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Using a specially constructed cone and the fixed point index theory, this work shows existence

and nonexistence results of positive solutions for fourth-order boundary value problem with two
different parameters in Banach spaces.

1. Introduction

In this paper, we study the existence of positive solutions for the following fourth-order
boundary value problem (BVP) with singularity in Banach space (E, || - ||):

x® () + px"(t) = Af(t, x) + pg(t,x), te],
x(0) = x(1) =6, x"(0)=x"(1) =9,

(1.1)

where ] = [0,1], p<x?. g, f € C(J,[0,+0)), R* = [0,+00), and 6 is the zero element of E.
Fourth-order boundary value problems are studied not only in mathematics but also
in physics and many other fields. For example, some models for bridge, underground water
flow, and plasma physics can be reduced to fourth-order boundary value problems. In the
recent years, some authors (cf. [1-7]) studied fourth-order boundary value problems, but
these papers mainly dealt with the problems in real space or the problems without singularity.
As far as we know, the fourth-order ordinary differential equation with singularity has
been seldom studied in Banach spaces. Also, not so much is known about the case that the
nonlinear term has two different parameters or has two parts with different properties.
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In [7], Yao studied the following two-point boundary value problem:

u® (t) = Ah(b) f (u(t)) = 0,
(1.2)
u(0) =u(1l) =u"(0) =u"(1) =0,

where A > 0 and f € C[0,+o0). The author obtained positive solutions of BVP (1.2) in real
space not abstract space.
In [4], the authors studied the following boundary value problem in real space:

x O () + px" (1) = Af (£, x),

x(0) = x(1) =x"(0) = x"(1) =0,

(1.3)

where f € C([0,1] x [0, +o0)), B < &2, and A > 0. With the method of monotone iterative, the
existence and uniqueness of positive solution of BVP (1.3) are obtained.

Comparing with the results in [5-7], this paper has the following features. Firstly, we
discuss positive solutions of BVP (1.1) in abstract space, not E = R as in [5, 7]. Secondly, BVP
(1.1) has two parameters which may have different domains. Fourthly, f and g may have
different properties, and the main tool we used is the fixed point theorem on cone. Thirdly,
we talk about both the existence and nonexistence of positive solutions, but [5, 9] only study
the existence of positive solutions.

Basic facts about ordered Banach space E can be found in [8]. Here we recall some
of them. The cone P in E is said to be normal if there exists a positive constant N such that
0 < x < y implies ||x|| < N|ly||. In this paper, we always suppose that P is normal in E,
and without loss of generality, suppose that the normal constant N = 1. E* is dual space of
E. Denote P* = {¢ € E* | ¢(x) > 0, for all x € P}, then P* is a dual cone of cone P. The
noncompactness of Kuratowski is denoted by a(-).

We study BVP (1.1) in C(J, E). Evidently, (C(J,E), || - ||.) is a Banach space under the
norm ||x||, = max||x(t)]|. x € C(J,E) is a positive solution of BVP(1.1) if it satisfies BVP
(1.1) and x(t) > 6, for all t € J.

2. Preliminaries and Lemmas
In this paper, we make the following conditions.
Hy) f,g € C(J' xP,P), f(t,P,) = {f(t,u), u € P} is relatively compact and g(t, P;) is

also relatively compact, where P, = {u € P : ||u|| < r}. For any u € P, there exist
ai(t), bi(t) € L(J,R"), w1 (x), wa(x) € C(J, R") such that

lftw] <ar®) +br®wi(ull), ||gt w)|| < ax(t) + ba(Hwa(lull), ae. te]. (2.1)

(Hz) There exist a function m € L(J,(0,+o0)), such that ¢(f(t,u)) > m(t)||lu| or
g (g(t,u)) >m(t)||lul, fort € J, u € P, where ¢ € P*, |lgs|| = 1.
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Lemma 2.1 (see [8]). Let H = {x | x : | — E, x is strong measurable} be countable, and there
exists Ml € L[], R*] such that ||x(t)|| < M(t), a.e. t € ], x € H, then a(H (t)) € L[], R*] and

cx<{J‘ x(t)dt: x € H}> < ZI a(H (t))dt. (2.2)
J J

Lemma 2.2 (see [8]). Let P be a cone in Banach space E. For r > 0, define P, = {x € P : ||x|| < r}.

Assume that T : P, — P is a completely continuous map such that x # Tx for x € OP,.

(i) If x|l < |Tx|| for x € BP,, then i(T, P,, P) = 0.
(ii) If |x|| > ITx|| for x € BP,, then i(T, P,, P) = 1.

Lemma 2.3 (see [4]). For any ¢ € C(], P), the following fourth-order boundary value problem:

x® (1) + (1) = p(t),
x(0) =x(1) =x"(0) =x"(1) =6

(2.3)

has the solution
1 41
x(t) =J‘ J‘ Gi1(t, T)Ga(T, 5)¢p(s)ds d, (2.4)
070

where Gy(t, s) is defined in Proposition 2.4 and

t(l-s), 0<t<s<l1,
Gl (t/ S) = (25)
s(1-t), 0<s<t<l1.

Proposition 2.4. Forall t,s € [0,1] x [0, 1] one has the following properties:

t(1-1)Gi(s,8) < Gi(t,s) < Gi(s,s) =s(1—s), Git,s) <t(1—t); Gi(ts)< }L. (2.6)
Let w = \/P. Ga(t,s) is explicitly given by the following
If p <0, then
smh(/JfSl.nhW(1 - S), 0<t<s<l,
w sinh w
G2 (t/ S) = (27)
smhwsSI.I‘lhw(1 - t), 0<s<t<l.
w sinh w

IfB =0, then Gy(t,s) = G (t, s).
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If0 < B < 7, then

sinwtsinw(1 - s)

w sin w -
Ga(t,s) = (2.8)
sinwssinw(1 —t)

w sin w

Proposition 2.5. Forany t,s € (0,1), one has G1(t,s) > 0, Ga(t, s) > 0, and G1(t,5) > 6G1(u, s),
forte Js, s,ue[0,1], where 6 € (0,1/2).

Proposition 2.6. It is easy to see that

1
Z/ ﬂ - O/
eZw
Ga(t,s) < < - <0, (2.9)
sin w
, 0.
Q" P>

Let d = max{1/4,e*?/4,sinw/w}, Q = {x € C(J,E) : x(t) >0, t € J},and K =
{x € Q:x(t) > 6x(s), t € Js, s € [0,1]}. It is easy to know that K is a cone in C(J, E). Let
K,={xeK:|x||<r} cK,KCQ.Define T as

141
(Tx)(t) = Jo J;) Gi(t, 7)Gao(T,8) (A f (s, x(s)) + pug(s, x(s)))ds dr, (2.10)

then x is the solution of BVP(1.1) if and only if x is the fixed point of T

Lemma 2.7. Suppose that condition (Hy) holds, then T : K — K is completely continuous.

Proof. By the continuity of Gi(t,s) and (H;), we have Tx € Q. And for any f € J5, x € K, by
Proposition 2.5, we get

(Tx)(t) = 6(Tx)(w). (2.11)

Next we prove that T is compact. Let V = {x,};2; C K be any bounded set, and we
suppose that ||x,|| < r, for some r > 0. Let M, = maXo<p<,{w;(v), i = 1,2}, then by condition
(Hy),

ft,xa(t) <ai(t) +bi(t)M,, gt x,(t)) < ax(t) +ba()M,, ae.te], x,€V. (212)
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We obtain from Lemma 2.1

af(Txy)(t) : x, €V}

1
- a{” Gi(t, 7)Ga(7,8) (Af (5, xu(8)) + pg(s, x4(s)))ds dr : x, € V}
0
(2.13)

1
<2d Jo a((Af(s,xn(s)) + ug(s,x,(s))) : x, € V)ds

=0.

Hence, TV is relatively compact, so there exists a subsequence {x,,} of {x,} such that {Tx,,}
converges to some v € C(J,E).SoT : K — K is completely continuous. O

In this paper, for u € P we denote

¢ (gt u) (2.14)

7

(¢f), —hmmfmmw, (¢g), = liminfmin

lull v te] [|ae| l[ull =v  te] [l
where v denotes 0 or oo, ¢s € P*, ||¢s|| = 1.

3. Main Results

Theorem 3.1. Assume that (Hy) holds and the following conditions are satisfied:

(#f) =00,  (¢g), =0 (3.1)

Then BVP(1.1) has at least two positive solutions when A and p are sufficiently small.

Proof. T is completely continuous by Lemma 2.7. For any [ > 0, set

F(l) = = max f || f (s, x(s))||ds, G(I) :g max lf lg (s, x(s))||ds. (3.2)

4xeK Il =L

Since (¢ f)_, = oo, there exists r; > 0 such that F(r;) > 0. If G(ry) = 0, let .y = r{/F(r1); then
forany A € (0,A1) and x € K, ||x||. = r1, we have

1
00 < [ 147(6x(60) + s x(s) | ds

d (! d (!
< § [ Ire xenllas+ § [ lugts ) las 63

<MF(r)

=1 = |lx|.



6 Abstract and Applied Analysis

If G(r1)#0, let py = r1/2G(r1) and Ay = r1/2F(r1). For A € (0,A), p € (0, u1), and
x € K, |[x||, = 1, we get

1 1
a0l < § [ 1376 xolds + § [ lngts xo)lds

1 1
< %)q fo |Af (s, x(s))||ds + %‘ul fo lg (s, x(s))||ds

(3.4)
<riF(r) + mG(n)
<cn.n
-2 2
=r = x|,
which means that ||Tx|. < 1 = ||x||., for x € K, ||x||. = r;, and Lemma 2.2 implies that

i(T,K,,K) =1.

Since (¢ f),, = oo, there exists 7, > O such that ¢ (f(t,u)) > e1l||ul, u € P, t € ], ||ul| > 7,
where g1 > 0 satisfies 5116”}6_6G1(1/2,T)G2 (1,s)dsdt > 1. Let r, = max{2ry,7,/6}, then for
any t € J5, x € K, ||x||. = rp, by the definition of K we get ||x(t)|| > 6||x||, > 72, and we have

o (G)]z#(0(3))
> )LJ‘: f: Gy <%,T>G2(T, s)p(f(s,x(s)))dsdr
>\ j: f;é G (%T> G, 5)p (f (5, x(5)))ds dr o5

1 A1-6 1
2ae [ [ 6i(37)Gatrs)lx(o)dsdr
0/6

1 (1-6 1
> )Ls16||x||cf f G1<§,T>G2(T, s)dsdr
0Js

> [lx]lc,

which implies that || Tx||. > 2, x € K,,. By Lemma 2.2 we have i(T, K,,, K) = 0.
On the other hand, since (¢g), = o, there exists 73 : 0 < 73 < ry such that ¢(g(t,u)) >
ellull, fort € J, u € P, ||u|| <73, where &, > 0 and satisfies

1 £1-6
szyﬁf f Gy (%,T) Gy(t,s)dsdt > 1. (3.6)
0Js



Abstract and Applied Analysis 7

Accordingly, 0 < r3 < 73. Then for x € K, ||x||, = r3, similar to (3.5) we get ||Tx||, > 3.
By Lemma 2.2 we have i(T, K;,, K) = 0. Hence, from the additivity of fixed point index, we

obtain
K K
i<:r,_—r2,1<> =-1, 1<T_—I<> =1. (3.7)
K, K,

Hence, T has two fixed points x; € K,/ En and x; € K,/ Ers. Therefore, BVP(1.1) has at
least two fixed points x; and x;. O

Corollary 3.2. If (Hy), (¢g),, = o, and (¢ f), = oo hold, then BVP(1.1) has at least two positive
solutions when \ and y are sufficiently small.

Theorem 3.3. Suppose that (Hq) and (H») hold, and if A is sufficiently large, then BVP(1.1) has no
positive solutions.

Proof. First by (H;) we can suppose that ¢(f(t,u)) > m(t)|u|, for t € J. suppose

that BVP(1.1) has a positive solution x, and choose A sufficiently large satisfying
A8[[5°Gi(1/2,7)Ga(x, s)m(s)ds dr > 1. Then we have

(3)]2+(-(2))

> Af: JZ G <%,T>G2(T, s)p(f(s,x(s)))dsdr

e 2

I : (3.8)
i AL L 1 <§'T>Gz(7/ sym(s)||x(s)||ds dr

1 1-6 1
> A6J J G1<§,’L'>G2(T,s)m(s)ds017'||x||C
0Js

> [lxll.,

which is a contradiction; so BVP(1.1) has no positive solutions. Similarly, if ¢(g(t, u)) >
m(t)|lul, for t € J, and p is sufficiently large, then BVP(1.1) has no positive
solutions. O
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