Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 107296, 13 pages
http://dx.doi.org/10.1155/2013/107296

Research Article

Hindawi

A New Hybrid Projection Algorithm for System of Equilibrium
Problems and Variational Inequality Problems and Two Finite
Families of Quasi-¢-Nonexpansive Mappings

Pongrus Phuangphoo"? and Poom Kumam'

! Department of Mathematics, Faculty of Science, King Mongkut’s University of Technology Thonburi (KMUTT), Bang Mod,

Thung Kru, Bangkok 10140, Thailand

2 Department of Mathematics, Faculty of Education, Bansomdejchaopraya Rajabhat University (BSRU), Thonburi,

Bangkok 10600, Thailand

Correspondence should be addressed to Poom Kumam; poom.kum@kmutt.ac.th

Received 28 July 2012; Revised 24 September 2012; Accepted 28 September 2012

Academic Editor: Yongfu Su

Copyright © 2013 P. Phuangphoo and P. Kumam. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is

properly cited.

We introduce a modified Mann iterative procedure by using the hybrid projection method for solving the common solution of the
system of equilibrium problems for a finite family of bifunctions satisfying certain condition, the common solution of fixed point
problems for two finite families of quasi-¢-nonexpansive mappings, and the common solution of variational inequality problems
for a finite family of continuous monotone mappings in a uniformly smooth and strictly convex real Banach space. Then, we prove
a strong convergence theorem of the iterative procedure generated by some mild conditions. Our result presented in this paper
improves and generalizes some well-known results in the literature.

1. Introduction

Throughout this paper, we denote by R and N the set of all real
numbers and the set of all positive numbers, respectively. We
also assume that E is a real Banach space and E* is the dual
space of E. Let C be a nonempty, closed and convex subset of a
real Banach space E with the dual E*. We recall the following
definitions.
A mapping A : C — Cis said to be nonexpansive if
[Ax - Ay| <|x-y|, VxyeC. (1)

A mapping A : C — E”" is said to be monotone if for each
x, ¥ € C, such that

(x -y, Ax — Ay) > 0. (2)

A mapping A : C — E” issaid to be §-strongly monotone
if there exists a constant § > 0 such that

(x-y,Ax - Ay) = 8|x-y|", Vx,yeC. ()

A mapping A : C — E” is said to be -inverse strongly
monotone if there exists a constant § > 0 such that

x -y, Ax — Ay) = 8||Ax — Ay|>, Vx,yeC. (4)
y Y Y y

If A is §-inverse strongly monotone, then it is Lipschitz
continuous with constant 1/6, that is, for all x, y € C, [[Ax —
Ayl < (1/8)lx - yll.

Clearly, the class of monotone mappings include the class
of §-inverse strongly monotone mappings.

Let A: C — E" beamonotone mapping. The variational
inequality problem is to find a point z € C such that

(y-2z,Az) >0, VyeC. (5)

The set of the solution of the variational inequality
problem is denoted by VI(C, A).

Let C be a nonempty, closed and convex subset of a
smooth, strictly convex and reflexive Banach space E, let T" :
C — Cbe a mapping, and F(T) be the set of fixed points of
T.



A point x € C is said to be a fixed point of T if Tx = x.
The set of the solution of the fixed point of T is denoted by
F(T):={xeC:Tx = x}.

A point p € C is said to be an asymptotic fixed point of
T if there exists a sequence {x,} ¢ C such that x, — pand
llx,, — Tx,ll — 0. We denoted the set of all asymptotic fixed
points of T by F(T).

A point p € C s said to be a strong asymptotic fixed point
of T if there exists a sequence {x,} ¢ Csuchthatx, — pand
lx, — Tx,| — 0. We denoted the set of all strong asymptotic
fixed points of T by F(T).

Let F : CxC — R be a bifunction. The equilibrium
problem is to find a point z € C such that

F(z,9)>0, VyeC. (6)
The set of the solution of equilibrium problem is denoted
by EP(F). Numerous problems in sciences, mathematics,
optimizations, and economics reduced to find a solution
of equilibrium problems. The equilibrium problems include
variational inequality problems and fixed point problem,
and optimization problems as special cases (see, e.g., [1-
3]). Recently, many authors have considered the problem for
finding the common solution of fixed point problems, the
common solution of equilibrium problems, and the common
solution of variational inequality problems.

In 1953, Mann [4] introduced the iterative sequence
{x,}eny Which is defined by

Xpr1 = O Xy + (1 - (xn) Txn’ (7)

where the initial element x, € C is arbitrary, T is a
nonexpansive mapping, and {«,,} is the sequence in [0, 1] such
that lim, _, &, = 0and Y °, a, = co. The sequence of (7) is
generally referred to as the Mann iteration.

In 2009, Takahashi and Zembayashi [5] introduced
the following iterative scheme by the shrinking projection
method, and they proved that {x,}, . converges strongly to
q = Hgp(p)np(s)> under appropriate conditions.

Theorem TZ. Let E be a uniformly smooth and uniformly
convex real Banach space, and let C be a nonempty, closed
and convex subset of E. Let F be a bifunction from C x C to
R satisfying (A1)-(A4) and let T be a relatively nonexpansive
mapping from C into itself such that F(S)NEP(F) # 0. Let {x,,}
be a sequence generated by

xy € Cy = C chosen arbitrary,
In = ]_1 (‘xn]xn + (1 - an) ]Txn) >

1
u, € C such that F (u,, y) + — (y —u,, Ju, — Jy,) =0,
r

n

Vy € C,

Cn+1 = {Z € Cn : ¢(Z>un) < ¢(Z’xn)} ’

%o =g, (%), Yn 20,

n+1

(8)
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for every n € N U {0}, where ] is the duality mapping on E,
the sequence «,, C [0, 1] satisfies liminf, _, o, (1 — «,) > 0,
and {r,},en € (0,00) satisfies liminf, | v, > 0. Then,
the sequence {x,} converges strongly to Ilgg)gp( )X, Where
g(s)nep(r)Xo is the generalized projection of E onto F(S) N
EP(F).

In 2009, Qin et al. [6] extended the iterative process
(8) from a single relatively nonexpansive mapping to two
relatively quasi-nonexpansive mappings. In 2011, Zegeye and
Shahzad [7] introduced an iterative process for finding an
element in the common fixed point set of finite family
of closed relatively quasi-nonexpansive mappings, common
solutions of finite family of equilibrium problems, and com-
mon solutions of the finite family of variational inequality
problems for monotone mappings in Banach spaces.

Theorem ZS. Let C be a nonempty, closed and convex subset
of a uniformly smooth and strictly convex real Banach space E
with the dual E*. Let f, :CxC — R, k=1,2,3,...,L, bea
finite family of bifunctions. Let S; : C — C, j=1,2,3,...,D
be a finite family relatively quasi-nonexpansive mappings and
A;:C — E%,i=1,2,3,..., N beafinite family of continuous
monotone mappings.
For x € E, they define mappings F, ,T, : E — Cby

F x: = {z €eC:{(y-2z,A,2)

+ri (y-z]Jz-]x) >0, VyeC},
' )
T, x: = {zeC:fn(z,y)

+rl (y-2z,]Jz-]x) 20, Vy € C},
where S, = S,(mod D), A,, = A,(mod N), f,(-,-) = f,(mod
L)(-,-), and {r,},en C [, 00) for some ¢; > 0. Assume that
F = (N2 FS) NN VIC AD) Nz, EP(fi) #0.

Let {x,} be a sequence generated by
xy € Cy = C chosen arbitrary,
z, = Frnxn,

u, =T, xp
(10)
Vn = ]_1 ((X()]Xn + 0(1]Zn + “stnun) >

Cn+1 = {Z € Cn : ¢(Z’yn) < ¢(Z’xn)}’

Xu =g, (%), VYn20,
where the real numbers oy, &}, «, € (0, 1) such that oy + o, +
a, = 1. Then, {x,},cn converges strongly to an element of F.
In this paper, motivated and inspired by the previously
mentioned above results, we introduce a new iterative pro-
cedure for solving the common solution of system of equi-
librium problems for a finite family of bifunctions satisfying
certain conditions and the common solution of fixed point
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problems for two countable families of quasi-¢-nonexpansive
mappings and the common solution of variational inequality
problems for a finite family of monotone mappings in a
uniformly smooth and strictly convex real Banach space.
Then, we prove a strong convergence theorem of the iterative
procedure generated by the conditions. The results obtained
in this paper extend and improve several recent results in this
area.

2. Preliminaries

A Banach space E is said to be strictly convex if |x + y[/2 <
1forall x,y € Ewith [|x|| = [yl = 1and x# y. It is said
to be uniformly convex if lim,, _, ,llx,, — ¥,Il = 0 for any two
sequences {x,} and {y,} in E such that ||x, ]| < 1, |y, | < 1and

'Xfl+yﬂ

lim - 1. a1

n— 00

Let U = {x € E : | x| = 1} be the unit sphere of E. Then
the Banach space E is said to be smooth if

lim [l + eyl = lixl (12)
t—0 t

exists for each x, y € Ug. It is said to be uniformly smooth if
the limit (12) is attained uniformly for all x, y € Ug.

Let E be a Banach space. Then a function p; : R — R*
is said to be the modulus of smoothness of E if

X + + ||X —
ool beool g, )
(13)

The space E is said to be smooth if pg(t) > 0, Vt > 0 and is
said to be uniformly smooth if and only if lim, _, ,+ p(¢)/t = 0.

The modulus of convexity of E is the function 0 : [0,2] —
[0, 1] defined by

pg (£) = sup {

) X+
85 (€) = inf {1 - ||Ty|| A< 1yl < 1 fx- sl 2 e
(14)
A Banach space E is said to be uniformly convex if and

only if §z(e) > O for all € € (0,2].
We recall the following definitions.

Definition 1. Let C be a nonempty set.

(1) A mapping T : C — C is said to be closed if for each
{x,} cC, x, » xand Tx,, — yimply Tx = y.

(2) A mapping T : C — C is said to be quasi-¢-nonex-
pansive (relatively quasi-nonexpansive) if F(T)#0,
and

¢(p.Tx)<dp(p,x), V¥xeC, peF(T). (15)

(3) Amapping T : C — C is said to be relatively nonex-
pansive [8,9] if F(T) #0, F(T) = F(T) and

¢(p.Tx)<dp(p,x), V¥xeC, peF(T). (16)

(4) A mapping T : C — C is said to be weak relatively
nonexpansive [10] if F(T) # 0, F(T) = F(T) and

d(p.Tx) <p(p,x), VxeC, peFT). (17)

Remark 2. We here the following basic properties.

(1) Each relatively nonexpansive mapping is closed.

(2) The class of quasi-¢-nonexpansive mappings contains
properly the class of weak relatively nonexpansive
mappings as a subclass, but the converse may be not
true.

(3) The class of weak relatively nonexpansive mappings
contains properly the class of relatively nonexpansive
mappings as a subclass, but the converse may be not
true.

(4) The class of quasi-¢-nonexpansive mappings contains
properly the class of relatively nonexpansive map-
pings as a subclass, but the converse may be not true.

(5) If E is a real uniformly smooth Banach space, then J is
uniformly continuous on each bounded subset of E.

(6) If E is a strictly convex reflexive Banach space, then
J7! is hemicontinuous, that is, J ! is norm-to-weak”
continuous.

(7) If E is a smooth and strictly convex reflexive Banach
space, then ] is single-valued, one-to-one, and onto.

(8) A Banach space E is uniformly smooth if and only if
E" is uniformly convex.

(9) Each uniformly convex Banach space E has the Kadec-
Klee property, that is, for any sequence {x,} c E, if
{x,} = x€Eand|x,| — |x|,thenx, — x.

(10) A Banach space E is strictly convex if and only if ] is
strictly monotone, that is,
(x—y,x"—y") >0, whenever x,y €E,
. . (18)
x*y, x €]x, y €]y.

(11) Both uniformly smooth Banach spaces and uniformly
convex Banach spaces are reflexive.

(12) E* is uniformly convex, then J is uniformly norm-to-
norm continuous on each bounded subset of E.

Let E be a real Banach space and {x,,} be a sequence in E.
We denote by x, — x and x,, — x the strong convergence
and weak convergence of {x,}, respectively. The normalized

duality mapping J from E to 2F  is defined by

Jx={f B (x, fy=IxI” = |f|’}., VxeE (19)

where (-, -) denotes the duality pairing. It is well known that if
E is smooth, then ] is single-valued and demicontinuous, and
it E is uniformly smooth, then J is uniformly continuous on
bounded subset of E. Moreover, if E is reflexive and strictly
convex Banach space with a strictly convex dual, then ™'
is single-valued, one-to-one, surjective, and it is the duality



mapping from E* to E and so JJ ' = I. and J7'J = I, (see
[11, 12]). We note that in a Hilbert space H, the mapping J is
the identity operator.

Now, let E be a smooth and strictly convex reflexive
Banach space. As Alber (see [13]) and Kamimura and Taka-
hashi (see [14]) did, the Lyapunov functional ¢ : EXE — R*
is defined by

¢ (. y) = x> =2 (x. Jy) + |y|’, Vx.y€E.

It follows from Kohsaka and Takahashi (see [15]) that
¢(x, y) = 0if and only if x = y and that

(20)

(el = y)* < @ (e y) < (Il + )% @D

Further suppose that C is nonempty, closed and convex
subset of E. The generalized, projection (Alber see [13]) I :
E — Cis defined by for each x € E,

Mg (x) = arg ming (x, y). (22)

Remark 3. If E is a real Hilbert space H, then ¢(x, y) = ||x -
y|I* and TI. = P, (the metric projection of H onto C).

Lemma 4 (Alber [13]). Let C be a nonempty, closed and
convex subset of a smooth and strictly convex reflexive Banach
space E, and let x € E. Then

¢ (T () + ¢ (T (¥), ¥)
<¢(xy),

(23)
Vx € C, Vy € E.

Lemma 5 (Kamimura and Takahashi [14]). Let C be a
nonempty, closed and convex subset of a smooth and strictly
convex reflexive Banach space E, and let x € E and p € C.

Then,

p=Tc(x) = (p-y.Jx-Jp) =20, VyeC. (24)

Lemma 6 (Qin et al. [6] and Kohsaka and Takahashi [16]).
Let E be a smooth, strictly convex and reflexive Banach space,
and A C E x E* is a continuous monotone mapping with
A™H0) # . Then, it is proved in [16] that the resolvent ], :=
J +rA)7'), for v > 0 is quasi-¢p-nonexpansive. Moreover, if
T : E — E is quasi-¢-nonexpansive, then using the definition
of ¢ one can show that F(T) is closed and convex (see [6]).

Lemma 7 (Kamimura and Takahashi [14]). Let E be a
uniformly convex and smooth real Banach space and let {x,}
and {y,} be two sequences of E. If ¢(x,, y,) — 0 and either
{x,.} or {y,} is bounded, then ||x, — y,Il — O.

Lemma 8. Let E be a uniformly smooth and strictly convex
Banach space with the Kadec-Klee property, let {x,} and { y,} be
two sequences of E, and p € E. Ifx,, — pand¢(x,,y,) — 0,
then y, — p.
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For solving the equilibrium problem, let us assume that
the bifunction F : C x C — R satisfies the following
conditions:

(Al) F(x,x) =0, forall x € C;

(A2) F is monotone, that is, F(x, y) + F(y,x) <0, Vx, y €
G

(A3) lim, ,, F(tz+ (1 - t)x,y) < F(x, y), Vx, y,z € C;

(A4) for any x € C, y — F(x,y) is convex and lower
semicontinuous.

Lemma 9 (Blum and Oettli [1]). Let C be a nonempty, closed
and convex subset of a smooth and strictly convex reflexive
Banach space E and let F : C x C — R be a bifunction
satisfying the following conditions (A1)-(A4). Let r > 0 be any
given number and x € E be any point. Then, there exists a point
z € C such that

F(z,y)+%(y—z,]z—]x)20, Vy e C. (25)

Lemma 10 (Takahashi and Zembayashi [5]). Let C be a
nonempty, closed and convex subset of a uniformly smooth and
strictly convex real Banach space E, and F : Cx C — R be
a bifunction satisfying the following conditions (A1)-(A4). Let
r > 0 be any given number and x € E be any point defined
a mapping T, : E — C as follows. Then, there exists a point
z € C such that

T, (x) = {ZGC:F(Z,)/)
) (26)
+-(y-z]Jz-]Jx) =0, Vye€ c}.
r
Then, the following conclusions hold:
(1) T, is single-valued;
(2) T, is a firmly nonexpansive type mapping, that is,
<Trx - Try> ]Tr'x - ]Try>
<(T,x-T,y.,Jx -]y},

(27)
Vx,y € E;

(3) F(T,) = EP(F);
(4) EP(F) is a closed and convex subset of C;
(5) ¢(p, T,x) + (T,x, x) < $(p, x), Vp € F(T,).

Lemma 11 (Zegeye and Shahzad [7]). Let C be a nonempty,
closed and convex subset of a uniformly smooth and strictly
convex real Banach space E, and A : C x E* — R bea
continuous monotone mapping. Let r > 0 be any given number
and x € E be any point defined a mapping K, : E — C as
follows:

K, (x) = {ZEC: (y -z, Az)
28
) (28)
= (y-z]Jz-]x) >0, VyeC}.
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Then, the following conclusions hold:

(1) K, is single valued;
(2) F(K,) is a firmly nonexpansive type mapping, that is,

<er - Kry’ ]er - ]Kry>
(29)

<(K,x-K,y,Jx-]y), Vx,y€E;

(3) F(K,) = VI(C, A);
(4) VI(C, A) is a closed and convex subset of C;
(5) ¢(p, K, x) + ¢(K,x,x) < ¢(p,x), Vp € F(K,).

Lemma 12 (Xu [17]). Let E be a uniformly convex Banach
space, let B,(0) be a closed ball of E, where r > 0. Then, there
exists a continuous, strictly increasing, and convex function
g :[0,00) — [0,00) with g(0) = 0 such that

Jlocx + By|* < il + Byl - aBg (|x - 5),  (30O)

forallx,y € B.(0) and all o, B € [0, 1] witha + = 1.

3. Main Results

In this section, we prove a strong convergence theorem which
solves the problem for finding a common solution of the
system of equilibrium problems and variational inequality
problems and fixed point problems in Banach spaces.

Theorem 13. Let C be a nonempty, closed and convex subset
of a uniformly smooth and strictly convex real Banach space E
which has the Kadec-Klee property. Suppose that

1) {Fk},ivil : CxC — Ris a finite family of bifunctions
satisfying conditions (Al)-(A4), where k = 1,2,3,...,
M;

(2) {Ti}gl and {Si}iD:1 are two finite families of quasi-¢-
nonexpansive mappings from C into E, where i =

1,2,3,...,D;
(3) {An}nl\]:1 : C — E" is a finite family of continuous
monotone mappings, wheren = 1,2,3,...,N;

(4) For x € E, one defines the mappings K, ,T, : E — C
by

K, (x): = {zeC: (y-2z,A,2)
1
+—(y-zJz-]Jx) 20, VyeC]»,
rn

31
T, (x): = {zeC:Fn(z,y)

+l<y—z,]z—]x>20, ‘v’yeC}.
r

n

Assume that Q = (ﬂil F(Ty)) ﬂ(ﬂiD:I FSHN (ﬂ,ivil
SEP(F,)) ﬂ(ﬂnN:1 VI(C, A,)) is a nonempty and bounded in C.
Let {x,} be a sequence generated by

xy € Cy = C, chosen arbitrary,
z, = K, x,,

u, =T, x,,
(32)
Yo =T (&x, + BIT,z, + YIS, )

Cn+1 = {Z € Cn : ¢(Z’yn) < ¢(Z’xn)}’

X1 = (%), Vn=0,

n+1
where A, = A, (mod N), F, = F, (mod M), T,, = T, (mod
D), S, =S, (mod D), {r,} ¢ [a,00) for somea > 0 andn €
N and a, 3,y are real numbers in (0, 1) such that «+ S+ = L.
Then, the sequence {x,}, converges strongly to p = I1q(x,).

Proof. We will complete this proof by seven steps below.

Step 1. We will show that C,, is closed and convex for eachn > 0.
From the definition of C,, it is obvious that C,, is closed.
Moreover, since

¢(z,y,) <¢(z,x,) is equivalent to
2 2 (33)
2 <Z, Jx, = ]yn> - “xn“ + ||yn" <0.

It follows that C,, is convex for each n > 0. Therefore, C,, is
closed and convex for each nn > 0.

Step 2. We will show that Q ¢ C,, for each n > 0.

From the assumption, we see that F ¢ C, = C. Suppose
that F ¢ C, for some k > 1. Now, for p € Q, Since S and
T} are quasi-¢-nonexpansive and by Lemmas 10 and 11, we
compute

¢(poy)=¢ (P’ ! (i + B Tizy + Y]Sk”k))
= |lplI” - 2 (p &, + BT Tizi + yISuh)

+ |laTx + BITizi + yISeu|”

Ipl* - 2a (p. Jxi) = 2B(p. T Tizi)

=2y (p. IS} + all T + Bl Tz

IN

I
= ad (p:xi) + B (P Tizi) + v (p» Site)
ad (psxi) + Bp (ps i) + v (po i)
ag (p,xi) + P (p, Krkxk) +y¢ (P7 Trkxk)
ag (p, xi) + B (P, xi) + v (P %)
(a+B+y)¢(p.xi)
= ¢ (p,xx).

(34)

IN

IN



Therefore, p € Cy,,. By the induction, this implies that Q ¢
C, foreachn > 0.
Hence, the sequence {x,} is well defined.

Step 3. We will show that the sequence{x,,} is bounded.

Let G := ()2, C,. From Q ¢ C, for each n > 0 and {x,}
is well defined. From the assumption of G, we see that G is
closed and convex subset of C.

Let p = IIg(x,), where p is the unique element that
satisfies inf .. ¢(x, xy) = (P, x,). Now, we will show that
lx, - pl — Oasn — oo.

From the assumption of C,, we know that C > C, > C, >
C; > ---and since x,, = Il¢ (x) and x,,,; = Il (xp) €
C,.1 € C,. Using Lemma 4, we get

¢ (% %) < P (X415 %) <+ < (P %), (35)

forall p € Q c C,, where n > 1. Then, the sequence
{¢(x,,x,)} is bounded. Hence, the sequence {x,} is also
bounded.

Step 4. We will show that there exists p € C such that x, — P,
asn — 0o.
Since x,, = I, (%) and x,,,; = Il %, € Cpyy € C,, we
have
¢ (X %) € P (X415 %), Vn20. (36)
Therefore, the sequence {¢(x,,, x,)} is nondecreasing. Hence
lim, _, é(x,, x,) exists. By the definition of C,,, one has that

C, ¢ C,and x,, = Ilg x, € C, for any positive integer
m=n.
It follows that
¢ (xm’ ‘xn) = ¢ ('xm’ 1_IC',,'XO)

< ¢ (X X9) — ¢ (chxo’ xo) (37)
= ¢ (xm’xo) - ¢ (xwxo) .

Since lim,,_,  ¢(x,,, x,) exists, by taking m,n — oo in (37),
we have ¢(x,,,x,) — 0.

From Lemma 7, it follows that || x,, — x, || — Oasm,n —
00. Thus {x,} is a Cauchy sequence.

Without a loss of generalization, we can assume that x,, —
po € E. Since {x,} is bounded and E is reflexive. Since G :=
Moo C,, is closed and convex, it follows that p, € G, Vn >
0. Moreover, by using the weak lower semicontinuous of the
norm on E and (35), we obtain

¢ (P, x0) < ¢ (po> o)

< li,fgigcl,f ¢ (x5 %)
< hfl Solip ¢ (x5 %) (38)
< Info ()

= ¢(p %) -
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This implies that

Jim ¢ (% %0) = ¢ (P> x0) = b (Po %) = }clel(f; ¢ (x,x0) -
(39)

By using Lemma 5, we have (p — p,, Jp — Jp,) = 0 and hence,
P = po- By the definition of ¢, we get

lhnl}l()r(l)f ¢(xn’ xO) = hnnllogf(“xnnz -2 <xn’ ]x0> + ”xO“z)

2 B 2B, Jxo) + Ixolf

= ¢ (P xo)-
(40)

Therefore, ||lx,| — [pl. Since x,, — p, by the Kadec-Klee
property of E, we obtain

Jlim x, = p. (41)
From J is uniformly continuous, we also have
Jim Jx, = Jp. (42)
Step 5. We will show that y, — P, z, — pandu, — pas
n — oo.
Since x,,,; € C,,;, we have ¢(x,.,1,¥,) < ¢(x,,1,%,) —
0,asn — oo. Thus, from (21), we obtain
Iyl = 12l as n — co, (43)
and so
1yull = 17211, as n — oo. (44)
This implies that {Jy,} is bounded. Note that reflexivity of E
implies reflexivity of E*. Thus, we assume that Jy, — y € E*.

Furthermore, the reflexivity of E implies there exists x € E
such that y = Jx. Then, it follows that

¢ (xn+1’ yn) = ||xn+1||2 -2 <xn+1’]yn> + "yn"2

= ||xn+1“2 -2 <xn+1’]yn> + "]yn”2

Taking the liminf,, _,  on both sides of (45) and using weak
lower semicontinuous of norm to get that

0> B -2(p.y) + Iyl
= B -2 (B, Jx) + I
= Bl -2 (p.Jx) + IxlP’
=¢(px).

Thus p = x, and so y = Jx = Jp. It follows that Jy, — Jp.
Now, from (44) and the Kadec-Klee property of E*, we obtain

(46)

as 1 — 00. (47)

Iy, — Jb>
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Thus the demicontinuity of J~' implies that y, — p. Now,
from (43) and the fact that E has the Kadec-Klee property, we
obtain

lim y, = p. (48)

n— o0

In the fact that x, — pand y, — pasn — 00, we get
lim ¢ (p.2,) = ¢ (P P)- (49)

n— 00

Since z,, = K, x,, it follows from Lemma 11 that
¢ (2 x,) = ¢ (K, 2, %,)
<¢(p.x,) - ¢ (pK, x,) (50)
< (/)(p’xn) - ¢ (p’zn) — 0,

From (21), we obtain

as 1 — 0.

Iz — 12l (51)

and so {z,} is bounded. Since E is reflexive, we assume that
z,, — z € E. It follows that

¢ (20 %,) = 2l — 2 (2 T,) + T2 (52)

Taking the liminf,_,  on both sides of (52) and using the
continuity of ], we get that

02 Izl -2 (= 1) + VI’
=¢(zp)-
This implies that p = z and hence z, — p.

Now, from (51) and the Kadec-Klee property of E, we
obtain

(53)

nanéo z, = p. (54)

In the fact that x, — p,y, — pandz, — pasn — oo,
we get
lim ¢ (pun) = ¢ (p.P)- (55)

n— 00

Since u,, = T, x,, it follows from Lemma 10 that
¢ (us ) = b (T, %%,
<¢(p.x,) - (P, x,)
<¢(pxn) - ¢ () — 0,

as n — 0o.
(56)

From (21), we obtain
|l — 1121, (57)

and so {u,} is bounded. Since E is reflexive, we assume that
u, — u € E. It follows that

¢ (%) = ot |* = 2 (o J,) + 1 59)

Taking the liminf,_, ., on both sides of (58) and using the
continuity of J, we get that

0> flul® -2 (u, Jp) + ||
= ¢ (up).

This implies that p = u and hence u,, — p.
Now, from (57) and the Kadec-Klee property of E, we
obtain

(59)

lim u, = p. (60)

n— 00

Step 6. We will show that p € Q.

Substep 1. We will show that p € ()., VI(C, A,).
From the definition of K, of algorithm (32), we have
1
<y_zn’AnZn>+r_<y_zn’]zn_]xn>20’ VyEC.
' (61)

Let {m}ren € N be such that A, = A,, forall k € N. Then
from (61), we obtain

<y— znk,Alznk> + % <y - z,,)z, —]xnk> >0, VyeC,
My

(62)
and that is
Jz,, = Jx,,
<J’ —znk,Alznk> +{ Y-z, T >0, VyeC.
(63)

Now, we set v, = tv + (1 —t)p, forallt € (0,1] and v € C.
Therefore, we get v, € C. From (63), it follows that

<vt - an’Alvt> > <vt - znk,Alvt> - <vt 2y, A2,

Iz, —Jx,,

(Vv -z,,——
k rn
k

= <vt 2, A0 — Az,

]an_]xnk
(U — )
r”k

From the continuity of / and (41) and (54), we have Xy, = b,

z, — p,ask — 0o, we obtain
k

(64)

]an - ]xnk

T’nk

— 0, ask— oo. (65)

Since A, isa monotone mapping, we also have (v,—z,,, A;v,—
Az, ) 2 0.
Thus, it follows that

0< nlgr&) <Ut - an,Alvt>

= <Ut - ﬁ’A1Ut> >
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and hence From algorithm (32) and Lemma 12, we compute
(y-p.Ay,) =20, VyeC. (67) d(p,y,) = g[)(p,]"1 (aJx, + BIT,z, + y]Snun))
Ift — 0, we obtain = ol - 2 (p. &Jx,, + BIT,2,, + yIS,t4,)
(y-P.AP) =0, VyeC. (68) + g, + BIT, 2, + VIS
2
This implies that p € VI(C, A,). < |pl” =20 (p.Jx,) = 2B{p. )T, 2,)
Similarly, let {r};cny € N be such that A, = A,, for all ) )
k € N. ) ‘ =2y (P, JS,uy) + atflx,|” + B| T,z
Then, we have again that p € VI(C, A,). 2
Continuing in the same way, we obtain that p € * Y"Sn”nn - afg (“] X, =7 Tnzn")

VI(C, A,), wheren = 3,4,5,...,N.

- - JS
Hence,ﬁ c mnNzl VI(C, An). ayg("]xn ] nun“)

ag (p,x,) + P (P, T,z,) + v (p, S,14)

Substep 2. We will show that p € ﬂkMZISEP(Fk).

From the definition of T, of algorithm (32) and (A2), we -afg (||]xn - ]Tnzn") - ayg (||]xn - fsnunu)
have
< ag(px,) + P (pz,) + v (ps )
1
r_<y_un>]un_]xn> 2_Fn (un’y) ZF(y>un)’ Vyec_ —(xﬁg("]xn—]Tnzn")—ocyg(”]x,,—]S,,un")
69
(69) = a (px,) + b (P K, x,) + b (P, T, x,)
Let {mcreny € Nbesuch that F, = Fy, forall k € N. Then —apg (|7, = IT,z,]) — ayg ([7x,, = IS )
from (69), we obtain
< ag (psx,) + B (psx,) + v (P, x,)
1 Ju,, —Jx,,
r_ <y_u”k’]u"k _]x"k> = y_u”k’ r _“:Bg("]xn_]Tnzn")_‘xyg(”]xn_]snun")
"y "y (70)
2F1()’>”nk)’ Vy e C. = (a+B+y)d(p.x,)
- “ﬁg ("]xn - ]Tnzn")
From the continuity of ] and (41) and (60), we have Xy ™ D
Uy, — D,ask — oo and we obtain - oYg (||]xn - IS”””“)
= ¢ (P’ xn) - (Xﬁg (“]xn - ]Tnzn")
]unk - ]xnk
T vmEme @ - o9 (I, - IS,
SCIENE

Therefore, F,(y,u,, ) <0, Vy € C.
Now, we set w, = tw+(1-t)p, forallt € (0,1] andw € C.
Consequently, we get w, € C. And so F,(w;, p) < 0.
Therefore, from (Al), we obtain

(73)
From (73), we have

¢(P> yn) < ¢ (p’ xn) - “ﬁg (”]xn - ]Tnzn")

) ( )
—~ - ]xn - ]Snun (74)
< tF, (w, y) + (1 - ) F, (w, p) (72) "
< ¢ (p’ xn) - &Yg ("]xn - ]Snun") .
< tFy (wy, y).

Fromx, — p,y, — p,anda,y > 0, we obtain
Thus, F,(w,, y) > 0, Vy € C. From (A3), ift — 0, then we

get Fi(p, y) = 0, Vy € C. This implies that p € EP(F,). ayg (7%, = IS,t,])
Similarly, let {m};ey € N be such that F, = F,, for all (75)
k € N. Then, we have again that p € EP(F,). <¢(p.x,)-¢(p,y,) — 0, asn— oo.
Continuing in the same way, we obtain that p € EP(F,),
where k = 3,4,5,..., M. Hence, p € (i, SEP(F}). Therefore,

Substep 3. We will show that p € (2, F(S)). g ([Jx, = JS,ua]) — 0, as n — co. (76)
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It follows from the property of g that
Il7x, = JS,u,| — 0, as n— oo. (77)

From (42), we have Jx,, — Jp,asn — oc0. Then,
JS,u, — Jp, asn— oo, (78)

and so

"Snun” - “ﬁ" 4 as n — 0. (79)

Moreover, the demicontinuity of ™' implies that S,u, — p
asn — 00. Thus, the Kadec-Klee property of E, we obtain

S,u, — P, asn— co. (80)

Let {m }reny € Nbesuch thatS, =S, forallk € N.
Then, from (60), we have u,, — p,asn — oo. It follows
from (80) and the closedness of S, that

p=lmS§, u, = klin;oslu”k =S, p. (81)

k— oo

This implies that p € F(S,).

Similarly, let {m};ey € N be such that S, = §,, for all
k € N. Then, we have again that p € F(S,).

Continuing in the same way, we obtain that p € F(S;),
wherei = 3,4,5,...,D.

Hence, p € (2, E(S;).

Substep 4. We will show that p € (2, F(T;).
From (73), we have

¢ (p’ yn) < (/5 (P’ xn) - ‘Xﬁg ("]xn - ]Tnzn“)
- &Yg (”]xn - ]Snun") (82)
< ¢ (p’ xn) - “ﬁg ("]xn - ]Tnzn“) .

Fromx, — p,y, — p,and«, 8 > 0, we obtain

aBg (|7x, = JT,z,|)

(83)
<¢(px) =¢(pyn) — 0, asn—co.
Therefore,
g(|l/x, - JT,z,|) — 0, asn— co. (84)
It follows from the property of g that
lJx, - IT,z,| — 0, asn— oo. (85)
From (42), we have Jx, — Jp,asn — oo. Then,
JT,z, — Jp, asn— oo, (86)
and so
[Tzl — 12l as n — co. (87)

Moreover, the demicontinuity of J~' implies that T,z, — p
asn — 00. Thus, the Kadec-Klee property of E, we obtain

T,z, — P, asn— 0o. (88)
Let {m}xeny € N be such that T, =T, forallk € N.

Then, from (54), we have z, — p,asn — co.It follows
from (88) and the closedness of T} that

ﬁ = kli_{lgoTnkznk = klin;Olenk = 1?‘ (89)

This implies that p € F(T;).

Similarly, let {m; iy € N be such that T,, = T, for all
k € N. Then, we have again that p € F(T,).

Continuing in the same way, we obtain that p € F(T}),
wherei = 3,4,5,...,D.

Hence, p € (2, F(T)).

From Substeps (6.1)-(6.4), we can conclude that

ﬂ(ijI(C,An))

(90)
Step 7. Finally, we will show that p = I (x,).
From x,, = Il¢ (x,), we have
(Jxg = Jxp X, — P) 20, VpeQ. (1)
Takingn — o0 in (91), one has
Jxo-Jpp—p) =0, VpeQ. (92)
Now, we have p € Q) and by Lemma 5, we get
P =Tg (xp)- (93)
This completes the proof of Theorem 13. O

If we set M = N = D = 1 in Theorem 13, then we obtain
the following result.

Corollary 14. Let C be a nonempty, closed and convex subset
of a uniformly smooth and strictly convex real Banach space E
which has the Kadec-Klee property. Suppose that

(1) F: CxC — R is a bifunction satisfying conditions
(A1)-(A4);

(2) T and S are two quasi-p-nonexpansive mappings from
Cinto E;

(3) A:C — E" is a continuous monotone mapping.
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(4) For x € E, one defines the mappings K, ,T, : E — C
as follows:

K, (x): = {z €eC:(y-zAz)

+rl<y—z)12—lx)20, VyeC};

(94)
Trn (x): = {Z eC: F(Z,)/)

Xy -z - x) 20, vy ec}.
"

n

Assume that Q := F(T) n F(S) n EP(F) n VI(C, A) is
a nonempty and bounded in C and let {x,} be a sequence
generated by

x, € Cy = C, chosen arbitrary,
z, = K, x,,

u, =T, x,
(95)
Yo =T (aJx, + PITz, + ySu,,),

Con = {Z €C,: (/5(2,)/,,) < ¢(Z’xn)} >

Xn+1 = ch+1 (xO) > Vn > 0’

where {r,} C [a, c0) for somea > 0 andn € N, and o, 3, y are
real numbers in (0, 1) such thata + f+y = 1.

Then, the sequence {x,} -, converges strongly to p =
T ().

If wesetT; = I, foranyi = 1,2,3,...,D in Theorem 13,
then we obtain the following result which extends and
improves the result’s Zegeye and Shahzad [7].

Corollary 15 (Zegeye and Shahzad [7]). Let C be a nonempty,
closed and convex subset of a uniformly smooth and strictly
convex real Banach space E which has Kadec-Klee property.
Suppose that

) {EJM, : CxC — R is a finite family of bifunc-
tions satisfying conditions (Al)-(A4), where k = 1,2,
3,..,M;

(2) {Si}2, : C — E is a finite family of quasi-¢-nonex-
pansive mappings, wherei = 1,2,3,...,D;

G) {A Y, C — E* is a finite family of continuous
monotone mappings, wheren = 1,2,3,...,N;
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(4) For x € E, one defines the mappings K, ,T, : E — C
by

K, (x):= {z €eC:(y-2z,A,2)

+1’i (}’—Z,]Z—]x) >0, V)/GC};
' (96)
T, (x):= {z €C:F,(zy)

= (y-2Jz-]x) =20, vyec},
,

n

Assume that Q == (2, F($)) N (ML, SEP(F) N(NL,
VI(C, A,)) is a nonempty and bounded in C and let {x,} be a
sequence generated by

xy € Cy = C, chosen arbitrary,
z, = K, x,,

u, =T, x,,
(97)
Yo =T (), + Bz, + VIS,u,) »

Cop1 = {Z €C,: (/5(2,)/”) < ¢(Z,Xn)},

Xn+1 = 1—IC,‘+1 (xO) > Vn > 0’
where A, = A, (mod N), F, = F, (mod M), S, = S, (mod
D), {r,} c [a,00) for somea > 0 andn € N, and a, B, y are
real numbers in (0,1) such thata + f+y = 1.

Then, the sequence {x,},-, converges strongly to p =
T, ().

4. Deduced Theorems

Ifweset F, = 0,foranyk = 1,2,3,..., M in Theorem 13, then
we obtain the following result.

Corollary 16. Let C be a nonempty, closed and convex subset
of a uniformly smooth and strictly convex real Banach space E
which has the Kadec-Klee property. Suppose that

1 {Ti}il and {Si}iD:1 are finite families of quasi-¢-non-
expansive mappings from C into E, where i =

1,2,3,...,D;
) {A)Y, : C — E* is a finite family of continuous
monotone mappings, wheren = 1,2,3,...,N;

(3) For x € E, we define the mappings K, : E — C by

K, (x):= {z €eC:(y-z,A,z2)
(98)

+l<y—z,]z—]x>20, ‘v’yeC}.
r

n
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Assume that Q = (N2, F(T)) N2 FSHN (N
VI(C, A,)) is a nonempty and bounded in C and let {x,} be
a sequence generated by

xo € Cy = C, chosen arbitrary,

z, = K, x,,
Yo =T (ax, + BIT,z, + Y]S,X,) » (99)
Cn+1 = {Z € Cn : (p(z’yn) S (p(z’xn)} >

%o =g, (%), Vn20,
where A, = A, (mod N), T, = T, (mod D), S, = S, (mod
D), {r,} < [a,00) for somea > 0 andn € N, and «, f3, y are
real numbers in (0,1) such thato + f+y = 1.

Then, the sequence {x,},-, converges strongly to p =
I (xg)-

Ifweset A, =0, foranyn =1,2,3,..., N in Theorem 13,
then we obtain the following result.

Corollary 17. Let C be a nonempty, closed and convex subset
of a uniformly smooth and strictly convex real Banach space E
which has the Kadec-Klee property. Suppose that

) {EJ, : CxC — R is a finite family of bifunc-
tions satisfying conditions (Al)-(A4), where k = 1,2,

3,...,M;

(2) {T,}gl and {Si}il are finite families of quasi-¢p-non-
expansive mappings from C into E, where i = 1,2,
3,...,D;

(3) For x € E, one defines the mappings T, : E — C by

T, (x):= {z €C:F,(zy)
(100)
+rl(y—z,]z—]x)20, VyeC}.

Assume that Q = (2, F(T)) N2 FSHN (M,
SEP(F,)) is a nonempty and bounded in C and let {x,} be a
sequence generated by

x, € Cy = C, chosen arbitrary,
u, =T, x
P =T (@, BIT, %, + VIS t4)
Cn+1 = {Z € Cn : ¢(Z’yn) < ¢(Z’xn)}’
Vn >0,

(101)

X1 =g (xo)s

n+1

where F, = F,(mod M), T, = T, (mod D), S, = S, (mod
D), {r,} c [a,00) for somea > 0 andn € N, and «, f3, y are
real numbers in (0,1) such thata + f+7y = 1.

Then, the sequence {x,} -, converges strongly to p =
T (xg)-

1

If weset F, = 0,foranyk = 1,2,3,...,Mand A, = 0,
foranyn = 1,2,3,..., N in Theorem 13, then we obtain the
following result.

Corollary 18. Let C be a nonempty, closed and convex subset
of a uniformly smooth and strictly convex real Banach space E

which has the Kadec-Klee property. Suppose that {Ti}iD:1 and
{S;}2, are finite families of quasi-¢-nonexpansive mappings
from C into E, wherei =1,2,3,...,D.

Assume that Q = (ﬂiDzl F(T))) ﬂ(ﬂiDzl F(S))) is a non-
empty and bounded in C and let {x,} be a sequence generated

by

xy € Cy = C, chosen arbitrary,
I =T (@), + BIT, %, + VIS,%,)

Cn+1 = {Z € Cn : ¢(Z’yn) < ¢(Z’xn)}’

%t =Tle,, (), V20,

(102)

where T, = T, (mod D), S,, = S,, (mod D), {r,} C [a,00) for
somea > 0andn € N, and o, f3, y are real numbers in (0,1)
suchthata+ f+7y = 1.

Then, the sequence {x,}
I (xg).

(o]

oo, converges strongly to p =

5. Some Applications

5.1 Application to Weak Relatively Nonexpansive Mappings. If
we change the condition (2) in Theorem 13 as follows: {T,-}IZ 1
and {Si}£1 are finite families of weak relatively nonexpansive
mappings. From Remark 2(2), every weak relatively nonex-
pansive mappings is quasi-¢-nonexpansive mappings. Then,
we obtain the following result.

Corollary 19. Let C be a nonempty, closed and convex subset
of a uniformly smooth and strictly convex real Banach space E
which has the Kadec-Klee property. Suppose that

) {EM, : CxC — R is a finite family of bifunc-
tions satisfying conditions (Al)-(A4), where k =
1,2,3,...,M;

(2) {T;}2, and {S;}2, are finite families of weak relatively
nonexpansive mappings from C into E, where i =
1,2,3,...,D;

G){A Y, C — E* is a finite family of continuous
monotone mappings, wheren = 1,2,3,...,N;
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(4) For x € E, one defines the mappings K, ,T, : E — C
by

K, (x):= {z €eC:(y-2z,A,2)

L (y-z,Jz—]x) >0, VyeC};
rﬂ

(103)
T, (x):= {z €eC:F,(zy)

= (y-2zJz-]x) 20, VyeC]»,
;

n

Assume that Q = (N2, FT)) N2, FSHN (N
SEP(F,)) ﬂ(ﬂnN:1 VI(C, A,)) is a nonempty and bounded in C
and let {x,} be a sequence generated by

x, € Cy = C, chosen arbitrary,
z, = K, x,,

u, =T, xp»
(104)
Vn = ]_1 (“]xn + /J’ITnzn + Y]Snun) 2

Cn+1 = {Z € Cn : ¢(Z’yn) < ¢(Z’xn)}’

X1 =1 (xo)s

n+1

Vn =0,

where A, = A, (mod N), F, = F, (mod M), T,, = T, (mod
D), S, = S, (mod D), {r,} c [a,00) for somea > 0 andn €
N, and &, f3, y are real numbers in (0,1) such that « + f+7y = 1.

Then, the sequence {x,},-, converges strongly to p =
T (x0)-

5.2. Application to Relatively Nonexpansive Mappings. If we
change the condition (2) in Theorem 13 as follows: {T,»}g1 and
{S;}2, are finite families of relatively nonexpansive mappings.
From Remark 2(3) and (2) every relatively nonexpansive
mappings is weak relatively nonexpansive mappings and
every weak relatively nonexpansive mappings is quasi-¢-
nonexpansive mappings. Then, we obtain the following result.

Corollary 20. Let C be a nonempty, closed and convex subset
of a uniformly smooth and strictly convex real Banach space E
which has the Kadec-Klee property. Suppose that

) {EJL, : CxC — R is a finite family of bifunc-
tions satisfying conditions (Al)-(A4), where k =

1,2,3,...,M;

(2) {Ti}g1 and {Si}g1 are finite families of relatively non-
expansive mappings from C into E, where i = 1,2,
3,...,D;

(B) {A Y, C — E* is a finite family of continuous
monotone mappings, wheren = 1,2,3,...,N;
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(4) For x € E, one defines the mappings K, ,T, : E — C
by

K, (x):= {z €eC:(y-z,A,2)

+l (y-z]Jz-]x) >0, Vyec};
rn

(105)
Tfn (x) = {Z €C:F, (Z, y)

L (y-zJz-]x) >0, VyeC}.
T

n

Assume that Q = (2, F(T)) N2, FSH N (M,
SEP(F,)) ﬂ(ﬂnNzl VI(C, A,)) is a nonempty and bounded in C
and let {x,} be a sequence generated by

xo € Cy = C, chosen arbitrary,
z, = K, x,,

u, =T, x,,
(106)
Vn = ]_1 ((X]Xn + ﬁ]Tnzn + yjsnun) >

Cn+1 = {Z € Cn : ¢(Z’yn) < ¢(Z"xn)}’

xn+1 = HC (xo) 5 Vn > Oa

n+1

where A, = A, (mod N), F, = F, (mod M), T,, = T, (mod
D), S, = S, (mod D), {r,} C [a,00) for somea > 0 andn €
N, and &, 3, y are real numbers in (0,1) such that x + f+7y = 1.

Then, the sequence {x,},-, converges strongly to p =
T ().

5.3. Application to Hilbert Spaces. It E = H, a real Hilbert
space, then E is uniformly smooth and strictly convex real
Banach space. In this case, ] = I and II = P.. Then, we
obtain the following result.

Corollary 21. Let C be a nonempty, closed and convex subset
of a real Hilbert space H. Suppose that

) {EM, : CxC — Ris a finite family of bifunc-
tions satisfying conditions (Al)-(A4), where k =
1,2,3,...,M;

(2) {Ti}g1 and {s,.},il are finite families of non-
expansive mappings from C into C, where i = 1,2,
3,...,D;

G){A Y, : C — H is a finite family of continuous
monotone mappings, wheren = 1,2,3,...,N;
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(4) For x € E, one defines the mappings K, ,T, :H — C

by
K;n (x) = {z €eC:(y-2z,A,2)
1
+—(y-z,z2-x) >0, VyeC};
rn
(107)
Tr’,, (x) = {z €C:F,(zy)

1
+—(y-z,z2-x) >0, VyeC]».
T

n

Assume that Q = (N2, FT) N2, FSNN (N,
SEP(F,)) ﬂ(ﬁn]\]:1 VI(C, A,)) is a nonempty and bounded in C
and let {x,} be a sequence generated by

x, € Cy = C, chosen arbitrary,
!
z, = K, x,,

U, = T: X
" (108)
)/n = axn + [))Tnzn + ysnun)

Cn+1 = {Z € Cn : “z _yn” < "Z _xn”}’

%o = Pe,, (%), Vn20,

where A, = A, (mod N), F, = F,(mod M), T, = T, (mod

D), S, =S, (mod D), {r,} ¢ [a,00) for somea > 0 andn €

N, and «, 3, y are real numbers in (0,1) such that o+ f+7y = 1.
Then, the sequence {x,},_, converges strongly to an element

of Q.

Remark 22. Our theorem extends and improves the corre-
sponding results in [5-7] in the following aspect.

(a) For the mapping, we extend the mappings from non-
expansive mappings, relatively nonexpansive map-
pings, and weak relatively nonexpansive mappings to
more general than quasi-¢-nonexpansive mappings.

(b) For the common solution, we extend the com-
mon solution of a single finite family of quasi-
¢-nonexpansive mappings to two finite families of
quasi-¢-nonexpansive mappings.
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