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We have characterized a new type of core for double sequences, Pc-core, and determined the
necessary and sufficient conditions on a four-dimensional matrix A to yield Pc-core{Ax} C a(P-
core{x}) for all £5°.

1. Introduction

A double sequence x = [xjk]{}_o is said to be convergent in the Pringsheim sense or P-
convergent if for every e > 0 there exists an N € N such that |xjx — €| < & whenever
j,k > N, [1]. In this case, we write P —lim x = £. By ¢, we mean the space of all P-convergent
sequences.

A double sequence x is bounded if

[|x|| = sup|xjk| < oo. (1.1)
jk20

By ¢2,, we denote the space of all bounded double sequences.

Note that, in contrast to the case for single sequences, a convergent double sequence
need not be bounded. So, we denote by c5° the space of double sequences which are bounded
and convergent.

A double sequence x = [xjk] is said to converge regularly if it converges in
Pringsheim’s sense and, in addition, the following finite limits exist:

klijl’;ox]'k=e]', (j=1,2,3,...),

(1.2)
limxj =t;, (k=1,23,...).
jooo
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Let A= [a;',’{"]szo be a four-dimensional infinite matrix of real numbers for all m,n =0,1,....
The sums

Ymn = D, D@ Xk (1.3)

7=0k=0

are called the A-transforms of the double sequence x = [xx]. We say that a sequence x = [xjk]
is A-summable to the limit ¢ if the A-transform of x = [xjx] exists for allm,n =0,1,... and is
convergent to ¢ in the Pringsheim sense, that is,

P 4
lim Zza;r;(nxjk = Ymn,

P20 k=0 (1.4)

lim yu, =2.

m,n— oo

We say that a matrix A is bounded-regular if every bounded-convergent sequence x
is A-summable to the same limit and the A-transforms are also bounded. The necessary and
sufficient conditions for A to be bounded-regular or RH-regular (cf., Robison [2]) are

lim a’;]’(" =0, (j,k=0,1,...),

m,n— oo
[o ool
3 mn _
o, 22 = 1,
j=0k=0
]
: mmn| _ —
m,lillloogy“fk =0, (k=0,1,...), L5)
[ee]
im S| =0, (=01,
k=0
3 S|am|<C<o (mn=01,..).
j=0k=0
A double sequence x = [x;ji] is said to be almost convergent (see [3]) to a number L if
) 1 P 4
lim sup — > Y xjpk = L. (1.6)

PA4=> g 150 P4 7=0k=0

Let o be a one-to-one mapping from N into itself. The almost convergence of double
sequences has been generalized to the o-convergence in [4] as follows:

_ 1 2.4
lim sup —szof(s),o"(t) =¢, a7
PA=® 5150 P4520%=0
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where 0/(s) = o(0/7!(s)). In this case, we write ¢ — limx = £. By V2, we denote the set of
all o-convergent and bounded double sequences. One can see that in contrast to the case
for single sequences, a convergent double sequence need not be o-convergent. But every
bounded convergent double sequence is o-convergent. So, ¢ C V2 C £5°. In the case o(i) =
i+ 1, o-convergence of double sequences reduces to the almost convergence. A matrix A =
[a]’.’;c" ;"k:O is said to be o-regular if Ax € V] for x = [xjx] € ¢ with 0 —lim Ax = limx,
and we denote this by A € (c5°, Vz")reg, (see [5, 6]). Mursaleen and Mohiuddine defined and
characterized o-conservative and o-coercive matrices for double sequences [6].

A double sequence x = [xjx] of real numbers is said to be Cesaro convergent (or Ci-
convergent) to a number L if and only if x € C;, where

C = {xe€§°: lim qu(x):L;L:Q—limx},
pg— oo
, p g (1.8)
T, = mn,
) = i g 2.2

j=1k=1

We shall denote by C; the space of Cesdro convergent (C1-convergent) double sequences.

A matrix A = (a;’,’(") is said to be Ci-multiplicative if Ax € C; for x = [xj] € ¢¥°
with C; —lim Ax = alim x, and in this case we write A € (c§°,C1),. Note that if @ = 1, then
Ci-multiplicative matrices are said to be C;-regular matrices.

Recall that the Knopp core (or K-core) of a real number single sequence x = (xi) is
defined by the closed interval [¢(x), L(x)], where £(x) = liminfx and L(x) = limsup x. The
well-known Knopp core theorem states (cf., Maddox [7] and Knopp [8]) that in order that
L(Ax) < L(x) for every bounded real sequence x, it is necessary and sufficient that A = (a,)
should be regular and lim,_ o > lanx| = 1. Patterson [9] extended this idea for double
sequences by defining the Pringsheim core (or P-core) of a real bounded double sequence
x = [xji] as the closed interval [P — liminf x, P - lim sup x]. Some inequalities related to the
these concepts have been studied in [5, 9, 10]. Let

. 1 P9
L*(x) =limsup sup—Zij+s,k+t,
pg— o st qu:()k:@
(1.9)

) 1 P 4
Co(x) = limsup sup—Zng;(s),ok(t).

pa—o st Pdj=0k=0

Then, MR- (Moricz-Rhoades) and o-core of a double sequence have been introduced by the
closed intervals [-L*(—x), L*(-x)] and [-Cs(—x), Cs(x)], and also the inequalities

L(Ax) < L*(x), L*(Ax) < L(x), L*(Ax) < L*(x), L(Ax) < Co(x), Co(Ax) < L(x)  (1.10)

have been studies in [3-5, 11].
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In this paper, we introduce the concept of C;-multiplicative matrices and determine
the necessary and sufficient conditions for a matrix A = (a;',‘(”) to belong to the class (c5°, C1),,.
Further we investigate the necessary and sufficient conditions for the inequality

C](Ax) < aL(x) (1.11)
forall x € €2,
2. Main Results
Let us write
Ci(x) =limsup—— Xik. (2.1)
! pig— e (P+1)(q+1) ]z(;kz(:) !

Then, we will define the Pc-core of a realvalued bounded double sequence x = [xji] by the
closed interval [-Cj(=x), C}(x)]. Since every bounded convergent double sequence is Cesaro
convergent, we have Cj(x) < P —limsup x, and hence it follows that Pc-core(x) C P-core(x)
for a bounded double sequence x = [xjk].

Lemma 2.1. A matrix A = (a;'l’(") is Cy-multiplicative if and only if

Jim BGikp,) =0 (ik=01,..), (2.2)
th ZZﬂ(],k p.q) =a, (2.3)
P %20 k=0

ginwzm(],k p,q)|=0 (k=0,1,...), (2.4)

};glmZIﬁ(],k pa)|=0 (j=01,...), (2.5)

ZZ|aZ‘C" <C<ow, (mn=0,1,..), (2.6)

i=0 k=0

where the lim means P — lim and

PG k.p.q) = " +1)(q+1>ZZ“ 2.7)

j=0k=0

Proof. Sufficiency. Suppose that the conditions (2.2)-(2.6) hold and x = [xjx] € ¢5° with P -
lim;xxjx = L, say. So that for every e > 0 there exists N > 0 such that |xji| < [¢| + € whenever
j k> N.
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Then, we can write

N-1

w0 N N =)
D2 PG ke pa)xpe =3 Y PGk pa)xic + X D PG K p, )X
i=0k=0 i=0k=0 j=N k=0
(2.8)
N-1 o 0 =)
+ 2 2 BG k)it X D Pk pa) Xk
7=0 k=N j=N+1 k=N+1
Therefore,
© o N N oo N-1
2 2Pk p x| < lIxl XX NBG K p, )|+ lxll 35 218Gk, p @) xji]
7=0k=0 7=0k=0 j=N k=0
N-1 o
+llxll X 318G K p.a)] (2.9)
7=0 k=N
+(Ll+e)| X D) PG kpa)l
j=N+1 k=N-+1
Letting p,q — oo and using the conditions (2.2)-(2.6), we get
lim ' B(j, k,p,q)xjk| < (L] + €)a. (2.10)
PA= %120 k=0

Since € is arbitrary, C; —lim Ax = aL. Hence A € (c5°, C1),, thatis, A is Ci-multiplicative. [

Necessity 1. Suppose that A is Ci-multiplicative. Then, by the definition, the A-transform of
x exists and Ax € C; for each x € ¢5°. Therefore, Ax is also bounded. Then, we can write

supii'a;‘(”qu <M< oo, (2.11)
mn =0 k=0

for each x € c5°. Now, let us define a sequence y = [yjx] by

sgna’", 0<j<r,0<k<r,
Yik = { ”‘ (2.12)

0, otherwise,

m,n =0,1,2,.... Then, the necessity of (10) follows by considering the sequence y = [yjx] in
(2.11).
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Also, by the assumption, we have

im > > B(j, k,p,q)xjk = a lim xj. (2.13)
p,qeoo],z()kzo jk— oo

Now let us define the sequence e as follows:

i {1, (j. k) = @, 1), (2.14)

0, otherwise,
and write s' = 3;e(I € N), r' = 3, €l(i € N). Then, the necessity of (2.2), (2.4), and (2.5)
follows from C; — lim Ae'l, C; —lim Ar/ and C; - lim Ask, respectively.

Note that when a = 1, the above theorem gives the characterization of A € (c5°,Cy)
Now, we are ready to construct our main theorem.

reg*

Theorem 2.2. For every bounded double sequence x,

Ci(Ax) < aL(x), (2.15)

or (Pc — core{Ax} C a(P — core{x})) if and only if A is Ci-multiplicative and

limsupiim(j, k,p,q)| = a. (2.16)

PA4— j=0k=0

Proof. Necessity. Let (2.15) hold and for all x € ¢%. So, since ¢ C ¢2,, then, we get

a(~L(~x)) < ~C}(-Ax) < C}(Ax) < aL(x). (2.17)
That is,
a liminfx < -Cj(-Ax) < Cj(Ax) < alimsup x, (2.18)
where
-C;(-Ax) = l;f?jgfg;ﬂ(j, k,p,q)xjk. (2.19)

By choosing x = [xjk] € c2,, we get from (2.17) that
-Cj(-Ax) = Cj(Ax) = C; - lim Ax = a lim x. (2.20)

This means that A is C;-multiplicative.
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By Lemma 3.1 of Patterson [9], there exists a y € €2, with ||y|| < 1 such that

Ci(Ay) = hmsupZZﬁ(J,k p.q)-

PA— j=0k=0

If we choose y = v = [vj(], it follows

1 ifj=k
U]‘k =
0, elsewhere.

Since ||vjk|| <1, we have from (2.15) that

a = Cj(Av) = limsup> 3 |6(j.k,p,q)| < aL (o) < alol] <
Pa—® j=0k=0

This gives the necessity of (2.16).

(2.21)

(2.22)

(2.23)

O

Sufficiency 1. Suppose that A is Ci-regular and (2.16) holds. Let x = [x;x] be an arbitrary
bounded sequence. Then, there exist M, N > 0 such that x;x < K for all j, k > 0. Now, we can

write the following inequality:

Ms

5

j=0

iiﬂ(]/ k/pr Q)x]‘k =

7=0k=0

<|ﬁ(j,kfpfq)| +B(j. k,p,q)
2

~
i}

0

1BG kP9 —ﬂ(f,k,r»q)>x_ ’
2 "

< 228G kp ) |xjx]

=0k=0

.

+

iil(lﬂ(]’,k/m)l - PG,k p,q))xx]

7=0k=0

M N
<|xl 2 218G k. p.)]

j=0 k=

(=}

]

+lx > ilﬂ(ﬁk P49

j=M+1 k=0

EOP ) 18G9
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+ sup || D > 1BGkp.a)

jk=M,N j=M+1k=N+1
=2 218G kP a)| =BG ko pra)).
j=0k=0
(2.24)
Using the condition of Cj-multiplicative and condition (2.16), we get
Ci(Ax) < aL(x). (2.25)

This completes the proof of the theorem.
Theorem 2.3. For x,y € £5°,if C; —lim |x — y| = 0, then C; — core{x} = C; — core{y]}.

Proof. Since C; —lim |x — y| = 0, we have C; —lim(x —y) = 0 and C; — lim(—(x - y)) = 0. Using
definition of C; - core, we take Cj(x — y) = —Cj(~(x - y)) = 0. Since Cj is sublinear,

0=-Ci(=(x-y)) < =Ci(=x) - C{(¥)- (2.26)

Therefore, C}(y) < —Cj(~x). Since ~Cj(-x) < Cj(x), this implies that Cj(y) < Cj(x). By an
argument similar as above, we can show that C}(x) < Cj(y). This completes the proof. O
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