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We consider some subclasses of meromorphic multivalent functions and obtain certain simple

sufficiency criteria for the functions belonging to these classes. We also study the mapping
properties of these classes under an integral operator.

1. Introduction

Let > (p, n) denote the class of functions f(z) of the form
f(z) =27+ Zakzk*’”l (peN), (1.1)
k=n

which are analytic and p-valent in the punctured unit disk U = {z : 0 < |z| < 1}. Also let
S (p,n,a) and 3} (p,n,a) denote the subclasses of 3(p,n) consisting of all functions f(z)
which are defined, respectively, by

_az2f'(@)
Re< e @ >>acos)t (zel),

Re<—e“(zj:l/%)))> >acosA (zel).

(1.2)

We note that for A = 0 and n = 1, the above classes reduce to the well-known subclasses
of > (p) consisting of meromorphic multivalent functions which are, respectively, starlike
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and convex of order a (0 < a < p). For the detail on the subject of meromorphic spiral-like
functions and related topics, we refer the work of Liu and Srivastava [1], Goyal and Prajapat
[2], Raina and Srivastava [3], Xu and Yang [4], and Spacek [5] and Robertson [6].

Analogous to the subclass of >;(1,1) for meromorphic univalent functions studied by
Wang et al. [7] and Nehari and Netanyahu [8], we define a subclass Z?‘V(p, n,a) of > (p,n)
consisting of functions f(z) satisfying

—Ree’“<(zj:,,%)))> <acosd (a>p,zel). (1.3)

For more details of the above classes see also [9, 10].
Motivated from the work of Frasin [11], we introduce the following integral operator
of multivalent meromorphic functions > (p)

1 z m o
Hup(2) = 2 L I_ll(u”fﬂu)) du. (1.4)
i

Forp =1, (1.4) reduces to the integral operator introduced and studied by Mohammed
and Darus [12, 13]. Similar integral operators for different classes of analytic, univalent, and
multivalent functons in the open unit disk are studied by various authors, see [14-19].

In this paper, first, we find sufficient conditions for the classes >} (p,n,a) and
S} (p,n,a) and then study some mapping properties of the integral operator given by
(1.4).

We will assume throughout our discussion, unless otherwise stated, that A is real with
A <xr/2,0<a<p pneN a;>0forje{l,...m}

To obtain our main results, we need the following Lemmas.

Lemma 1.1 (see [20]). If q(z) € >,(1,n) with n > 1 and satisfies the condition

|z2q'(z) + 1| <" _ (zeu, (1.5)
n?+1
then
q(z) € D3(1,n,0). (1.6)

0

Lemma 1.2 (see [21]). Let Q be a set in the complex plane C and suppose that W is a mapping
from C? x U to C which satisfies ¥(ix,y,z) ¢ Q for z € U, and for all real x,y such that y <
(-n/2)(1 +x2). If h(z) = 1 + cuz" + -+ is analytic in U and ¥(h(z),zh (z),z) € Qforall z € T,
then Re h(z) > 0.
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2. Some Properties of the Classes > (p,n, ) and Zﬁ(p, n,a)

Theorem 2.1. If f(z) € 3(p, n) satisfies

(z”f(z))eu/(p_a)w“{e”‘% +acos A +ip sin)L} +(p—a)cosi

(p—a)cosr (z€eU),

n

vn?+1

<

then f(z) € >\ (p,n, a).

Proof. Let us set a function h(z) by

i
1 eay, n

1 et/ (p-a)cos A
=_(zF =4 - "
h(z) Z(z f(2)) ot (p—a)cosAz +

for f(z) € >.(p,n). Then clearly (2.2) shows that h(z) € >,(1,n).
Differentiating (2.2) logarithmically, we have

W) _ et [f’(z)+E]_1
h(z) (p-a)cosA|f(z) z] =z

which gives
|zzh’(z) + 1|

et/ (p-a) cos A 1 il Zfl(z)
(£ () e 7 T

Thus using (2.1), we have

n

vn?+1

|z2h'(z) +1| < (z € U).

Hence, using Lemma 1.1, we have h(z) 3(1,7,0).
From (2.3), we can write

zh'(z) 1 [EM zf'(z)

e - —a)cos1 e +((xcos)l+ipsin/\)].

Since h(z) € >,5(1,n,0), it implies that Re(—zh'(z) /h(z)) > 0. Therefore, we get

(p—alm [Re(—eu%> — acos .)L] = Re(—iii?) >0

+acosA+ipsin)L} +1f.

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)
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or

il Zf,(Z)
Re <— 6 > > acos i, (2.8)

and this implies that f(z) € 3\ (p, n, a).
If we take A = 0, we obtain the following result. O

Corollary 2.2. If f(z) € 3\(p, n) satisfies

(Z”f(Z))”(”“){e“% raf+(p-a)

1
< 7§(p -a) (zel), (2.9)

then f(z) € 3 *(p,n, a).
Theorem 2.3. If f(z) € >.(p, n) satisfies

et/ (p-a) cos A
pel g ' "
(Z _f (Z)> {e’)‘<—zf (2) 1>+[XCOS/\+iPSiH)L}+(p—CX)COS)t

+
P f'(2)
(2.10)
<(n+1)(p—cx)cosA (zeu),
\/(n+ 1)2 +1
then f(z) € 3 (p, n, a).
Proof. Let us set
et/ (p-a) cos A .
z _yp+l o1 _ 1 il
h(z)z—f l t—f(t) dt=1+n Pt € an ., (2.11)
o 12 p z np  (p-a)cosi
Also let
_optl g et/ (p-a)cos A o1 i
g(z) = —zH (z) = 1 z—f(z) = 1 + p=—n € an 2. (212)
z p z p  (p—a)cosi

Then clearly h(z) and g(z) € >,(1,n). Now

o et/ (p-a) cos A
g(z) = %<#> T (213)
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Differentiating logarithmically and then simple computation gives us
|zzg'(z) + 1|
pil g1 e'\/(p-a)cos A . "
= 2= ! {e”‘(zf, (Z)+1)+IXCOSA+iPSinA}+1
-p (p—a)cosA f'(z)
n
< .
n?+1
(2.14)
Therefore, by using Lemma 1.1, we have
g(z) = —zh'(z) € D (1,1,0) (2.15)
0
which implies that h(z) € 22(1, n,0). Since
zh"(z) ett { zf"(z) }
1 = 1)t-1, 2.16
" h'(z) (p-a)cosA | f'(2) +p+1) (2.16)
therefore
zh"(2)\ _ 1 u( zf"(z) ) i }
Re(l + e > = = @) cosh Re{e 1+ SIER +pe™ — (p—a)cos A
, (2.17)
= ;{Reeu<1 + M) + (xcos)u}.
(p—a)cosA f'(z)
Since h(z) € 3°(1,n,0), so
_—1{Reei)‘<1+ zf (Z)> +OCCOS)L} >0, (2.18)
(p—a)cosA f'(z)
or
—Ree' (1 + Zf, ) ) > acos ). (2.19)
f(2)
It follows that f(z) € 3} (p, n, a). O
Theorem 2.4. If f(z) € >.(p, n) satisfies
' " 2
Re(e“zf (Z))< 2f1(2) _ 1) SMUN (zew), (2.20)

@ I\ F) 4L
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then f(z) € > (p,n,p), where 0 < a <1,0< < pand

L=a(p-p) [g +(B-p) cosZ)L] cos A,
M=a(p-p)(1-pcos))sin2Acos A, (2.21)

N = a(ﬂZCOSZ)L +sin\ — g(ﬂ - p)> cosA+ (1+a)Bcos .

Proof. Let us set

it ZJ{;S) = [(B-p)h(z) - B] cos A —isin \. (2.22)

Then h(z) is analytic in U with p(0) = 1.
Taking logarithmic differentiation of (2.22) and then by simple computation, we obtain

e 22 <aZJ{(S) - 1) = AzH'(z) + Bh*(z) + Ch(z) + D

f(2) (2.23)
=¥ (h(z),zH (z), z)
with
A= (p-p)acosl,
B =ae ™ (f-p)’cos’),
. . (2.24)
C=({p-p) [ae")‘ (2[5C0$2)L +isin 2)L> +(1+a)e™cos /\],
D =ae™ <ﬁ2COSZ)L — sin®\ + if sin 2/\) +(1+a)(Bcos —isind).
Now for all real x and vy satisfying v < —(n/2)(1 + x?), we have
¥ (ix,y,z) = Ay - Bx* + C(ix) + D. (2.25)
Reputing the values of A, B, C, and D and then taking real part, we obtain
Re¥(ix,y,z) < —-Lx* + Mx + N
— M\’ M?
:—< Lx—ﬁ> +E+N (226)
2
< E + N,

where L, M, and N are given in (2.21).
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Let Q = {w : Rew > (M?/4L) + N'}. Then ¥ (h(z),zh'(z),z) € Q and ¥(ix,y,z) ¢ Q,
for all real x and y satisfying v < —(n/2)(1 + x?), z € U. By using Lemma 1.2, we have
Reh(z) > 0, thatis f(z) € 3\ (p,n, ).

If we put A = 0, we obtain the following result. O

Corollary 2.5. If f(z) € >\(p, n) satisfies

ke ZJ):(S) < Z]]:’((Z)) 1) > a(f - §<ﬁ -p))+(1+a)p (z€U), (2.27)

then f(z) 3" (p,n,p), where 0 < a<1,0< f<p.

Theorem 2.6. Forje {1,...m]}, letf].(z) € >\(p,n) and satisfy (2.9). If

S < P 228
= ] p- ﬂ’ ( . )
then Hy,p(z) € XN (p, 1, §), where § > p.
Proof. From (1.4), we obtain

ZH,, (2) + (p+1) 2P Hup(2) = [ [ (2 fi(2))7. (2.29)

j=1

Differentiating again logarithmically and then by simple computation, we get

HHP(Z) mp( ) _ Hm,p(z) Zf (Z)
@) +1+<p2 1>zH£np( )+2p— [1+(p+1)—ZH;n,p(Z)] [}Z <f](z) ~1],
(2.30)
or, equivalently we can write
zH,, ,(2) _ Hpy(2) no (2fi(2)
‘( oy () ”>‘zH;n,p<z> [( ”><,z}“f< F@ o))y
(2.31)

m zfi(z
+Zaj<— f]-](Z) —p> + (1+2p).

j=1
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Now taking real part on both sides, we obtain

zH" p(Z) 3 Hm,p(z) m f (Z)
(g )i (B (T ) ) 0]

" 2f(2)
+ > <— Re f;J(Z) - p> +(1+2p).

j=1

(2.32)

This further implies that

_Re<ZH p((zz)) 1> <

Hm,p(z) o zf]'(z)
ZH;n,p(Z) [(p+1) <]'_1aj<_ f](Z) -P +1 )+ <p2—1>

m z (
+]§a< ]{() >+(1+2p).

(2.33)
Let
ol oo (8 (15 ) o)
, (2.34)
+ [g‘aj <— Re Z]((ZZ)) - p> +(1+ Zp)] :
Clearly we have
m 2f!(2)
l> [;Z-;aj <— Re fj](z - p> +(1+ 2p)] . (2.35)
Then by using (2.28) and Corollary 2.2, we obtain
L g;aj(p—p) +(1+2p) > . (2.36)

Therefore H,,,(2) € XN (p, 1, §) with § > p.
Making use of (2.27) and Corollary 2.5, one can prove the following result. O
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Theorem 2.7. For j € {1,...m}, let fi(z) € X.(p,n) and satisfy (2.27). If

24 < (237)
then Hy, ,(z) € X n(p, 1, ), where § > p.
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