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Existence and multiplicity of positive solutions for the following semilinear elliptic equation:
—Au+u = a(x)|[ufu+ Ab(x)|u|"?u in RN, u € H'(RN), are established, where A > 0,1 < g <
2<p<2(2*=2N/(N=-2)if N >3, 2" = w0 if N = 1,2), a, b satisfy suitable conditions, and b

maybe changes sign in RN. The study is based on the extraction of the Palais-Smale sequences in
the Nehari manifold.

1. Introduction

In this paper, we deal with the multiplicity of positive solutions for the following semilinear
elliptic equation:

—Au+u=a(x)u" + \b(x)u’! in RV,
u>0 inRN, (Earp)

uc H1<RN>,

where A >0,1<g<2<p<2*(2*=2N/(N-2)if N>3,2* =0 if N =1,2)and a, b are
measurable functions and satisfy the following conditions:

(al) 0 < a € L*(RYN), where limjy|_,,a(x) = 1, and there exist Cy > 0 and &, > 0 such
that

a(x) >1-Coe ®*  vx e RN, (1.1)
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(bl) b e LT (RN) (q* = p/(p—q)), b" = max{b,0} #£0, b~ = max{-b,0} is bounded and
b~ has a compact support K in RV.

(b2) There exist C; > 0,0 < 61 <min{&y,q} and Ry > 0 such that

b*(x) — b(x) > C1e™®F Vx| > Ry. (1.2)

Semilinear elliptic equations with concave-convex nonlinearities in bounded domains
are widely studied. For example, Ambrosetti et al. [1] considered the following equation:

“Au=u""1+ 7 inQ,
u>0 in Q, (Ey)
u=0 on 0Q,

where A > 0,1 < g <2 < p < 2. They proved that there exists 1g > 0 such that (E,) admits
at least two positive solutions for all A € (0, Ap), has one positive solution for A = Ay and
no positive solution for A > Ay. Actually, Adimurthi et al. [2], Damascelli et al. [3], Korman
[4], Ouyang and Shi [5], and Tang [6] proved that there exists Ay > 0 such that (E,) in the
unit ball BN (0;1) has exactly two positive solutions for A € (0, Ag), has exactly one positive
solution for A = 1y and no positive solution exists for A > . For more general results of (E})
(involving sign-changing weights) in bounded domains; see, the work of Ambrosetti et al. in
[7], of Garcia Azorero et al. in [8], of Brown and Wu in [9], of Brown and Zhang in [10], of
Cao and Zhong in [11], of de Figueiredo et al. in [12], and their references.

However, little has been done for this type of problem in RN. We are only aware of
the works [13-17] which studied the existence of solutions for some related concave-convex
elliptic problems (not involving sign-changing weights). Furthermore, we do not know of
any results for concave-convex elliptic problems involving sign-changing weight functions
except [18,19]. Wu in [18] have studied the multiplicity of positive solutions for the following
equation involving sign-changing weights:

~Autu=flout + g (0w inRY,
N
u > 0 mn R y (Ef,\,g,4)

ueH1<RN>,

where 1 < g <2 < p < 2* the parameters A, u > 0. He also assumed that f)(x) = Af.(x) + f_(x)
is sign chaning and g,,(x) = a(x)+ub(x), where a and b satisfy suitable conditions and proved
that (Ey, ¢,) has at least four positive solutions.

In a recent work [19], Hsu and Lin have studied (E,p) in RN with a sign-changing
weight function. They proved there exists 1o > 0 such that (E, ) has at least two positive
solutions for all A € (0, A¢) provided that a, b satisfy suitable conditions and b maybe changes
sign in RN,

Continuing our previous work [19], we consider (E, ) in RN involving a sign-
changing weight function with suitable assumptions which are different from the assump-
tions in [19].



Abstract and Applied Analysis 3

In order to describe our main result, we need to define

(2-q)/ (p-2)
Ag = <—2 | > < p-2 >SP(2—q)/2(P—2)+q/2 >0 (1.3)
(p-a)llall- (p-a)lb*lle )7

where ||a||r» = sup, ey a(x), bl = (fon Ib* (x)|7 dx)/7 and S, is the best Sobolev constant
for the imbedding of H!(RY) into LP(RY).

Theorem 1.1. Assume that (al), (b1)-(b2) hold. If A € (0,(q/2)Ao), (Eaap) admits at least two
positive solutions in H(RY).

This paper is organized as follows. In Section2, we give some notations and
preliminary results. In Section 3, we establish the existence of a local minimum. In Section 4,

we prove the existence of a second solution of (Ep).

At the end of this section, we explain some notations employed. In the following

discussions, we will consider H = H'(RN) with the norm |[u]| = (fpn (IVul* + u?)dx)"/.

We denote by S, the best constant which is given by

S, = inf Lﬂ (1.4)
ueH\ {0} (IRN |u|de) P

The dual space of H will be denoted by H*. (-, -) denote the dual pair between H* and H. We
denote the norm in LS (RN) by || - ||1s for 1 < s < oo. BN (x; 1) is a ball in RN centered at x with
radius r. 0,(1) denotes 0,(1) — 0asn — oo. C, C; will denote various positive constants,
the exact values of which are not important.

2. Preliminary Results

Associated with (1.3), the energy functional ], : H — RN defined by
1 1 A
T = gl = [ aGouPdx - [ beoutx, @)
2 P Jry q Jrw

for all u € H is considered. It is well-known that J, € C'(H,R) and the solutions of (E,p)
are the critical points of J,.

Since J, is not bounded from below on H, we will work on the Nehari manifold. For
A > 0 we define

Ny ={ueH\{0}:(J(u),u) =0} (2.2)
Note that /l, contains all nonzero solutions of (E, ) and u € A, if and only if

(i) = P = [ aGuPdx=2 [ belulidx =o. 23)

Lemma 2.1. ], is coercive and bounded from below on N,.
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Proof. If u € N, then by (b1), (2.3), and the Holder and Sobolev inequalities, one has

p-2 2 (P-4
Ja(u) = —=—|lu||” - A(—) f b(x)|u|dx (2.4)
) = B =2 (BT ) | b
P2, o (P=q\ca2
> 22l - 3 ()20 e 25)
2p pa )" g
Since g < 2 < p, it follows that ], is coercive and bounded from below on ;. O

The Nehari manifold is closely linked to the behavior of the function of the form ¢, :
t — Jy(tu) for t > 0. Such maps are known as fibering maps and were introduced by Drébek
and Pohozaev in [20] and are also discussed by Brown and Zhang in [10]. If u € H, we have

=51 -2 [ atupdr-Saf b
P 2 P Jry q JrN '
@ (t) = tlu]]* -t f a(x)|ulPdx - tq‘l)lf b(x)|u|?dx, (2.6)
RN RN
oi(t) = |lull* - (p - 1)t”_2J‘ a(x)|ulfdx - (q - 1)tq_2AI b(x)|u|dx.
RN RN
It is easy to see that
tgl, () = ||tul* - f a(x)|tulPdx - /\j b(x)|tu|dx, (2.7)
RN RN

and so, for u € H \ {0} and t > 0, ¢,,(t) = 0 if and only if tu € WV, that is, the critical points
of ¢, correspond to the points on the Nehari manifold. In particular, ¢/, (1) = 0 if and only if
u € MN,. Thus, it is natural to split /W, into three parts corresponding to local minima, local
maxima, and points of inflection. Accordingly, we define

N} = {ue My:gl(1) >0},
M ={ue Ny :gl(1) =0}, (2.8)
Ny = {ue Mg, (1) <0},

and note that if u € W), thatis, ¢),(1) = 0, then
A1) = Q=P = (p=a) [ atolurdx, 29)

- @=plul-@-p) [ v @.10)

We now derive some basic properties of A}, A, and ;.



Abstract and Applied Analysis 5

Lemma 2.2. Suppose that ug is a local minimizer for ], on Ny and uy ¢ ,/Ug, then ]| (ug) = 0 in
H*.

Proof. See the work of Brown and Zhang in [10, Theorem 2.3]. O
Lemma 2.3. If X € (0, Ag), then A = 0.

Proof. We argue by contradiction. Suppose that there exists A € (0, Ag) such that /) #@. Then
for u € A by (2.9) and the Sobolev inequality, we have

2- p/2
P = [ ol < Jal, S, (211)
and so

1/(p-2)
lua] > <—2 1 > s/ (2.12)
(r-a)lal-

Similarly, using (2.10), Holder and Sobolev inequalities, we have

_ P
el * = A% IRN b(x)|ufdx < A%Hb e S 2 ]} (2.13)
which implies
_ 1/(2-q)
N —q/2(2~
< (Bl )57 (2.14)

Hence, we must have

(2-9)/(p-2)
1> < 2— q > q9/p < p- 2 >SP(2—q)/2(p—2)+q/2 — A() (215)
“\(p-a)llall -t )"

which is a contradiction. O

In order to get a better understanding of the Nehari manifold and fibering maps, we
consider the function ¢, : R* — R defined by

@ (t) = 27 |u|* - t”‘qf a(x)|ulPdx for t> 0. (2.16)
RN
Clearly, tu € A, if and only if ¢, (t) = A [ b(x)|u|7dx. Moreover,

() = 2= g)t" ul® - (p - q)t" " fRN a(x)|uf’dx for t>0, (217)
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and so it is easy to see that if tu € ), then 97 ¢, (t) = ¢},(t). Hence, tu € A (or tu € N) if
and only if ¢, (t) > 0 (or ¢, (t) <0).
Letu € H\ {0}. Then, by (2.17), ¢, has a unique critical point at = tmax (1), where

_ (2 - q)lulP Ve
tmax (1) = ( =) o aGOll” dx) >0, (2.18)

and clearly ¢, is strictly increasing on (0, fmax (1)) and strictly decreasing on (tmax (1), o0) with
lim; —, o ¢p,, (t) = —00. Moreover, if A € (0, Ag), then

2 g\ @9/(p-2) 2_ g\ P9/ (p-2) u|2P=a)/ (p=2)
Pultmaxar)) = <_q> - (_Q> ”” /2
P-4 P-4 (fon a(x)[ufPdx) >0/

—a/p— (2-9)/(p-2)
=|,u,,q<p_—2><2—_q>2 F N G S
p-q/\p-q Jan a(o0)ulPdx

2\ /2 —g\ @D/ P2 .
> IIuII"(pP—_ q) (p—_ Z) AN (2.19)
> A[b* |0 S, 2 a7

> .)LJ‘ b* (x)|u|dx
RN

>\ b(x)|u|ldx.
RN
Therefore, we have the following lemma.

Lemma 2.4. Let A € (0, Ag) and u € H \ {0}.

(1) If X [ b(x)|ul7dx < 0, then there exists a unique t™ = t (1) > tmax (1) such that t u €
N, @y is inceasing on (0,t7) and decreasing on (¢, oo0). Moreover,

Ja(t™u) = sup Ji(tu). (2.20)
t>0

(ii) If A [on b(x)|ul9dx > 0, then there exist unique 0 < t* = t"(u) < tmax(u) <t =t (1)
such that t'u € N}, tu € N, @, is decreasing on (0,t), inceasing on (t*,t") and
decreasing on (=, 00)

Lttu)y = inf Ji(tw),  Ja(t"w) = sup Ji(tu). (2.21)

0<t<tmax (1) >t

(iii) Ay = {ue H\ {0} : £ (u) = (1/[[ult" (u/][ull) = 1}.
(iv) There exists a continuous bijection between U = {u € H \ {0} : [lu|| = 1} and N}. In
particular, t~ is a continuous function for u € H \ {0}.

Proof. See the work of Hsu and Lin in [19, Lemma 2.5]. O
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We remark that it follows Lemma 2.4, NV, = N} U W, for all A € (0, Ag). Furthermore,
by Lemma 2.4 it follows that ,/UX and V) are non-empty and by Lemma 2.1 we may define

ay = uier}flh(u)/ ay = uier}gxh(u)’ a, = uier}g;h(u)- (2.22)

Theorem 2.5. (i) If A € (0, Ao), then we have ay < a} < 0.
(i) If A € (0,(g/2)Ao), then & > dy for some dy > 0.
In particular, for each A € (0,(q/2)Mo), we have a} = ay <0 <a;.

Proof. See the work of Hsu and Lin in [19, Theorem 3.1]. O

Remark 2.6. (i) If X € (0, Ag), then by (2.9), Holder and Sobolev inequalities, for each u € A7
we have

- -q/2
< B0l 57l (223)

P
- -q/2
< B2 Nollblle Sl

=

and so

_ o \V@a)
Jull < (]’; —nalbllr ) e (224)

(i) If X € (0, (q/2)Ao), then by Lemma 2.4(i), (ii) and Theorem 2.5(ii), for each u € A
we have

Ja(u) = Stuf Ja(tu) 2 ay > 0. (2.25)

3. Existence of a Positive Solution

First, we define the Palais-Smale (simply by (PS)) sequences, (PS)-values, and (PS)-
conditions in H for J, as follows.

Definition 3.1. (i) For ¢ € R, asequence {u,} is a (PS).-sequence in H for Jy if ], (u,) = c+0,(1)
and ]} (u,) = 0,(1) strongly in H* asn — co.

(ii) c € Ris a (PS)-value in H for J, if there exists a (PS)_-sequence in H for J).

(iii) /) satisfies the (PS).-condition in H if any (PS).-sequence {u,} in H for ], contains
a convergent subsequence.

Now we will ensure that there are (PS)a;—sequence and (PS),,,; -sequencein on WV, and

7, respectively, for the functional J.
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Proposition 3.2. If A € (0,(q/2)Ay), then

(i) there exists a (PS),, -sequence {u,} C Ny in H for J,.
(ii) there exists a (PS)a;—sequence {un} C N in H for J,.

Proof. See Wu [21, Proposition 9]. O
Now, we establish the existence of a local minimum for J, on ,/UI.
Theorem 3.3. Assume (al) and (b1) hold. If A € (0, (q/2)/No), then there exists uy € N7 such that

(1) a(w) =y = aj <0,
(ii) uy is a positive solution of (Egp),

(iii) ||luy]] — Oas A — 0™

Proof. From Proposition 3.2(i) it follows that there exists {u,} C WV, satisfying
Ji(un) = ay +0,(1) =aj +0,(1), Ji(un) =0,(1) in H*. (3.1)

By Lemma 2.1 we infer that {u,} is bounded on H. Passing to a subsequence (Still denoted
by {u,}), there exists ), € H such thatasn — oo

u, — uy weakly in H,
u, — u, almost everywhere in R", (3.2)

u, — uy strongly in L10C <RN ) V1 <s<2%.
By (b1), Egorov theorem and Holder inequality, we have

AJ b(x)|u,|dx = )ull‘ b(x)|uy|dx +0,(1) as n — co. (3.3)
RN RN

By (3.1) and (3.2), it is easy to see that u, is a solution of (E, ). From u,, € N, and (2.4), we
deduce that

q(p-2)

2(r—q) Ml - h(un) (3.4)

A b(x)|un|dx =
RN
Letn — oo in (3.4). By (3.1), (3.3) and a <0, we get
AJ b(x)uy|'dx > - a, > 0. (3.5)
RN P-4

Thus, u) € N, is a nonzero solution of (E, ).
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Next, we prove that u, — u, strongly in H and ], (u,) = a,. From the fact u,, u, € N,
and applying Fatou’s lemma, we get

) _
o< o) = B2 P - %A[ b(x)lua[dx
RN

) -
Sliminf<p—||un||2—u/\f b(x)|un|qu> (3.6)
noe \ 2p pq - Jrn

<lim inf]) (u,) = ay.

This implies that Jy(uy) = ay and lim,_ o ||uy]|*> = ||uy||*>. Standard argument shows that
u, — uy strongly in H. By Theorem 2.5, for all X € (0, (q/2)Ay) we have that u, € A, and
Ji(uy) = aj < a) which implies u, € 7. Since Jy(uy) = Ji(|u]) and |u,| € A}, by Lemma 2.2
we may assume that u, is a nonzero nonnegative solution of (E, ). By Harnack inequality
[22] we deduce that u, > 0in RY. Finally, by (2.10), Holder and Sobolev inequlities,

- - -q/2
faalP < AZ 1 5,7, (57)
and thus we conclude the proof. O

4. Second Positive Solution

In this section, we will establish the existence of the second positive solution of (E, ) by
proving that J, satisfies the (PS),. -condition.

Lemma 4.1. Assume that (al) and (bl) hold. If {u,} C H is a (PS)_ -sequence for ], then {u,} is
bounded in H.

Proof. See the work of Hsu and Lin in [19, Lemma 4.1]. O

Let us introduce the problem at infinity associated with (Eg p):
~Au+u=uP"! inRN, ueH, u>0in RV, (E*)

We state some known results for problem (E*). First of all, we recall that by Lions [23] has
studied the following minimization problem closely related to problem (E®):

S® =inf{J*®(u) :u € H, u#0, (J*)'(u) =0} >0, (4.1)

where J°(u) = (1/2)||ul* - (1/p) IRN |u|Pdx. Note that a minimum exists and is attained by a
ground state wy > 0 in RN such that

1 1 _
5% = (o) = sup J =) = (5= 5 ) S5/, @2)
£20 P
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where S, = infep (o) ||u||2/(jRN |u|”dx)2/p. Gidas et al. [24] showed that for every ¢ > 0, there
exist positive constants C,, C, such that for all x € RN,

Ceexp(=(1+¢)|x])

(4.3)
<wo(x) < Crexp(—|x|).
We define
wy(x) = wo(x —ne), where e=(0,0,...,0,1) is a unit vector in RN, (4.4)
Clearly, w,(x) € H.
Lemma 4.2. Let Q be a domain in RN If f : Q — R satisfies
j |f(x)e"|"| dx < oo for some o >0, (4.5)
Q
then
(J‘ f(x)e—o|x—§\dx> eo|§|
Q
(4.6)
= f F(x)e? X Wdyx + 0(1)  as |X]| — oo.
Q
Proof. We know o|x| < o|x| + o|x — X|. Then,
|f(x)e“"x_’~‘|e"|’~c| < |f(x)e"‘x| . (4.7)

Since —o|x — X| + o|X| = o(x,X)/|X| + o(1) as |X| — oo, then the lemma follows from the
Lebesgue dominated convergence theorem. O

Lemma 4.3. Under the assumptions (al), (b1)-(b2) and A € (0, o). Then there exists a number
ny € N such that for n > ng

sup Jy (twy,) < S*. (4.8)
£>0

In particular, a; < S forall X € (0, Ag).

Proof. (i) First, since ||wy|| = ||wo|| for all n € N and J, is continuous in H and J,(0) = 0, we
infer that there exists t; > 0 such that

Ji(twy) < S® VneN, tel0,t]. (4.9)
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(ii) Since lim|y| o a(x) = 1, there exists n; € N such that if n > n;, we get a(x) > 1/2

forx e BN(ne; 1). Then, for n > ny
2 , tq
ittwn) = G lal? =5 [ atlo,Pdx= 2 bk, Pdx
2 P Jry q JrN

t? , tP p 1 g
< —Jlwol|” = — a(x + ne)|woPdx + —A||b7||,.. |w,|7dx
2 BN (0;1) q RN

P
< Bl - £ w Pdx+ S| j loo|Tdx
< 5 llwo 25 ) oo 0 p e | w0

— —00 ast— oco.
Thus, there exists t, > 0 such that for any t > t, and n > n; we get

i (twy) <O0.

(iii) By (i) and (ii), we need to show that there exists 1y such that for n > ng

sup Jy(tw,) < S%.

t<t<t;

We know that sup, J @ (twp) = S*. Then, t; <t < t,, we have

Rttw) = gl = | aGe)twnyds= [ oo, ax

12
E||’w0|| - —I ’wpdx + —f (1-a(x))whdx - — f Ab(x)widx

5 g, b o
<S§5®+ = f (1-a)" (x)whdx - = f AbT (x)wpdx + = I Ab™ (x)w,dx.
p RN q RN

(4.10)

(4.11)

(4.12)

(4.13)

Suppose a satisfies (al), we get (1 — a)*(x) < Coe @™ for all x € RN and some positive

constant 6y. By (4.3) and Lemma 4.3, there exists n, > n; such that for any n > n,
j (1 - a)+(x)wﬁdx < C3e_mi“{504’}"'
RN
By (b1) and (4.3), we get

f Ab™ (x)widx < A||b7]|,..Ca f e mel g
RN K

< ACse ™.

(4.14)

(4.15)
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By (b2), (4.3) and Lemma 4.3, we have

bt (xX)widx > )Lclcgf e~ 01l gma(ve)lx—nel g
[x|>Ry (4.16)

> )Lae_‘sln.

RN

Since 0 < 6; < min{&p, g} < min{&y, p} and A € (0, Ag) and using (4.13)—(4.16), we have there
exists ny > n, such that for all n > nyg, then

sup Ji(twy) < S%, A b(x)|wy|Tdx > 0. (4.17)
RN

t<t<t
This implies that if A € (0, Ag), then for all n > ny we get

sup /i (twy,) < S%. (4.18)

t>0

From a(x) > 0 for all x € RN and (4.17), we have

J a(x)|wy,|Pdx >0, f b(x)|wn,|dx > 0. (4.19)
RN RN

Combining this with Lemma 2.4(ii), from the definition of a} and sup,,, /i (fwn,) < S%, for all
A € (0, Ag), we obtain that there exists ¢y > 0 such that tyw,, € /| and

a; < Ja(town,) < supi(twy,) < S*. (4.20)
t>0 0

Lemma 4.4. Assume that (al) and (bl) hold. If {u,} C H is a (PS).-sequence for J, with ¢ €
(0,5%), then there exists a subsequence of {u,} converging weakly to a nonzero solution of (Egp) in
RN,

Proof. Let {u,} C H be a (PS).-sequence for J, with ¢ € (0, 5*). We know from Lemma 4.1
that {u,} is bounded in H, and then there exist a subsequence of {u,} (still denoted by {u,})
and ug € H such that

u, — uy weakly in H,
u, — uy almost everywhere in RY, (4.21)

u, — up strongly in L} (RN > V1<s<2%.

loc

It is easy to see that J| (19) = 0 and by (b1), Egorov theorem and Holder inequality, we have

)Lf b(x)|u,|Tdx = AJ b(x)|uo|?dx + 0,(1). (4.22)
RN RN
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Next we verify that uy#0. Arguing by contradiction, we assume uy = 0. By (al), for
any ¢ > 0, there exists Ry > 0 such that |a(x) — 1| < € for all x € [BN(0; Ro)]€. Since u, — 0
strongly in L} (RN) for 1 < s < 2%, {u,} is a bounded sequence in H, therefore [, (a(x) -
Du,|P < CfBN(O;RU) [uy|P + eC. Setting n — oo, then e — 0, we have

lim f a(x)|uy|Pdx = lim f [, |P dx. (4.23)
n—oo RN n— oo RN

We set

I = lim a(x)|u,|Pdx
n—oo N

* (4.24)

= lim |un|Pdx.
n— o0 RN

Since | (1) = 0,(1) and {u,} is bounded, then by (4.22), we can deduce that
0= lim (]| (un), un)
= lim <||un||2 - f a(x)|un|”’dx> (4.25)
n—oo RN
= lim ||ua|* - 1,
that is,

Jim [fue|* = 1. (4.26)

If I = 0, then we get ¢ = lim,_,J\(#n) = 0, which contradicts to ¢ > 0. Thus we
conclude that I > 0. Furthermore, by the definition of S, we obtain

2/p
|| > qu |un|de> . (4.27)
]RN
Then, asn — oo, we have
= lm [|u,|* > Spi*'P, (4.28)

which implies that

1>/, (4.29)
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Hence, from (4.2) and (4.22)—(4.29), we get
c= lim Jy(un)

1 lim [|u,|* - 1 lim f a(x)|u,|Pdx - A lim f b(x)|u,|1dx
2n—oo prn—o Jpn gn—o Jpn

<1 1 > (4.30)
=(=--)I
2. p
s P 255/@—2) _gw
2p
This is a contradiction to ¢ < S*. Therefore, uy is a nonzero solution of (E, \p). O

Now, we establish the existence of a local minimum of J, on W/

Theorem 4.5. Assume that (al) and (b1)-(b2) hold. If A € (0, (q/2) o), then there exists U, € N
such that

(i) i) = a,
(ii) U, is a positive solution of (Egap).

Proof. If A € (0,(q/2)Ag), then by Theorem 2.5(ii), Proposition 3.2(ii) and Lemma 4.3(ii),
there exists a (PS)a;-sequence {un} C W) in H for J, with a; € (0,5%). From Lemma 4.4,
there exist a subsequence still denoted by {u,,} and a nonzero solution U, € H of (E,,p) such
that u, — U, weakly in H.

First, we prove that U, € /. On the contrary, if U, € A7, then by /] is closed in H,
we have ||U,||* < liminf,_, |/, ||*. From (2.9) and a(x) > 0 for all x € RN, we get

f b(x)|Uy|dx > 0, f a(x)|UyPdx > 0. (4.31)
RN RN

By Lemma 2.4(ii), there exists a unique t| such that t;U, € A}. If u € A,, then it is easy to
see that

p-2. o P-4
I(u) = —=—|lu ——)»I b(x)|u|7dx. 4.32
) = P - 2 | bl (4.32)

From (3.1), u, € NV and (4.32), we can deduce that
ay < (fUn) < lim Jy () < m ]y (un) = ay (4.33)

which is a contradiction. Thus, U, € A/.

Next, by the same argument as that in Theorem 3.3, we get that u,, — U, strongly in
H and J,(U)) = a; > 0 forall A € (0,(q/2)Ao). Since J,(U,) = J1(|U,]) and |U,| € N7, by
Lemma 2.2 we may assume that U, is a nonzero nonnegative solution of (E, ). Finally, by
the Harnack inequality [22] we deduce that U, > 0 in RN. O
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Now, we complete the proof of Theorem 1.1. By Theorems 3.3, 4.5, we obtain (E, p)
has two positive solutions u, and U, such that u, € A7, Uy € N}. Since N7 N N = §, this
implies that 1, and U, are distinct. It completes the proof of Theorem 1.1.
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