on R has the form

xi(t) = xe(t, ci) = X, (e + (G[Al(')x"‘l(" ) D(t), (3.21)

Ak Xk-1(Ti—, Ck-1)

where (G[:])(t) is the generalized Green operator of the problem of finding bounded
solutions of impulsive system (3.20) and the constant vector cx € R" is given by the formula

ck = B UW Ha(t) Ay (t) <G [jl iixk(‘;(" Ccl:l))]>(t)dt
—o0 11 —1\ti— -1

+ 3% Ha(r) A <G [Al(’)x"‘l(" C"'”Dm—)]

=0 Arixg-1 (-, ck-1)

(3.22)

(within an arbitrary vector constant Pg,c, ¢ € R").
The fact that the series (3.5) is convergent can be proved by using the procedure of
majorization. O

In the case where the number r = rank PPp = rank(I — Q)Pp of linear independent
solutions of system (2.2) bounded on R is equal to the number d = rank[Pp-Q] = rank[Pp- (I -
P)], Theorem 3.1 yields the following assertion.

Corollary 3.2. Suppose that the system (3.1) satisfies the conditions imposed above, and the
homogeneous system (2.2) is e-dichotomous on R, and R_ with projectors P and Q, respectively.
Let nonhomogeneities f € BCc(R) and y; € R™ be given such that the condition (2.4) is not satisfied,
and the generating system (2.1) does not have solutions bounded on the entire real axis. If condition

detBy#0 (r=4d), (3.23)

is satisfied, then the system (3.1) possesses a unique solution bounded on R in the form of series (3.5)
uniformly convergent for sufficiently small fixed € € (0, &,].

Proof. If r = d, then By is a square matrix. Therefore, it follows from condition (3.4) that
Py, = Pg: =0, which is equivalent to the condition (3.23). In this case, the constant vectors
cx € R" are uniquely determined from (3.22). The coefficients of the series (3.5) are also
uniquely determined by (3.21), and, for all f € BCc(R) and y; € R", the system (3.1) possesses
a unique solution bounded on R, which means that system (3.2) is e-dichotomous. O

We now illustrate the assertions proved above.
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Example 3.3. Consider the impulsive system

x=A()x+eA(t)x+f(t), tER\T,

(1)
Yi

Ax|t=’l'i =Yi + SAlix(Ti_)/ Yi = Yl-(Z) € R31 i€ ZI

(3)
Yi

(3.24)

where

A(t) = diag{—-tanht, —tanht, tanht},
f(t) = col{fi(t), f2(t), fs(t)} € BC<(R), (3.25)

Aq(t) = {aij(t)}ij:l € BCz(R), Ay = {ﬁij}ijzl-
The generating homogenous system (for € = 0) has the form
x = A(t)x, Axltr; =0 (3.26)

and is e-dichotomous (as shown in [6]) on the semiaxes R, and R_ with projectors P =
diag{1,1,0} and Q = diag{0,0,1}. The normal fundamental matrix of this system is

. 2 el +et
X(t) _dlag{et+e‘t'et+e—“ 5 } (3.27)
Thus, we have
D=0, D* =0, Pp = Pp =I5,
r =rank PPp = 2, d =rank Pp-Q =1,
2 0 (3.28)
et +et
X, (t) = 0 2 i
et +et
0 0
3 2
Ha(t) = (0,0, —— ). (3.29)

In order that the generating impulsive system (2.1) with the matrix A(t) specified
above has solutions bounded on the entire real axis, the nonhomogeneities f(t) =

col{ f1(t), f2(t), f3(t)} € BC(R) and y; = COI{)’-(l),Yi(2),Yi(3)} € R3 must satisfy condition (2.4).

1
In this analyzed impulsive problem, this condition takes the form

* 2 f3(b) < 2 3 e
j_w et+e_tdt+ > et (i 0, Vfi(t), f(t) € BCc(R), ¥y, ', y,” €R. (3.30)

i=—o0
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Let f3 and Yi(s) be given such that the condition (3.30) is not satisfied and the corresponding
generating system (2.1) does not have solutions bounded on the entire real axis. The system
(3.24) will be an e-trichotomous on R if the coefficients as; (), az(t) € BCc(R) of the
perturbing matrix A;(t) and the coefficients a1, ds; € R of the perturbing matrix A;; satisfy
condition (3.4), that is, Pg; =0, where the matrix By has the form

By = J‘OO [ azi (t) ax(t) ]dt+ i [ as as ] (331)

| (et +e)? (et +et)? S (e +em)? (e + emTi)?

Therefore, if az (), an(t) € BCc(R) and 431, s, € R are such that at least one of the following
inequalities

* as(t & a
J_ 31(t) di + Z 31 40,

w (et +et)? (T + e
(3.32)
o) [ee) ~
J‘ as(t) _dt+ Z az i
o (ere) e e

is satisfied, then either the condition (3.4) or the equivalent condition rank By = d = 1
from Theorem 3.1 is satisfied and the system (3.2) is e-trichotomous on R. In this case,
the coefficients ai1(t), a12(t), a13(t), ar (t), ax(t), ax(t), as3(t) are arbitrary functions from the
space BCz(R), and a1, a1z, d13, d21, Az, Az3, dsz are arbitrary constants from R. Moreover, for
any

f(t) =col{fi(t), fo(t), f3(t)} € BCc(R) (3.33)

a solution of the system (3.24) bounded on R is given by the series (3.5) (within a constant
from the null space N (Bp), dim N (By) = r —rank By = 1).

Another Perturbed Problem

In this part, we show that the problem of finding bounded solutions of nonhomogeneous
system (2.1), in the case if the condition (2.4) is not satisfied, can be made solvable by
introducing linear perturbations only to the pulsed conditions.

Therefore, we consider the weakly perturbed nonhomogeneous linear impulsive
system in the form

x=AM)x+f(t), teR\T, A, feBC(R),

(3.34)
AxX|i=r, = Vi + €Aux(Ti-), 1 €R", i€Z,

where Aj; are n x n constant matrices. For ¢ = 0, we obtain the generating system (2.1).
We assume that this generating system does not have solutions bounded on the entire
real axis, which means that the condition of solvability (2.4) is not satisfied (for some
nonhomogeneities f € BCz(R) and y; € R"). Let us show that it is possible to make this
problem solvable by adding linear perturbation only to the pulsed conditions. In the case, if
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this is possible, it is necessary to determine perturbations A;; for which the corresponding
homogeneous system

x=A(t)x, teR\T,

(3.35)
AxX|j=r, = €A1ix(Ti—), 1€Z,
turns into the system e-trichotomous or e-dichotomous on the entire real axis.
This problem can be solved with help of the d x r matrix
Bo = > Ha(1;) AuX,(7i-) (3.36)

1=—00

constructed with the coefficients from the impulsive system (3.34).
By using Theorem 3.1, we seek a solution in the form of the series (3.5). Thus, we have
the following corollary.

Corollary 3.4. Suppose that the system (3.34) satisfies the conditions imposed above and the
generating homogeneous system (2.2) is e-dichotomous on R, and R_ with projectors P and Q,
respectively. Let nonhomogeneities f € BCc(R) and y; € R" be given such that the condition (2.4)
is not satisfied, and the generating system (2.1) does not have solutions bounded on the entire real
axis. If the condition (3.4) is satisfied, then the system (3.35) is e-trichotomous on R, and the system
(3.34) possesses at least one solution bounded on R in the form of series (3.5) uniformly convergent
for sufficiently small fixed € € (0, &].
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