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The author investigates the fourth-order integral boundary value problem with two parameters
u® () + pu'(t) — au(t) = f(t,u),t € (0,1), u(0) = u(l) = 0, u'(0) = f& u(s)r(s)ds,u"(1) =
jol u(s)¢»(s)ds, where nonlinear term function f is allowed to change sign. Applying the fixed

point index theorem on cone together with the operator spectrum theorem, some results on the
existence of positive solution are obtained.

1. Introduction

The theory of boundary value problems with integral boundary conditions for ordinary
differential equations arises in different areas of applied mathematics and physics. For
example, heat conduction, chemical engineering, underground water flow, thermoelasticity,
and plasma physics can all be reduced to nonlocal problems with integral boundary
conditions (see, e.g., [1-3]). For boundary value problems with integral boundary conditions
and comments on their importance, we refer the reader to the papers by Gallardo [4],
Karakostas and Tsamatos [5], and Lomtatidze and Malaguti [6] and the references therein.
For more information about the general theory of integral equations and their relation to
boundary value problems, we refer to the books of Corduneanu [7] and Agarwal and
O'Regan [8].

Moreover, boundary value problems with integral boundary conditions constitute a
very interesting and important class of problems. They include two, three, multipoints and
nonlocal boundary value problems as special cases. The existence and multiplicity of positive
solutions for such problems have received a great deal of attention. To identify a few, we refer
the reader to [9-15] and the references therein.

In the recent literature, several sorts of boundary value problems with integral
boundary conditions have been studied further, see [16-20]. Especially, Ruyun Ma and Yulian



2 Abstract and Applied Analysis

An [18] investigated the global structure of positive solutions for nonlocal boundary value
problems

u'(t) + Ah(H) f(u(t)) =0, O0<t<],

1 (1.1)
u(0) =0, u(l) = f u(s)dA(s),

0

by using global bifurcation techniques, where f € C([0,0),[0,)),h € C((0,1), [0, 00)).
In [19], Jigiang Jiang et al. investigated the existence of positive solution for second-order
singular Sturm-Liouville integral boundary value problems

—u"(t) = Ah(t) f(tu(t)), O0<t<l,

1

au(0) - pu'(0) = f a(s)u(s)ds, (1.2)

0

1
yu(l) + 6u'(1) = .[0 b(s)u(s)ds,

by using the fixed point theory in cones, where f € C([0,1] x (0, 0), [0, c0)).

On the other hand, the fourth-order boundary value problem describe the deforma-
tions of an elastic beam in equilibrium state. Owing to its importance in physics, the existence
of solutions to this problem has been studied by many authors; see, for example, [21-24] and
references therein. Especially, in [22], Li studied existence of positive solution for fourth-order
boundary value problem

u® () + pu’(t) — au(t) = f(t,u), te(0,1), s
u(0) = u(1) = 0 = u"(0) == (1) = 0, (9

by using the fixed point index theorem, where f € C([0,o0), [0, o0)).

Motivated by the above-mentioned works [18, 19, 22], in this paper, we study the
following fourth-order integral boundary value problem (for short BVP in the sequel) with
two parameters:

u® () + pu’(t) — au(t) = f(t,u), te(0,1),

1 1 (1.4)
w0 =u) =0, w© = [ uepi©ds, (1) = [ s

0

where nonlinear term function f is allowed to change sign. To the best of our knowledge,
BVP has not been investigated up to now. In the literature such as above-mentioned paper
[18, 19, 22], the nonnegativity on f is a usual assumption. In the present paper, since the
function f is not assumed to be nonnegative, the corresponding integral operator doesn’t map
the cone into cone, and so, there exists difficulty in applying the cone fixed point theorem. On
the other hand, owing to the occurrence of parameter «, § in this boundary value problem
including integral boundary conditions, it is not easy to transform the BVP (1.4) into an
integral equation directly. To overcome these difficulties, we first introduce operator spectrum
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method combined with some analysis technique, next apply the fixed point index theorem,
and establish existence of positive solution to BVP (1.4).

Let us begin with listing the following assumption conditions, which will be used in
the sequel:

LetI =[0,1],R = (-o0,+0),R_ = (=00, 0], Ry = [0, +c0).

(H1) f € C[I xR+, R] and exists M € L'(0,1) N C[(0,1), R;] such that

f(t,u)+M(t) >0, (t,u) € (0,1) xR, (1.5)

(H2) a,eR, p<2x?,a>-p*/4,a/x* +p/7x? < 1.
Let A1, A, be the roots of the polynomial p(4) = Az 4 PA — a; namely,

b= PRV 16

2

By (H2), it is to see that A > Ay > —r2.

Let Ty = o* - por? —a. Then (H2) implies Ty > 0. Let X = C[0, 1] be the real Banach space
equipped with the norm ||u|| = maxg<<1|u(t)|. Denote by P theset P = {u € X : u(t) >0,t € I}
in X.

2. Preliminaries

In this section, we shall give some important preliminary lemmas, which will be used in
proving of our main results.

Lemma 2.1 (see [22, 23]). Suppose that (H2) holds, then there exist unique ;, ¢s;,i = 1,2 satisfying

—} (1) + Xigi(t) =0, te[0,1],
9i(0)=0, ¢i(1)=1,
—g] () + Ligi(t) =0, t€[0,1],
i(0)=1,  ¢:(1) =0,

(2.1)

respectively, and ¢; > 0,¢; > 0 on [0, 1], where A; is as in (1.6). Moreover, ;, g; have the expression

sinh w;t sinhw;(1 —t)

’ Ai 0/ B ’ )L > 0,
sinh w; i sinh w; !
pi(t) =1t Xi=0, gi(t)y=31-t, i =0, (2.2)
in w;t inw;(1 -t
shwit - <\ <0, M, —mr? <\ <0,
sin w; sin w;

where w; = \/|\i|,i=1,2.
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Let G;(t,s)(i = 1,2) be the Green function of the linear boundary value problem
—u"(t) + Lu(t) =0, te[0,1], u(0)=u(1)=0. (2.3)

By [22, 23], Gi(t, s) can be expressed by the formula

1 |pigi(s), 0<t<s<]1,

Gilt:s) = (2.4)
% | gi(t)pi(s), 0<s<t<1,

where
wi .
sinheo;” if A; >0,
oi=4L if\;=0,i=1,2 (2.5)

Y a2 <) <0,
SN w;

Lemma 2.2 (see [22, 23]). G; = G;(t,s)(i = 1,2) have the following properties:
(i) Gi(t,s) >0,Vt,s € (0,1).
(ii) Gi(t, s) < CiGi(s,s),Vt,s € [0,1],¢; < Ci, ¢; < Cj, t € [0,1].
(iii) Gi(t,s) = 6iGi(t,1)Gi(s,s),Vt,s € [0,1], i(t) = 6:Gi(t, 1), ¢i(t) 2 6:Gi(t, 1), t € [0,1],
where
wi )
1, if i >0, sinh w;’ ifdi>0,

C; = 6 = 1, ifA; =0, (2.6)
! if —r?< <0, f

. 7
s w; wisinw;, if —ax? <\ <0.

Put D; = maxes J’gGi(t, s)ds,i=1,2.Set Ey; = D,Cq, E1p = D1C,, where C; is described

as before. We need also the following assumptions in the sequel.
(H3) Functions ¢; € C[I,R_],i = 1,2, satisfy D=Ey, [, |1 (s)|ds + Ex [, [a(s)|ds < 1.
Let h € C(0,1) N LY(0,1), consider the following BVP:

u®(t) + pu (t) — au(t) = h(t), te€(0,1),

(2.7)
u(0) =u(1l) =u"(0) =u"(1) = 0.
By papers [22, 23], BVP (2.7) has a unique solution u = Kh expressed by
141
Kh(t) = f f Gi(t,5)Ga(s, T)h(T) dT ds
070 (2.8)

141
=I I Gy (t,5)Gi(s,T)h(T)drds, te]0,1].
0Jo
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Let w = KM. Since M € L'(0,1) N C[(0,1), R,], by Lemma 2.2, it is easy to verify that

w € P.
Let

1
() =- jo Go(t, s)pi(s)ds, te[0,1],

where ¢, is as in (2. 1). By Lemmas 2.1 and 2.2, we have g; € C?([0,1],R.) and

—gi’(t) +Aogi(t) =—pi(t), tel[0,1],
£1(0) = g1(1) =0.

On the other hand, ¢; satisfies the following relation:

—pi(t) + L1 (t) =0, te[0,1],
91(0)=0, i(1)=1

So, from (2.10)—(2.11), it follows that

81(0) = 1281(0) + ¢1(0) = 0,
gl =lgi(1)+¢i1(1) =1

Now, we make the following decomposition:

R d2 d2
g1+ Pt —ag = (‘@ i )‘1> <‘@ * )tz>gl

d2 "
= (‘@ + il) (-1 +L2g1)

_ & | dgn
T dr dat ~

So by (2.10), (2.12)-(2.13), it follows that

g (1) + Bgl(t) —agi(h) =0, te[0,1],
£1(0) =&1(1) =0, $(0) =0, gi(1) =1,
g1(t) <0, te]0,1].

Similarly, by setting

1
() = —J‘O Gi(t, s)pa(s)ds, te[0,1],

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)



6 Abstract and Applied Analysis

we have

St + Bgl(t) —aga() =0, te[0,1],
20)=1)=0, g0)=1, g(1)=0, (2.16)

&(t) <0, te[0,1].
For any u € X, define u* as

u(t), if u(t) >0,
u(t) = (2.17)
0, ifu(t) <0.

Obviously, u* € P for any u € X.
Let h € L'(0,1) n C(0,1); consider the BVP with integral boundary conditions

u® () + pu'(t) —au(t) = h(t), te(0,1),

u(0) =u(l) =0,

(2.18)
1 1
WO = [ el OpEds 0= [ el s
0 0
Denote operator B on C[0, 1] by
1 1
Bu(t) = 20) [ [u-w] Od(ds + 00 [ e-wl©gaords.  219)
0 0
It is easy to see that B maps C[0, 1] into C[0, 1].
Define operator L: C*(0,1) — C(0,1) as follows:
Lu=u"® + pu" - au. (2.20)

We need the following Lemma.

Lemma 2.3. Let (H2) holds. Assume that h € L'(0,1) N C(0,1) and ¢i € C[ILR_],i =1,2. Then
u € C*0,1) N C?[0,1] is a solution of (2.18) if and only if u is a solution of operator equation
u = Kh+ Buin C[0,1].
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Proof. (1) Assume u € C*(0,1) N C?[0,1] is a solution of (2.18). By (2.14)-(2.20), we have
1
(Bu)(0) = (Bu)(1) =0, (Bw)"(0) = .[0 [t - w] (s)¢1(s)ds,
1
(B (1) = | [~ ] (s)a(s)ds, (221)
0

1 1
L(Bu) = (Lg) fo [u - w]*(s)$1(s)ds + (Lg1) -[o [ - w]"(s)$2(s)ds = 0.

Let =  — Bii. Then L(t) = Lii(t) — LBi(t) = Lu(t) = h(t),t € (0,1);5(0) = 7(0) — (BiD)(0) =
0,5(1) = 7(1) - (Bu)(1) = 0; T"(0) = " (0) — (B@)"(0) = 0,5"(1) = @"(1) - (Bw)"(1) = 0. Thus,
by (2.7)-(2.8), we have v = Kh,v € C[0,1], and so u = Kh + Bu,u € C[0, 1].

(2) Inversely, assume u € C[0, 1] satisfies u = Kh + Bu. Then u € C*(0,1) n C?[0, 1]. By
(2.7), (2.8),(2.14)-(2.20), we have

LKh=h, LBu=0, (Kh)(0)=(Kh)(1)=(Kh)"(0)=(Kh)"(1) =0,

1
(B@)(0) = (Ba)(1) =0,  (BD)'(0) = fo [ - w]*(s)¢1 (s)ds, 222

1
®D'1) = | (- w) ©)ga(e)ds

Consequently,

Lu=LKh+LBu=h,

u(0) = (Kh)(0) + (Bu)(0) =0,  u(1) = (Kh)(1) + (Bu)(1) =0,

1
(0) = (KK 0) + (B2)'0) = [ [7=w]" () (s)ds, (&23)
1
(1) = (KIY' (1) + (B)'(1) = [ =] (s)a(s)ds.
Hence, u is a solution of (2.18). The proof is complete. O

We have also the following lemma.

Lemma 2.4. Suppose (H3) holds. Then B : X — X is a bounded operator with ||B|| < D(< 1) and
BX cP.
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Proof. In view of Lemma 2.2 (ii), by (2.9),(2.15),(2.19) and (H3), noticing that w € P, for any
u e Xand t € I, we have

ds

1 1
|(Bu) ()] < |20 jo [~ w]"$1()|ds + | g1()] jo [~ w] $a(s)

. ! (2.24)
<Ep J‘o [u(s)||p1(s)|ds + Ex fo [u(s)||p2(s)|ds

< D||u|-
Thus, ||Bu|| < D||u||, and so ||B|| £ D(< 1).
On the other hand, from g;(t) < 0,¢i(t) < 0,t € I,i = 1,2, we have BX C P. So,

Lemma 2.4 is true.
By (2.7)-(2.8), it follows from w = KM that

wW () + pw’ (t) — aw(t) = M(t), te(0,1),
w(0) =w(1) =w"(0) =w"(1) =0.

(2.25)

For any u € X, let fu(t) = f(t, [u—w]*(t)),t € [0,1] and Gu(t) = fu(t) + M(t),t € (0,1).
Under conditions (H1)—-(H3), consider the following auxiliary BVP:

u® () + pu’ (t) — au(t) = Gu(t), te(0,1),

u(0) =u(1) =0, (2.26)

1

1
W'(0) = jo [u-w] (Odi(s)ds,  u'(1) = jo [t~ w]" () (s)ds.

Notice that w(t) satisfies (2.25), it is easy to see that u € C*(0,1) N C?[0,1] is a solution of
(2.26) if and only if u —w € C*(0,1) N C?[0,1] is a solution of the following BVP:

u®(t) + pu’ (t) — au(t) = f(t,u*(t)), te(0,1),
) (2.27)
u*(s)¢1(s)ds, u'(1) = f u*(s)ga(s)ds.

0

1

u(0) = u(1) =0, u”(0) = J

0

Thus, if and only if u(t) > w(t),t € [0,1], then % — w is a solution of BVP (1.4).

Now, by Lemma 2.3, u € C*(0,1) N C?[0,1] is a solution of (2.26) if u € X is a fixed
point of the operator KG + B. So, we only need focusing our attention on the existence of the
fixed point of KG + B.

For the remainder of this section, we give the definition of positive solution.

By a positive solution of BVP (1.4), we mean a function u € C*(0,1) NC?[0, 1] such that
u(t) >0,t € [0,1], u(t) > 0,t € (0,1), and u satisfies (1.4). O
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3. Main Results

We introduce now some notations, which will be used in the sequel.
Let Cy, 61, and D be as described in Lemma 2.2 and (H3), respectively. We also set

1 C?d, f(t,u)
_ _ 1 — Tien ’
di = L L Ga(s, T)M(t)dr ds, by = —61(1 ~D)’ fo ulgiloltrelIf L
(3.1)
B — t
f* = lim maxf( ,u).
u—+oo tel u
We also need the following assumption.
(H4) There exists a number ry € (by, +o0), and I'1 > ry/To(rg — by) such that
ft,u)+ M(t) >Thu, Y(t,u) € (0,1) x [0,70]. (3.2)

We are now in a position to state and prove our main results on the existence.
Theorem 3.1. Suppose that (H1)-(H4) hold. If f* = 0, then BVP (1.4) has a positive solution.

Proof. By Lemma 2.4 together with (H3), we have ||B|]| < D(<1). By operator spectrum
theorem, we know that (I-B) ™" exists and is bounded. Furthermore, by Neumann expression,
(I - B)'can be expressed by

(I-B)'= iB". (3.3)
n=0

Noticing that BP C P and from (3.3), we have

[ee)
(I-B)'u=>Bu>u  Vuel (3.4)

n=0

& 1 1
_ -1 < n_ < .
|- < 281" = =z < =5 (35)
Thus, from the reversibility of I — B, we have

u=KGu+Bu, ueXeu={I-B)'KGu, ueX. (3.6)

The following proof will be divided into five steps.
Step 1. We will show that (I - B)'KG: P — P is completely continuous.

(1) KG maps P into P.



10 Abstract and Applied Analysis
For any u € P, it follows from (H1) that f(t, [u — w]*(t)) € X, and so (Gu)(t) > 0,t €

(0,1),Gu € C(0,1) n L'(0,1). By (H1)-(H2) together with Lemma 2.2, for any t € [0,1], we
have

0 < (KGu)(t) = Jj Jj Gi(t,8)Ga(s, T) [f (7, [u—w]" (1)) + M(T))dT ds
1 (3.7)
<pn +pf0 M(T)dT < +00,

where 1 = maxejoq11| f (¢, [u — w]"(t))| < 00, p = maxy s rejo,11G1(t, 5)Ga(s, T) < oo.

From the continuity of Gi(t, s), it is easy to see that KGu € X, and so KGu € P.

(2) KG is a compact operator on P.

Assume that U is a arbitrary bounded set in P. Then there exists a Ly > 0 such that ||u|| < Ly
for all u € U. Also, we have ||[u — w]*|| < Ly for all u € U since w € P. Consequently,

1
0 < (KGu)(t) < pb+ pJ‘ M(7)dt < +0c0, Yw € P, (3.8)
0

where b = max werxjo,Lo]| f (t, 1)|, p = maxsref01)Gi(t, 5)Ga(s, 7). That means {KGu | u € U}
is a uniformly bounded set in P.

On the other hand, the continuity of G; on I x I yields that for every € > 0, there
exists 6 > 0 such that for any t,t, € I with |t; — t2| < 6, the following inequality

|Gi(t2, ) = Gi(t,8)| < € (3.9)

holds for all s € I, and so,

1.1
[(KGu)(t) — (KGu)(t1)| < gj f Gy (s, 7)(Gu)(T)drds
0 ) (3.10)
< s[bez + e f M(T)dT],
0

for any u € U, where e; = maxX, r¢(0,1)G2(s, T) < +00,b = maX werx(o,1o]|f (t, 1)| < +oo. That is,
{KGu | u € U}is equicontinuous.

Hence, in view of Arzela-Ascoli theorem, we know that the operator KG is compact
on P.

(3) Now, we show that the operator KG is continuous.
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Indeed, for any sequence {u,} in P with u, — uand any t € I, we have

[t~ 0] (1) = [~ 0T ()] = 31 ltn(t) = 0 (B)] + (1 () ~ ()] - [he) ~ ()] + t) ~ (0]
= 2 1lln(®) = (8] = u(t) = (1) + e (8) ~ )]
< 3 (1lhun () ~ (0] = u(8) = (O] + ftn(6) = (D)}

< |un(t) —u(t)|.
(3.11)

Thus, ||[un —w]* - [u-w]*|| — 0, and, by Lemma 2.2, it follows from the continuity of f that

IKGu, — KGu||

- (3.12)
<G fo jo Gi(s,8)Ga(s, )| f (T, [un — w]* (7)) = f (7, [u —w]* (1)) |dT ds — 0.

By (1)-(3) we obtain that KG : P — P is completely continuous.

Now, from (3.4), we have (I-B)™! : P — Pis continuous, and so, (I-B) 'KG : P — P
is completely continuous.

Now we set

Q=(I-B)'KG, qt)= g—llGl(t, t), tel, (3.13)

where 61, C; are described in Lemma 2.2. Set
Po={ueP:u(t)>1-|Bl)gqt)lultel} (3.14)

Obviously, P is a cone in X.

Step2. Q: P — P.
In fact, for any u € P and every t,0 in I, by Lemma 2.2, we have

11
(KGu)(t) = L L G1(t,5)Ga(s, 7)(Gu)(T)dT ds

1 01
> 61G1(t,t) fo fo G1(s,5)Ga(s, T)(Gu)(t)dr ds (3.15)

> 2610 jol jol Gi(0,5)Gals,7) (Gu) ()dr ds

= q1(t)(KGu)(0).
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Thus, we have

(KGu)(t) 2 u(D)[[KGul|, tel.
Since KGP C P, by (3.4) together with (3.16) for every t € I, we have

((1 - B)‘lKGu)(t) > (KGu)(t)

2 q1 (1| KGul|.
On the other hand, since ||(I - B) ™ (KGu)|| < ||(I - B)™'|| - [KGu]|, by (3.5), we have

IKGul| > | ||(1— B)-lKGun

ot

[a-B7
> (1-||BI)||(1 - B) " KGu.

Inequality (3.17) together with (3.18) implies for every t € I

((1-B)"KGu)(®) 2 (1~ IBI)q ()| (I - B) K G,

namely, (Qu)(t) > (1 - ||B|[)g1(#)||Qu||, t € I. Thus, we obtain that Q maps P into P,.

Step 3. We shall deduce that for any u € Py and ¢ € I, the following inequality holds:

u(t) —w(t) > (1 - ﬁ)u(t),

where by = C2d,/6,(1 - D).
In fact, in view of Lemma 2.2 and the symmetry of Gi(t,s), we have

Gl(tr S) = Gl (S/ t) < C1G1 (t/ t)/ Vt,S €L

Thus, keeping in mind that d; = j; fé Gy (s, T)M(t)dr ds, it follows from w = KM that

1 41
w(t) = .[0 .[0 Gi(t,s)Ga(s, T)M(T)dT ds

1 A1
< C1Gy(t, 1) fo J:) Ga(s, T)M(T)dr ds

2

Cl
= —dlql(t), tel.
61

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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On the other hand, from u € P, it follows that
u(t) > qu(t) (1= IBIDllull > g1(£) (1 - D)|lufl, tel (3.23)

Thus, by (3.22)-(3.23), we have

w(t) < %, (3.24)
and so,
u(t) - w(t) > <1 - %%(n _ <1 - ”bTO”>u(t), tel, (3.25)
where by = C2dy / (6,(1 - D)).
Step 4. By (H4), we have
Fbu)+ M(t) > T, () € (0,1) x [0, ro]. (3.26)

Let ¢ = sinurt. By (2.7)-(2.8), we easily know that sinurt is a positive eigenfunction of
operator K with respect to positive eigenvalue I'y, that is, K¢ = I'o¢po.

Now, we show that ¢y € Py, that is, ¢o(t) > (1 — ||Bl|)q1(t)||poll, t € I. We discuss it in
three different cases.

(1) Ay = 0. In this case, Gy (t,t) =t(1 -t),t € l,and C; = 6; = 1.

(i) If t € [0,1/2], then ort € [0,or/2]. By Jordan’s inequality, we have

sinart > E -at=2t, te [O, 1] (3.27)
ar 2

(ii) If t € [1/2,1], by setting x = 1 — f, we have x € [0,1/2]. Then from (3. 12), it

follows that
. . . 1
sinat =sinor(l -x) =sinorx >2x=2(1-t), te [5,1] . (3.28)
Thus, by (i)-(ii) above, we have
sinart > 2t(1 —t) = 2Gy(t,t) =2q:1(¢), tel (3.29)

(2) A1 > 0. In this case, Gy (¢, t) = (sinhew;t - sinhew; (1 —t))/w; sinhew;, t € I, and C; =
1,61 = wy/ sinh wy.
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(i) If t € [0,1/2], by setting ¢(t) = (cosh(w;/2))t — (sinhwit/w1),t € [0,1/2], we
have

¢'(t) = cosh % — cosh wt > cosh % — cosh % =0, te [O, %] . (3.30)

From ¢(0) = 0, it follows that 0 < sinh wqt/w; < (cosh(wi/2))t,t € [0,1/2]. Keeping in mind
that 0 < sinhw; (1 —t)/sinhw; <1 forallt € [0,1/2], it follows immediately that

Gi(t,1) < (cosh %)t te [0%] (3.31)

(ii) If t € [1/2,1], by setting x = 1—t, we have x € [0,1/2]. From (2)(i) above, it follows
that

Gi(t,t) =Gi1(1-x,1-x) = Gi(x, x) < (cosh(w;/2))x = (cosh(w:1/2))(1-t), te [%,1].
(3.32)

Hence, by (2) (i)-(ii) above, we have

2
G(t,t) < cosh — - (3.33)

L ote o).
1
w1 1
1-t, te |, 1].
re[b

On the other hand, by (3.27)-(3.28), we have

~

1
7 te [0/ E]/
sinart > 2 - (3.34)
1
1-t te [5,1].

Thus, we have immediately

. 2 2Cq 2 sinh wy 2 sinh(w1/2)
> = - - - [ S
sint2 @) D= rcoshwr /2 D wrcoshion /) DT 2 W
tel.
(3.35)

It is easy to verity that sinh (w;2)/w;/2 > 1. Hence, sinart > 2g:(t),t € 1.

(3) =% < Ay < 0. In this case, G (t,t) = sinw;t - sinwi(1 = t)/w; sinw,t € I, and
C; =1/ sinwy, 61 = wy sin wy.
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(i) If t € [0,1/2], then 0 < sinwt < sinart, 0 < sinw; (1 —t) < 1. Thus,

Gt r) < St te [o, 1] . (3.36)

wi sinw;” 2

(ii) If t € [1/2,1], from (i), by letting x = 1 — ¢, then we have x € [0,1/2], and

Gl(t/t) = G1(1 _xll_x) = Gl(x/x)

sinorx  sinar(1-t)  sinot ‘e [1 1] (3.37)
~wisinw,  wisinw;  wpsinw;’ 277
Thus, (3)(i)-(ii) above implies that
sinart > wy sinw Gy (t,t) = wy sinw G (t) = ! ) >qi(t), tel (3.38)
2 w1 1614 L) = wq 161111 _sinwlql 2q1(t), . .
Summing up (1)-(3) keeping in mind that ||¢p|| = 1, we have
Bo®) =sinzt > qu(t) = 1 (®)||gol| = (1= BN goll, e, (3.39)
thatis, ¢ € P.
Now, set Q,, = {u € Py : ||uo|| < ro}. We claim that
u#Qu+ ¢y, VYA>0, ueoQ,. (3.40)

Indeed, if not, then exists a 1y € 0Q,, and g > 0 with ug = Qug + Aogo. Without loss of
generality, assume that 1¢ > 0 (otherwise, by proving later on, we will know that the theorem
is true). By ug € 0Q,,, we have |[uyl|| = ro, and so, it follows from (3.25) that

ro > to(t) > uo(t) - w(t) > (1 - ’;—;’)uoa) >0, tel, (3.41)

since ry > by.
Thus, by (3.26) and (3.41), we have

f(t, [uo —w]"(t)) + M(t) = f(t, (uo —w)(t)) + M(t)
(3.42)
2F1<1—l;—2>u0(t), te (0,1).
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Therefore, by (3.4), (3.16), we have
o = Quo + Moo = (I - B) 'K Gug + Aoy

> KGM() + )Lo(p()

141
= I f Gi(t,8)Ga(s, T)[f (7, [u —w]* (1)) + M(7)]dT ds + Xogho
0Jo (3.43)

1 1
>T <1 - ?) J J Gi(t,5)Ga(s, T)uo(T)dr ds + Lo
0 0/0
by
=I'1(1-— )Kug+ .)Lo(i)o.
Ty

Thus, 1y > Aogo. Let A* = sup{A | ug > Ado}. Then A* > Xy, and uy > A*¢g. By KP C P and
Ko =Togo, it follows that

Kuo > )L*Kd)o = )L*ro(i)o. (344)

Thus, by (3.43), we have
bo .
ug>I'1(1- 1"_ 1"0/\ ()b() + )Lo(i) (345)
0

The hypothesis in (H4) yields I'1 (1 — by /7)o > 1, and so ug > (A* + Ag) o, which contradicts
to the definition of A*( noticing that Ay > 0). This shows that (3.40) fulfils. Therefore, in terms
of the fixed point index theorem on cone ([25]), we have

i(Q,Qy,, Po) = 0. (3.46)

Step 5. Let dy = maxe[o1] fé f& Gi(t,5)Ga(s,7)dr ds, T2 = (1 - D)/dy. By hypothesis f* =0,
we have f* < (I'; — &) for a fixed gy € (0,I7), and so, there exists R; > 0 such that

f(t,u) < (I2—eo)u, tel (3.47)
holds when u > R;.
Let C = max{|f(t,u)|: (t,u) € I x [0,R;]}. Then

ft,u) < (Ty—e)u+C, (t,u) €I xR,. (3.48)

Let d3 = maxe1] fé f; Gi(t,5)Ga(s, T)M(7)dr ds, let Ey = (Cdy + d3)/eodr. Take Ry >
max{ry, Eo}. Set Qr, = {u € P : ||u|| < Ro}. We shall show that

Au+#Qu, u € 0Qg,, A>1. (3.49)
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Suppose on the contradiction that there exist ug € 0Qg, and 1y > 1 with Aug = Qug. Then
lluoll = Ro > 1o > by. By (3.48), we have

f(t [uo—w]*(t)) < (T2 — o) [t —w]™(t) + C
< (1"2 - Eo)uo(t) +C, tel.

(3.50)

Hence,

141
(KGup)(t) = fo fo Gi(t,8)Ga(s, T) (f (1, [uo — w]* (1)) + M(7))dr ds

< J‘1 J‘1 G1(t,s)Ga(s, ) (T2 — g9)ug(t) + C + M(T))dr ds (3:51)
0Jo

< (2 - g0)da||uol| + Cda + ds, tel

So, |[KGuyg|| < (T'y — 9)da||luol| + Cda + ds. Thus, from (3.5) and I', = (1 - D) /d,, it follows that

1 dz(rz - 50) + Cdz + d3

< . 3.52
T plIKGuoll < ——F—llwll + ——F (3.52)

loll < Iomoll = || (7 = B) " K Guo| <

Then, R = ||ug|| £ Ep, which contradicts to the choice of Ry. Hence, (3.49) holds. Therefore,
the fixed point index theorem ([25]) implies

i(Q,Qg,, Po) =1. (3.53)
By (3.46)—(3.53), applying additivity of fixed point index [25], we have

i(Q Qr, \ Oy, P) = i(Q, Qry, P) —i(Q, Ry, P) = 1. (3.54)

Therefore, Q has a fixed point u € Qg \ ﬁro. Hence, v = u — w is a solution of BVP (1.4).
Now, from u ¢ Q,, we have |[u|| > ry(> bp), and so, (3.20) together with the fact that
u € Py gives

o) =) - w(t) > (1- 2 )70 > (1- 2 ) > (1- 2 )@~ [BDain, tel.

[l
(3.55)
Thus, v(t) > 0,t € [0,1]. Moreover, v(t) > 0,t € (0,1) from g:(t) > 0,t € (0,1). That means
that v is a positive solution of BVP (1.4). The proof is completed. O

Corollary 3.2. Let (H2), (H3) hold. Assume that f € C[I x Ry, R.]. If fo > 1/, f* =0, then
BVP (1.4) has a positive solution.



18 Abstract and Applied Analysis

Proof. Let us take M(t) = 0 in Theorem 3.1. Then d; = 0, and so by = 0. By fy > 1/I'y, we can
take a I'y € (1/Tp, o) such that fy > I';. Then there exists a ry € (0, +o0) such that

ft,u) >Thu, (t,u) € Ix[0,r]. (3.56)

Hence, all hypotheses in Theorem 3.1 are satisfied, and the conclusion of Corollary 3.2
follows. This completes the proof. O

Remark 3.3. Even in the case that M(t) = 0, the conclusion of Corollary 3.2 is still new.
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