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We will discuss some operator inequalities on chaotic order about several operators, which are generalization of Furuta inequality
and show monotonicity of related Furuta type operator function.

1. Introduction

An operator T is said to be positive (denoted by T > 0) if
(Tx,x) = 0 for all vectors x in a Hilbert space, and T is said
to be strictly positive (denoted by T' > 0) if T is positive and
invertible.

Theorem LH (Loéwner-Heinz inequality, denoted by (LH)
briefly). If A > B > 0 holds, then A* > B for any « € [0, 1].

This was originally proved in [1, 2] and then in [3].
Although (LH) asserts that A > B > 0 ensures A* > B” for
any « € [0, 1], unfortunately A* > B* does not always hold
for « > 1. The following result has been obtained from this
point of view.

Theorem F (Furuta inequality). If A > B > 0, then for each
r=0,

(1) (Br/ZApBr/Z)l/q > (Br/2BpBr/2)1/q,
(ii) (A72AP A%V 5 (ATI2BP A1)
hold for p>0andq > 1with(1 +r)g> p+r.

The original proof of Theorem F is shown in [4], an
elementary one-page proof is in [5], and alternative ones are
in [6, 7]. We remark that the domain of the parameters p, g,
and r in Theorem F is the best possible for the inequalities (i)
and (ii) under the assumption A > B > 0; see [8].

We write A > BiflogA > log B for A,B > 0, which is
called the chaotic order.

Theorem A. For A, B > 0, the following (i) and (ii) hold:

(i) A > Bholds if and only if A™ > (A"?BP A"12)7/(P*1) for
p,r=0;

(i) A > B holds if and only if for any fixed 6 > 0,
Fyp(p.r) = A72(APBPAT2)ODIPD A2 s g de-
créasingfunction ofp=8andr>0.

(i) in Theorem A is shown in [9, 10], an excellent proof in
[11], a proof in the case p = r in [12], (ii) in [9, 10], and so
forth.

Lemma B (see [11]). Let A be a positive invertible operator,
and let B be an invertible operator. For any real number A,

A1
(BAB") = BA'?(A'?B*BA'?Y AR (1)
Definition 1. Let A,, A,_1,..., A Ay, B=0,1,75,...,1, =
0,and py, p,,..., P, = 0 for a natural number n.
Let C4 p[n] be defined by
CAi,B (]
p
= Arr’z/z {AZ‘:II/Z [ .A?/Z{Arzz/z(A?/zBPlArll/z)pzAfzz/Z} 3
% Ar3/2 . ] Arn71/2}pnA1‘n/2
3 n—1 n -
2)



For example,
CAi,B 2] = Afzz/Z(Afll/zBPlAfll/z)pzAfzz/Z)
p
Copld] = Aff/z {Ar;/z[Arzz/z(ArlllzBplAfll/Z)PzArzz/z] 5

x ATl }P"Ai;”.
(3)

Let g[n] be defined by
glnl ={--[(pr+m)py+r] s+ 41,0} Pyt (4)

For example,

ql=p+r.  qRI=(pi+r)p,+7 -
a4 ={[(pr+r) py+ ] ps + 13} py+ 14
For the sake of convenience, we define
Cup01=B,  q[0]=1, (6)

and these definitions in (6) may be reasonable by (2) and (4).

Lemma 2. For A,,A,_,...,A,, A, B > 0 and any natural
number n, we have

(i) Cy pln] = AZPCy gln—1]P AT,

(ii) g[n] = qln - 11p, + 1,,.
Proof. (i) and (ii) can be easily obtained by definitions (2) and
(4). O

2. Basic Results Associated with
Ca,pln] and g[n]

We will give some operator inequalities on chaotic order, and
Theorem 5 is further extension of Theorem 3.1 in [13].

Lemma 3. If A > B, forp > Oandr > 0, then A >
(Ar/ZBpAr/Z)l/(p+r).

Proof. Since A > B, we can obtain the following inequality.
A" > (A2BP ATy holds for p = 0 and r > 0 by (i)
of Theorem A.
Take the logarithm on both sides of the previous inequal-
ity; that is,

IOgAr > IOg (Ar/ZBpAr/z)r/(PJrr)’ (7)

therefor we have

1
A> (Ar/zBPA’/z) fiper) (8)
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Theorem 4. If A, > A, | » --- > A, » A » Band
115125 eosty = 0, 1y Pase.os P, 2 0 for a natural number n.
Then the following inequality holds:

A, » Cy gl )

where Ca,plnl and q[n] are defined in (2) and (4).

Proof. We will show (9) by mathematical induction. In the
casen = 1.
Since A, > B implies

[(py+1y)

A, > (AP AT (10)

holds for any p; > 0 and r; > 0 by Lemma 3, whence (9) for
n=1.

Assume that (9) holds for a natural number k (1 < k <
n). We will show that (9) holds r,7,,...,7, 7, = 0 and
Pi> Pas- s P> Py = 0 fork + 1.

Put D = Ay, E = Ay, and F = C4 5k]"4M, and (9)
holds for n = k implying

D>»E>»>F>0. 11)

Equation (11) yields the following by Lemma 3, for » > 0 and
p=0:

D> (D’/ZFPD”Z)I/(F ", (12)
that is,
2 k 2 1/(p+r)
Ay > (A7,Cy plkPTH AT . (13)

Putr = r;, p = qlklpg,, in (13), then by (ii) of Lemma 2,
the exponential power 1/(p + r) of the right hand side of (13)
can be written as follows:

1 1 1
= = , 14
prr K pen * 1o qlk+1] (14)

and we have the following desired (15) by (12) and (13):

1/qlk+1]
k+1 k+1 }

Ak+1 > {ArkH/Z(CA,-,B [k])Pk“A"ku/z
(15)

= Cp plk+ 11904,

so that (15) shows that (9) holds for k + 1. O
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Theorem 5. If A, > A, , > --- > A, > A » Band
11515 ..» 1, = 0 for a natural number n. For any fixed § > 0,
let pi, Py - - - P, be satisfied by

p1z9,
S+

Pz >
prtn

S+ri+ry+---

11 (16)
be= qlk-1]

>

SHri+ry+-+1,,

The operator function Ii.(py, ) for any natural number k such
that 1 < k < nis defined by

Ik (pk> rk) _ A:k/ZCAi,B[k](6+rl+r2+m+rk)/‘1[k]A;rk/z. 17)
Then the following inequality holds:

A;f:ll/zlk 1 (Pt e 1)A 2> L (P 1) (18)

for every natural number k such that 1 < k < n, where C_g[n]
and q[n] are defined in (2) and (4).
Proof. Since C, 5[0] = B, q[0] =

Iy(py 7o) = B? for py =7, = 0.
Because A, > B, then for any fixed § > 0,

1 in (6), we may define

B > AIrl/Z(Arll/ZBplArll/Z)(6+r1)/(p1+rl)AIr1/2
(19)
fOI‘pl 26: T 20,

since Fy p(8,79) > Fy p(py, 1) holds by (ii) of Theorem A.
And (19) can be expressed as

B = A:;)/ZIO (Pos70) Ar(;)/z > 1, (po1y)- (20)

We can apply Theorem 4, and we have the following (21) for
any natural number k such that 1 <k <

Ao > Ay > Cy glk]H, (21)

Since X > Y implies that X > Y* holds for any ¢ > 0, (21)
ensures

A6+r1+r2+ 7y > C

s [k] (5+71+T2+"'+Tk)/q[k]_ (22)

Putting A = Ai:rlﬁm‘..wk’ B, = CA,-,B[k](&rl“ﬁmﬂk)/ 4 and
applying (19) for 6 = 1 and A > B,, we have

B, > AT (4B A) Iy (23)

holds for p > 1 and r > 0.

Puttingr,y =r(6+1r, +7ry +---
can be rewritten by

+ 1) in (23), then (23)

B, >A ’”k+1/2( ’k+1/2CA B[k] ((8+r +ry+-+1)/qlk]) p

k+1 k+1
)/ (p+r) (24)
Ty /2 1+r ptr o /2
X A ) Ay
Putting p = (qlklpe,)/(8 + 1 + 1, + -+ 1) = 1, since

Prs1 = (O + 1, +1,+ -+ +1)/qlk] in (16), then we have

2 2
AL (P i) A

_ Bl _ CA,.,B[k](8+rl+r2+m+rk)/q[k]

rk+1/2
2 Ak+1

ATl (+ry 41yt ) [qIKDp g7 /2) 1/ (PFT)
X( If+11 CA B[k] e o PAIerll )

rk+1/2
X Ak+1

)2 5 ottt )@k +1]) 4 —Tenn/2
— Ak:fcll CAi,B[k + 1]( Hry et )/ (gl ])Ak:kll

=i (pk+1’ rk+1) >
(25)

and we have (18) for k such that 1 < k < n by (25) and (20)
since (20) means (18) for k = 1. O

Corollary 6. If A, > A, , > - > A, > A, » Band
715125 ..» 1, = 0 for a natural number n. For any fixed § > 0,
let pi, s> - .. P, be satisfied by (16).

Then the following inequalities hold:

_ &+r)/(pr+r1)  _
BS > A1r1/2<Ar11/ZBplAr11/2) 1)1(py 1A1r1/2
> A—rl/ZA /2

(8+71+1y) [ ((pr+1)) py+13)

x [A3(A7 B A" a5

% A—rZ/ZA—rl/Z

—11/2 4—1,[2 4—13/3 ~Tpe1/2 g—1,]2
2 A VTATTAT A TTYTA

% CA.,B [n](6+rl+r2+---+rn)/q[n]
% A;rn/zA;lr_nIl/z .

—13/3 A—1,/2 ,—1,/2
_A33 A22 All ,

(26)

where Ca, slnl, qln], and L (py, 7)) (1 < k < n) are defined in
(2), (4), and 7).



Proof. Applying (18) of Theorem 5 for k such that 1 < k < n,
we have

B’ = AL (pg, 1) A

>1,(py1y)

r1/2)(5+"1)/(1’1+r1)
1

A—rl /2

= AV (AP A 1

> ATI/ZIZ (p2s72) ATI/Z

_ _ P
= A171/2A272/2 [ATZZ/Z(A?/ZB‘DIATII/Z) 2

X A

/2 ] (8+11+1,) [ ((py1+11) pyt12)
2

X A;Z/ZA;TI/Z (27)

> AIrl/ZA;rZ/ZA;r3/3 tt A_rnil/zln (pn’ rn)

n-1

A AP A AT

_ A;rl/ZA;rz/ZA;@/?ﬁ . 'A;l:‘fl/zA;r"/z

[I’l] (8+ry+1y+41,)/q(n]

% A—rn/ZA—r,,_l/Z . .Agr3/3A;rz/2A;r1/2.

n n—-1

3. Monotonicity Property on
Operator Functions

We would like to emphasize that the condition of Theorem 7
is stronger than Theorem 5, and moreover when we discuss
monotonicity property on operator functions, we can only
apply Theorem 7.

Theorem 7. If A, > A, > -+ > A, » A > Band
T15Tpeesty = 0, Piy Pasevvs py = 0 for a natural number n.
Then the following inequality holds:

Al > Cy p[n]™ W, (28)
where Cap [n] and q[n] are defined in (2) and (4).

Proof. We will show (28) by mathematical induction. In the
casen = 1.
Since A, > B implies

Al > (Arll/zBplArll/z)n/(PlJrn) (29)

holds for any, p; > 0 and r; > 0 by (i) of Theorem A, whence
(28) forn = 1.

Assume that (28) holds for a natural number k (1 <
k < n). We will show (28) for r;,7,,... 0 and

P> P> s Pio Prsr = 0fork + 1.

Tk 2
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We can obtain the following inequality from the hypoth-
esis (28) for the case n = k:

A > Cy plk] A, (30)

hence we have A, > A, > CAi)B[k]l/q[k], and (i) of
Theorem A ensures

)r/(PH) for p,r > 0. (31)

Ar > (Ar/z

plalk] 4r/2
k+1 = k+1CA,',B[k] Ak+1

Putting r = r;,; and p = q[k] py,,> then we have the following
inequality:

)’k+1/(q[k]Pk+1+rkH)

Thes1 i1 /2 D1 ATk41/2
Ak;l z (Akil CA,-,B[k] 1Ak:l

(32)
— CA. B[k + 1]7k+1/q[k+1]’
so that (32) shows (28) for k + 1. O

Theorem 8. If A, > A, | > --- > A, > A, » Band

7151251, = 0 for a natural number n. For any fixed § > 0,
let py, pys - .. P, be satisfied by (16).
Then

I, (Pn’ rn) _ A;rn/ZCAi)B[n](6+r1+r2+..,+rn)/q[n]A:lrn/z (33)

is a decreasing function of both r,, > 0 and p,, which satisfies

S4r +ry+ - +1,,
q[n-1]
where CA,.,B[”] and q[n] are defined in (2) and (4).

> (34)

Proof. Since the condition (16) with § > 0 suffices (28) in
Theorem 7, we have the following inequality by Theorem 7;
see (28).

We state the following important inequality (35) for the
forthcoming discussion which is the inequality in (16):

qin)=qn-11p,+r,28+r +ry+--+1,, +1, (35)

because the inequality in (35) follows by (ii) of Lemma 2, and
the inequality follows by

qn-11p,26+r +ry+---+1,, (36)

obtained by (34).

(a) Proof of the result that I (p,,r,) is a decreasing
function of p,,.

Without loss of generality, we can assume that p, > 0.
We can obtain the following inequality by (28) and by (i) of
Lemma 2:

/41
AT > Cy gl = (APC, pln— 117 AT

= AUCy gln - 117"

2 2\ (ra—qlnl)/qln]
x (Cy pln = 1172 ATC, pln—1177%)

xCy pln— I]P"/zAr;/z,
(37)
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and (37) implies

(Ca sl = 1P ATC, gl — 17Pe2) A
' ’ (38)
>Cy pln— 117"

Put«a = w/p, € [0,1] for p, > w > 0, then we raise each side
of (38) to the power & = w/p, € [0, 1], then

2 2\ ((g[n]-1,)w)/(qln]p,)
(Capln—11P2ATC, yln-1177)

(39)
> CAi,B[n -1]“.
Whence we have
L (Pua)
_ (8+r +ry+etr,)/qln]  _
_ Anrn/z(A:’:l/chi,B[n _ I]P"A:f/z) 1172 Anrn/z

:A; n/z

X { (AZ‘/ZCA,_’B[n - 1]

% Arn/2

(qln]+qln-1]w)/qln] (8+7+ry+41,) [ (g[n]+q[n-1]w)
") |
- n/z
x A,
—7,/2 2 2
= AP ARPC, gln - 117
x (Cy pln— 1172 A%

2\ (q[n-1]w)/q[n]
x Cy pln—117%)

% C [T’l— 1]pn/zArn/z}(5+T1+7‘2+'"+”n)/(‘1[”]*51[”*1160)
A;,B n
X A:lr"/z by Lemma B
~Tal2 wl2 /2
= APARPC, gln- 117
2
x (Cy, pln— 117" AT

2\ ((@[n]-1,)w)/(qln]p,)
x Cy pln—1]7"?)

x Cy pln— 11772

y A:,:/Z}(5”1+"2+“'+rn)/(‘1[”]+‘1["’1]w)A;r,,/Z
> AP (ALPC, gln—1177Cy yln—1]°

(S+r, 41, 441,)/(qln-1](p,+w)+r,)
X Cypln = 1172402

—1,/2
XA,

= In(pn +w’rn)’
(40)

and the last inequality holds by LH because (39) and (6 + 7, +
ry+---+1,)/(qln—-11(p, + w) +r,) € [0,1] which is ensured

by (35) and g[n] + g[n — 1]w = g[n - 1](p, + w) + r,, = q[n]
by (4), so that I,(p,,,1,,) is a decreasing function of p,,.

(b) Proof of the result that I,(p,,r,) is a decreasing
function of r,,.

Without loss of generality, we can assume that #,, > 0.
Raise each side of (28) to the power y/r, € [0,1] forr, >y >
0 by LH, then

AL = (AZPC, gln—peanY @
We state the following inequality by (ii) of Lemma 3 and (35):

qnl -8 +r +ry+--+r1,)
=qn-1]p,+r,—-(8+r +ry+--+r1,) (42)

=qn-1p,—(+r +ry+-+r,,)=0.
Then we have

L, (P> 1)

— A;lrn/ZCAi,B [11] (8+r +ry++1,)/q[n] A;lr,,/z

)(8+r1+r2+»--+rn)/q[n] A*rn/z

n

= AP (ALPC, pln—11P A"
= Cypln = 117"

% (Cy pln— 11" A%

(6"'71 +r2+'~~+7’n—q[”])/q[”]

x Ca pln—1177%) Cy pln—1172

= Cy pln— 117"

n

x { (Cppln— 117" AT

(8+r +ry+et1,—q[n]) [ (q[n]+p)
2\ @lnl+w)/qln] 17
xCy pln—1177%)

x Cy pln— 1172
=Cy pln— 11"
X {CA,-,B[” - 1]"’"/2A2‘/2

/q[n]
)MnArn/z

n

2 2
x (ALPC, gln - 117 AT
%C [n 1]pn/z}(5”1+r2+“‘+Vn_q["])/(q[ﬂ]+ﬂ)
A,BLN

x Cy pln— 172



>Cy pln - 117"

X {CA”B [n— I]P"/ZA:;””

(8+r 41y +-41,—q[n])/(qln]+4)
x CAi,B[n_ I]Pn/Z} r+1y+etr,—qln])/(g[n]+u
% CAX_’B[” _ I]Pn/Z

:In(pn’rn+/’l)’

(43)
and the last inequality holds by LH because (41) and
S+ri+r+--+1,—qln
qn]+u
(44)
__qln (841 trytetr,) L0,
qln]+p
so that I, (py, 1) is a decreasing function of r,,. O
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