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This paper relies on the study of fixed points and best proximity points of a class of so-called generalized point-dependent (K, 1)-
hybrid p-cyclic self-mappings relative to a Bregman distance D, associated with a Géteaux differentiable proper strictly convex
function f in a smooth Banach space, where the real functions A and K quantify the point-to-point hybrid and nonexpansive (or
contractive) characteristics of the Bregman distance for points associated with the iterations through the cyclic self-mapping. Weak
convergence results to weak cluster points are obtained for certain average sequences constructed with the iterates of the cyclic

hybrid self-mappings.

1. Introduction and Preliminaries

The following objects are considered through the paper.

(1) The Hilbert space H on the field X (in particular,
R or C) is endowed with the inner product (x, y)
which maps H x H to X, for all x,y € H which
maps H x H to X, where (X, | ||) is a Banach space
when endowed with a norm || || induced by the inner
product and defined by [|x] = (x, x)"/%, for all x € H.
It is wellknown that all Hilbert spaces are uniformly
convex Banach spaces and that Banach spaces are
always reflexive.

(2) The p(>2)-cyclic self-mapping T : A — A with A :=
Uiep Aiissubjectto A, = A, where A(# @) C H
are p subsets of H, foralli € p = {1,2,..., p}, that s,
a self-mapping satistying T(A;) € A;,,,forallie p

(3) The function f : D (= dom f) ¢ X — (-00,00]
is a proper convex function which is Gateaux differ-
entiable in the topological interior of the convex set
D; int D, thatis, D := {x € X : f(x) < co}# @ and
convex since f is proper with

flax+(1-a)y) <af (x)+(1-a) f(y),
Vx,y €D, VYa € [0,1],

since f is convex, and for each x € D, thereisx* = f(x) € X"
(the topological dual of X) such that

ahmf(x +ty) - f (x)

t—0 t

=(».f'x), VyeD, @

since f is Gateaux differentiable in int D where f '(x) denotes
the Gateaux derivative of f at x if x € intD. On the other
hand, f is said to be strictly convex if

flax+(1-a)y)<af(x)+(1-a) f(y),
Vx,y(#x) €D, Yae(0,1).

(4) The Bregman distance (or Bregman divergence) D ¢
associated with the proper convex function f D
D xD — (-00,00], whereRy, :={z€R:z>0} =
R, U {0}, is defined by

Di(y,x)=f(y)-f(x)- <y—x>f'(X)>, Vx,y € D,
(4)
provided that it is Gateaux differentiable everywhere in int D.

If f is not Gateaux differentiable at x € intD, then (4) is
replaced by

Di(y,x)=f(y)-f@)+f (xx-y), (5



where f%(x,x — y) := lim, _ o+ (f(x + t(x — ) = f(x))/t)
and D (y, x) is finite if and only if x € D° ¢ D, the algebraic
interior of D defined by

D’ :={xeD:3z¢(xy),[x2] <D; Vye X\ {x}}.
(6)

The topological interior of D is int(D) := {x € D

x € fr(D)} c D°, where fr(D) is the boundary of D. It
is well known that the Bregman distance does not satisfy
either the symmetry property or the triangle inequality which
are required for standard distances while they are always
nonnegative because of the convexity of the function f :
D (= domf) ¢ X — (-00,00]. The Bregman distance
between sets B,C ¢ H < X is defined as Df(B, C) =
infepyecDy(x, y). If A; € A ¢ Hfori € p,then Dy :=
Dy (A}, Ayyy) = infiey yea, Ds(x, y). Through the paper,
sequences {x,},ey, = {T"x},ex, With Ny = NU {0} are simply
denoted by {T"x} for the sake of notation simplicity.

Fixed points and best proximity points of cyclic self-
mappings T : Ui A; — Ujep Ai in uniformly convex
Banach spaces ( X, || [|) have been widely studied along the
last decades for the cases when the involved sets intersect or
not. See, for instance, [1-3] and references therein. In parallel,
interesting results have been obtained for both nonspreading,
nonexpansive, and hybrid maps in Hilbert spaces including
also to focus the related problems via iterative methods
supported by fixed point theory and the use of more gen-
eral mappings such as nonspreading and pseudocontractive
mappings. See, for instance, recent background [4-7] and
references therein. Let C be a nonempty subset of a Hilbert
space H. On the other hand, it has to be pointed out that the
characterization of several classes of iterative computations
by invoking results of fixed point theory has received much
attention in the background literature. See, for instance, [8-
11] and references therein. In [12-18], the existence of fixed
points of mappings T : C — H is discussed whenT': C —
His:

(1.1) nonexpansive; that is, [|[Tx — Ty|| < [lx — y|, for all
x,y€C

(1.2) nonspreading; that is, ||Tx — Tyll2 < lx - y||2 +2{x —
Tx,y—Ty),forallx, y € C,

(1.3) A-hybrid [17]; that is, | Tx — Ty[* < [lx — yII* + A{x —
Tx,y—Ty),forallx,y € C.IfA = 1,thenT:C — H
is referred to as hybrid [14, 15], and if A = A(y) and
(1.3) is changed to

(1.4) D(Tx, Ty) < D¢(x, y)+A){x=Tx, f'(y)= £ (Ty)),
forallx,y € C,

where f : D (= dom f) ¢ X — (—00,00] is a Gateaux
differentiable convex function, then T : C — H is referred
to as being point-dependent A-hybrid relative to the Bregman
distance Dy, [16]. A well-known result is that a nonspreading
mapping, and then a nonexpansive one, on a nonempty
closed convex subset C of a Hilbert space H has a fixed point if
and only it has a bounded sequence on such a subset [18]. The
result has been later on extended to A-hybrid mappings, [17]
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and to point-dependent A-hybrid ones [16]. As pointed out
in [16], what follows directly from the previous definitions,
T :C — H is nonexpansive if and only if it is 0-hybrid while
it is nonspreading if and only if it is 2-hybrid; T is hybrid if
and only if it is 1-hybrid.

This paper is focused on the study of fixed points and best
proximity points of a class of generalized point-dependent
(K, M)-hybrid p(>2)-cyclic self-mappings T : Uz A; —
Uiep Ai» relative to a Bregman distance Dy in a smooth
Banach space, where A : Uigﬁ A; — Risapoint-dependent
real function in (1.4) quantifying the “hybrideness” of the
p(>2) cyclic self-mappingand K = K(y) : ;e A; — [0,1]
is added as a weighting factor in the first right-hand-side term
of (1.4). Such a function is defined through a point-dependent
product of the particular point p-functions while quantifies
either the “nonexpansiveness” or the “contractiveness” of the
Bregman distance for points associated with the iterates of the
cyclic self-mapping in each of the sets A; x A, UA,,, XA,
fori € p = {1,2,...,p}, where A; (i € p) are nonempty
closed and convex. Thus, the generalization of the hybrid map
studied in this paper has two main characteristics, namely,
(a) a weighting point-dependent term is introduced in the
contractive condition; (b) the hybrid self-mapping is a cyclic
self-mappings. Precise definitions and meaning of those
functions are given in Definition 2 of Section 2 which are then
used to get the main results obtained in the paper. In most
of the results obtained in this paper, the Bregman distance
Dy is defined associated with a Géteaux differentiable proper
strictly convex function f whose domain includes the union
of the p subsets A; (i € p) of the (K, A)-hybrid p(>2)-
cyclic self-mapping which are not assumed, in general, to
intersect. Weak convergence results to weak cluster points
of certain average sequences built with the iterates of the
cyclic hybrid self-mappings are also obtained. In particular,
such weak cluster points are proven to be also fixed points
of the composite self-mappings on the sets A; (i € p), even
if such sets do not intersect, while they are simultaneously
best proximity points of the point-dependent (K, A)-hybrid
p(>2)-cyclic self-mapping relative to D .

2. Some Fixed Point Theorems for Cyclic
Hybrid Self-Mappings on the Union of
Intersecting Subsets

The Bregman distance is not properly a distance, since it
does not satisfty symmetry and the triangle inequality, but it
is always nonnegative and leads to the following interesting
result towards its use in applications of fixed point theory.

Lemmal. If f: D xD — (-00 , 00] isa proper strictly
convex function being Gateaux differentiable in int D, then

D¢ (x,x)= 0, VxeintD, (7)

Dy (y,x) >0, Vx,y(#x)e€intD, (8)

D;(y.x) + D (x,9) = (x=y. f () - f' ()

>0, Vx,yeintD,

)
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Dy (y,x) = Ds(x, ) =2(f(y) - f (%)
~(y-xf @+f (), 00

Vx,y € intD.

Proof. By using (4) for D;(y,x) and defining D(x, y) =

fx) = f(y) = (x = »,f' (), for all x,y € intD by
interchanging x and y in the definition of D(y, x) in (4),

Dy (y.x) + Dy (x,3) = (% f () + (. f' ()
~ (% f () > =y f @) .
= (nf - ()
+(nf -1 ),

1)

which leads to (9) since Df(y, x) > 0, for all x,y € intD,
[16,17],if f: D x D — (—00,00] is proper strictly convex,
and the fact that Dy(x,y) 20, forall x, y € int D.

Equation (7) follows from (9) for x = y leading to
2Df(x, x) = 0. To prove (8), take x ,y(#x) € intD
and proceed by contradiction using (4) by assuming that
Dy (y,x) = 0 for such x, y(# x) € int D so that

0=D(yx)=f(y) - f )= (y-xf ()
=fO)-f@+(x=pf -1 ()
+(x=2f ()
>f()-f@-(y-xf () =Ds(»x),

(12)

which contradicts Df(y, x) = 0. Then, Df(y, x) > 0, and,
hence, (8) follows

Dy (y,x) = Ds(x,9)

=fO)-f@-(y-xfx)-fx

+f()+{(x=y.f () (13)
=2(f())-f@)+{(x=pf )+ f ),
Vx,y € intD,

And, hence, (10) via (7) and (9). O

The following definition is then used.

Definition 2. If D N A;#@, foralli € p,and f : D (=
domf) ¢ X — (-00,00] is a proper convex function
which is Gateaux differentiable in int D, then the p-cyclic self-
mapping T : [ Ai — Ujep Ai» where A = ;5 A; €
intDc Hand A; # @, foralli € p, is said to be a generalized

contractive point-dependent (K, A)-hybrid p(>2)-cyclic self-
mapping relative to D if

Dy (Tx, Ty) < K; (y) Dy (x,y)

FAD) (x=Tx f' () - £ (Ty)), (14)
Vx €A, VyeA,,, Viep,

for some given functions A : | J;;; A; > Rand K;: A, —
(0,4;] witha; € R,, foralli € p, where K : ;5 A1 —
(0,1] defined by K(y) = H;L{?‘l [K,(T7"y)] forany y € A,
foralli € p.

If, furthermore, K : Uie? A; — (0,1), foralli € p, then
T : UiegAi — UiepAi is said to be a generalized point-
dependent (K, A)-hybrid p(>2)-cyclic self-mapping relative
to Dy.

f

If p = 1, it is possible to characterize T : A, — A, as
a trivial 1-cyclic self-mapping with A; = A, which does not
need to be specifically referred to as 1-cyclic.

Although K; : A,,; — (0,4;] depends oni € p, the
whole K : [J;e; A; — (0,1) does not depend on i € p so
that the cyclic self-mapping is referred to as generalized point-
dependent (K, A)-hybrid in the definition.

The following concepts are useful.

f:D(= domf) ¢ X — (-00,00] is said to
be totally convex if the modulus of total convexity
Ve oo D x [0,00) — [0,00]; that is, vf(x,t) =
inf {Df(x, y) : ¥y € D, |ly - x| = t} is positive for
t>0.

f : D(E domf) ¢ X — (-00,00] is said
to be uniformly convex if the modulus of uniform
convexity 8¢ : [0,00) — [0,00]; that is, 6f(t) =
inf{f(x)+f(y)-2f((x+y)/2) : x,y € D, |y—x| =t}
is positive for t > 0. It holds that vf(x, t) > Sf(t), for
all x € D [16]. The following result holds.

Theorem 3. Assume that

(1) f: D(= domf) ¢ X — (-00,00] is a lower-
semicontinuous proper strictly totally convex function
which is Gateaux differentiable in int D;
(2) Aj(#@) € intD c H, foralli € p, are bounded,
closed, and convex subsets of H which intersect and T :
Uies Ai = Uicp A is a generalized point-dependent
(K, A)-hybrid p(>2)-cyclic self-mapping relative to D
for some given functions A : ;s A; — A C R
and K : s A; — (0,1), defined by K(y) =
H;ifﬁl[Kj(Tj_"y)]for any y € Ay, foralli € p, and
some functions K; : A;,; — (0,a;], for alli € p, with
A being bounded;
(3) there is a convergent sequence {T"x} to some z €
Niep A for some x € ;e A
Then, z = Tz is the unique fixed point of T : U A; —
Uiep Ai to which all sequences {T"x} converge for any x €
Uiep Ai» for alli € p.



Proof. The recursive use of (14) yields
D, (T*x,T?y)
< Ki.y (Ty) Dy (Tx, Ty) + A(Ty)
x (Tx = T’x, ' (Ty) - f' (T*y))
< Kiy1 (Ty) [Ki () Dy (%) + A () (15)
x(x=Tx, f' (y) - 1 (Ty))]
+ A(Ty) (Tx - T*x, f' (Ty) - ' (T?y))
Vx e A;, VyeA,,,, Yiep,
D (T?x,T?y)
< Ky po (TP y) Dy (TP 5, TP y)

+A (TP ! )<Tp_lx—TPx,f’ (Tp_ly)—f' (pr)>

H posnt (T77771)

Dy (x, )

(1 )] Ja (et

Jj=k+1

y <Tk—1x T f (Tk*ly) _f (Tky)> ’

VxeA;, VyeA,;,,, Viep,
(16)

witthxEAHp,TyGAHprithA = A, Ky = K,

for all i € p, where T? is the identity mapping on | icp A

Now, define K (y) := [ Pl o ]H(TP #*1714)] so that one
gets

D (T"x,T"y)

<K"(y) Dy (x.y)
np np ‘
+ k; < .gl [K"P—j+i (THP’JJrl) )/] > 1 (Tkily)

o <Tk‘1x Thy, f (Tk—ly) _ (Tky)>

<K"(y) D (x,y)
P A j+1 k-1
V(T 9 Ja )
k—ly) _ fl (Tky)>

5 (11 (7 )a)

k=(n-1)p \ j=k+1

x (T =T, f' (T
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X <Tk_1x ~Trx, f' (Tk_l)’) -f (Tky»
<K'(y) Dy (x y)

1_Kn 1)p+1
(R, )

1-K(y)
(e B07)
« (TFx—Tix, ' (T y)~ f' ( Tiy))] >
(17)
since K (y) = [Kj(ijiy)] < 1,forall y € A, since

T : UisAi — Uicp A is a generalized contractive point-
dependent (K, A)- hybrid p(=2)-cyclic self-mapping relative
to Dy, implies that K(y) < 1,foral y € Uiep Ai» since

K(y) = Hl]ﬂl’ 1[K (17~ ’y)] <1lforanyy e A, foralliep
(then for any y € U icp Ai)> where
M,, = M),
np

_ (ﬁ [Knp_,-+i(T”p‘“l)y]>

k=(n-1)p \ j=k+1

x A (Tk_ly)

y <Tk—1x T, £ (kaly) _f (Tk)/)> )
Dy (T x, T™y)

<K" (y) Df (T”Px, T”Py)

1-— E(m—l)pﬂ =
) ( ()

=R () +M"'“P)

X max
np+1<j<nmp

[A (ijly) <Tj71x ~Tix, f' (ijly)

- ()],
(18)

where f”(y) = E(y) -I?(pr) - E(T"Py) <1, since K(y) =
T2 KT y)] < 1, forall y € U 5 Ay s0 that

0 < lim sup D (T™"x, T™ y)

n,m — 00

1
< | ——=——+1i M
<1—K<y> o W)

x lim sup (

1,/ — 00

max
np+1<j<nmp

X [A (Tj_ly) <Tj_1x ~Tix, f’ (Tj_ly)

()] =0

(19)
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since A : Ji;A; — A C Risbounded, f : D ¢
X — (-00 ,00] is lower-semicontinuous then with all
subgradients in any bounded subsets of int D being bounded,
and {T'x} and {T7"'x — T/x}, for all x € Uieﬁ A, for all
i € p, converge so that they are Cauchy sequences being
then bounded, for all x € [Jic; A;, for alli € p, where
z € [, A since [)ip A; is nonempty and closed, is
some fixed point of T : (Jie5 A; — Uz A As a result,
Jlim,, _, o, D (T, T y) = lim,,_, ,D ((T"x, T"y) = 0, for
all x € A, forall y € A, foralli € p. From a basic
property of Bregman distance, T"y — 2z, T"x — =z as
n — oo, forallx € A, forally € A, foralli € p,
if f: D(= domf) ¢ X — (-00,00] is sequentially
consistent. But, since | J ;5 A;isclosed, f : D |5 A; —
Uiep Ai is sequentially consistent if and only if it is totally
convex [19]. Thus, {T" y} converges also to z for any x € A,
and y € A, foralli € p, sothatz = Tz is a fixed
point of T : ;s A; = Uicp A Assume not and proceed
by contradiction so as then obtaining D (T"x,T"z) — 0;
Dy(z, T"z) — 0asn — oo from a basic property of
Bregman distance. Thus, [D(z, T"z2) - f(z2) + f(T"2)] — 0
asn — oo since (z — T"z, f'(T"z)) — Oasn — oo.
Asaresult, f(T"z) — f(2),T"z —» z =Tzasn — ©0
from the continuity of f: D (= dom f) ¢ X — (—00,00],
and z is a fixed point of T : ;5 A; — Ujep Ai- Now,
take any y, € A;so that y = T"'y, € A, then,
D(T"x, Ty Dy (z, Ti+1_jz) = Ds(z,2) = 0
since z is a fixed point of T : ;5 A; — Uiep A; and
f:D (=dom f) ¢ X — (—00,00]isa proper strictly totally
convex function. As a result, {T"y} converges to z, for all

y e Ai+1'
It is now proven that z € ()5 A; is the unique fixed
point of T : Uie? A, - Uieﬁ A;. Assume not so that there

is z)(#2) = Tz, € ()i A;- Then, D(T"x,T"2;) — 0as
n — oo from (17) for y = z; since T : Ui Ai = Uiz A
is a generalized point-dependent (K, A)-hybrid p(>2)-cyclic
self-mapping relative to D, with A : [J;;; A; = A ¢ Rand
K : Ujep Ai — (0,1) so that {T"x} — z; = T"zy, since
Dy(x,y) > 0if x, y(#x) € () iepAi = int() iep A;) since
f : D(= dom f) ¢ X — (-00,00] is proper and totally
strictly convex, and since T"x — z,and z € [;; A;. Since
Niep A is closed and convex, it turns out that z is the unique
fixed point of T': ;5 A; = Uiep A

Note that the result also holds for any for all y; € ;5 A;
since y € Uj(#)@Aj maps to y; = Tk"y € A, for
some nonnegative integer k; < p — 1 through the self-
mapping T : Ui A; = Uicp A; s0 that Dp(T"x, T"y;) =
Df(T”x, T”*kfy) — Dy(z, Triz) = D¢(z,z) =0asn — 0o
since z € [, A; is the unique fixed point of T : U A -

icp icp

Uiep Ai and {T" y} converges to z for any y € [J;e5 A; O

The subsequent result directly extends Theorem 3 to the
p-composite self-mappings T/ : |J i A A, — A,
foralli € p, defined as T?x = T/ (TP 7/x); for all x €

Uiep Ai» subject toi = p — j -k, for all i, j € p. The subsets
A; c X, i € parenotrequired to intersect since the restricted
composite mappings as defined earlier are self-mappings on
nonempty, closed, and convex sets.

Corollary 4. Assume that

(1) f;: D(=dom f) ¢ X — (—00,00] is a proper strictly
totally convex function which is lower-semicontinuous
and Gateaux differentiable in int D, and, furthermore,
it is bounded on any bounded subsets of int D;

(2) A(#@) < intD ¢ H is bounded and closed, for
alli € p, T : U,-GEA = UipAi is a p-cyclic
self-mapping so that T? UjsA; | A — A for
some i € P is a generalized point- dependent (K, A;)-
hybrid p(>2)-cyclic self-mapping relative to Dy for
some given functions A; : Uieﬁ A, — A c Rand
K : UiEpA — (0,1) for some i € p defined by
K(y) = HHP 1[K (T7y)] for any y € A, for all
iep, andK A, — (0,q;] for some a; € R, for all
i € p, where A = J;c5 A; € H, A being bounded and
A; being, furthermore, convex for the given i € p;

(3) there is a convergent sequence {T;" x} to some z; € A;
forsomex € A;andi € p.

Then, z; = Tz; is a unique fixed point of T : Uiep Aj 1A —
A, to which all sequences {T; x} converge for any x € A, for
i€p.

Also, if conditions (1)-(3) are satisfied with all the subsets
A, foralli € p, being nonempty, closed, and convex for some
proper strictly convex function f = f; : D(= dom f) ¢ X —
(—00, 00] which is Gateaux differentiable in int D, then z; =
Tz, for all i € P, is a unique fixed point of TY : Ujep A; |
A; — A, foralli € p, to which all sequences { T/ x} converge
forany x € A,, foralli € p. The p unique fixed points of each
generalized point-dependent (K, A;)-hybrid 1-cyclic composite
self-mappings T? Ujep Aj 1 A; — Ay, foralli € p, fulfil the
relations z,,_; = =Tz fori=p—j—k foralli e p— 1, forall

jep

Outline of Proof. Note that D N [ ;5(A;) # @. Equation (14)
is now extended to T : UjepAj | A; — A, for the given
i € pleading to

Dy (Tzf’%TipJ’) < K;(y) Dy (%, »)

+ A (D) (x=Tlx, £ (5) - £ (TFy))

Vx,y €A, i€p,
(20)



since Tip is a trivial I-cyclic self-mapping on A, for i € p. The
previous relation leads recursively to.

Dy (%1 y) < K" (y) Dy (x.7)

%%mmp)

X (max [A (T(] Dp ) <Tl.(j_1)px - ﬂjpx, f’ (Ti(j_l)P)/)

1<j<n
- (73],
(21

with T;%x, T;?y € A, for all y € A,,,, for the giveni € p
with K (y) < 1, where K (y) is independent of the particular
T? UjepAj | A; — A;fori € p. One gets by using very
close arguments to those used in the proof of Theorem 3 that
Alim,, ,, , D f(Tinmp x,T;""y) = 0. Then, {T;"" x} converges
to some z; € A; which is proven to be a unique fixed point
in the nonempty, closed, and convex set A; for i € p. The
remaining of the proof is similar to that of Theorem 3. The
last part of the result follows by applying its first part to each
of the p generalized point-dependent (K, A)-hybrid 1-cyclic
composite self-mappings TI.P U, Aj| A; — A, relative to
Dy, foralli € p.

j€p

Remark 5. 1f f + D | Ui A ¢ X — (-00,00] is
totally convex if it is a continuous strictly convex function
which is Gateaux differentiable in int D, dim X < oo and
D | ;5 A, is closed, [20]. In view of this result, Theorem 3
and Corollary 4 are still valid if the condition of its strict
total convexity of f : D | J;5 A; — (-00,00] is replaced
by its continuity and its strict convexity if the Banach space is
finite dimensional. Since Vs (x,t) =8 (t) >0, forallt € R,
it turns out that if f: D | UIEPA - ( 00, 00] is uniformly
convex, then it is totally convex. Therefore, Theorem 3 and
Corollary 4 still hold if the condition of strict total convexity
is replaced with the sufficient one of strict uniform convexity.
Note that if a convex function f is totally convex then it is
sequentially consistent in the sense that D((x,,y,) — 0as
n — ooif|lx, -y, — 0asn — oo for any sequences {x,}
and {y,} in D.

Some results on weak cluster points of average sequences
built with the iterated sequences generated from hybrid cyclic
self-mappings {T"x} relative to a Bregman distance Dy, for
x € A; and some i € p, are investigated in the following
results related to the fixed points of {T"x}.

Theorem 6. Assume that

(1) X is a reflexive space and f : D ¢ X — (—00,00] isa
lower-semicontinuous strictly convex function, so that
it is Gateaux differentiable in int(D), and it is bounded
on any bounded subsets of int D;

(2) a p-cyclic self-mapping T : Uiz Ai = Uz A
is given defining a composite self-mapping T?
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being bounded, convex, and closed, for alli € p, so
. . . . P .

that its restricted composite mappmgz“i tUjep A

A; — A, to A, for some given i € p, is generalized

point-dependent (1, A;)-hybrid relative to D for some

A; i A; — R and the giveni € p.

Define the sequence {Sg)x} = {(1/n) ZZ;(I) T x} for x €
A;, where T? = T is the identity mapping on A; so that
T%x = x, forall x € A;, and assume that {T"x} is bounded

for x € A,;. Then, the following properties hold.

(i) Every weak cluster point of {Sff)x} forx € A;isafixed

point %, € A; of T/ : UiepAj | A — A of T/ :
Ujes Aj | A — A, for the given i € p. Under the
conditions of Theorem 3, there is a unique fixed point
of T/ UjepAj | Ai — A; which coincides with
the unique cluster point of {Sg)x}.

(ii) Define sequences {Sff’j)x} = {(1/n) ZZ;(I) T i x} for
any integer 1 < j < p—1and x € A; where 4;
are bounded, closed, and convex, for all i € p. Thus,

= Ty, € A, +]f

x € A;,wherev; € A; 1saﬁxedp01nt of TP : Ujes A

A; — A, and a weak cluster point of {Sf,’) } for

x € A; andv,Jr € A; 1 <j<p-1isbotha

- A,

weak cluster point of {S(i Dx}forx € A, Furthermore,

Vigj =Ty, if T UIEpA - U

{8%9 x} converges weakly to v,,

J

fixed point of T, janda

z+] UjeﬁAj | Ai+]

iep A; 1s continuous.

Proof. Using (14) with T? : U, A; — Uiep A; being a
generalized point-dependent (K, A)-hybrid p(>2)-cyclic self-
mapping relative to Dy for A : |, ;; A; — R, with K(y) =

H;iffl[Kj(Tj_"y)] =1, forall y € J;c5 A}, yields
Df (Tkpx, y) - Df (T(kH)Px, pr)
+ A () (TPx =T DPx, £ (y) = £/ (1))
= f(T%x) - £ (T%VPx) + £ (T7y)
~f ()= {T?x -y, f' () @2)
(TP Ty, £ (TPy))
=T £ () = £ (17y))
>0, VkeN,=NU{0}.

+A(y) ( Tx

Summing up from k = 0to k = n — 1 and takingn — oo
yields

ST, frry)- 5 ()

0 (R ) -5
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1 n—-1 kp ,
=) TP =y (y)
=

n-1
% T =Tty f' (pr)>
k=0
fx)

LTI L firey)- £ )

A0 (EZEE 1 () -1 ()

—<%§Tkpx—y,f'(y)>
< ZTkp P —pr '(T"y)>

— f(TPv) = f (v;) + (v, - Tp)”f’ (T?y )
+ <y— v f! (v,-)> (20) asn— o0, Vy€A,
(23)

since {T"x} is bounded for x € A,, its subsequence {T""x}
is then bounded for x € A;, and {f(T"x)} is also bounded
on the bounded subset UIEP A; of int D. Then, {(x - T" x)/n}

converges to zero since {x — T”P x} is bounded for x € A;.
Since f: D ¢ X — (—00,00] is lower-semicontinuous, the
set of subgradients is bounded in all bounded subsets A; <
intD, for all i € p. As a result, {Ss)x} = {(1/n) ZZ;(I) TP x}
is bounded for x € A; and has a subsequence {Sff')x} being
weakly convergent to some v; € A; for x € A, since X is
reflexive. One gets by taking y = v; that

-Ds (vi,Tipv,-) = f(T,-pVi) -f()
"(fv,)) = 0.

Hence, it follows from Lemma 1 that v, = T/v; is a fixed point
v € A;of TV UjE§Aj | A; — A, for the giveni € p.
Now, consider {S*7x}, x € A,, for any integers 1 < j < p— 1

(24)
+ <vi - Tipv,-,

so that T/x € Ay for x € A;. Hence, Property (i) follows
with the uniqueness and the coincidence of the weak cluster
point of {8 x} and fixed point of T? UjepAj | A5 = A
under Theorem 3. The previous reasoning remains valid so
that {Sﬁfi’j) } is weakly convergent to some v;,; € A

it i+j since
{T™x} € A;,jisbounded for x € A, (since {T"x} is bounded

for x € A; and j is finite), its subsequence {T""**x} for x €
A, is also bounded so that {(T?x — T"*/x)/n} converges to
zero since {T7x — T""*/x} in A, j is bounded for x e A,l1<

j < p— 1. Now, take y = HJ so that Df(vHJ, i Vi) =
0, and then vi+] T,+,Vz+]’ < j £ p—1,is both a fixed
point of T, HJ t UjsAj | Ay — A,,; and a weak cluster

point of {qu’i])x}. Now, take x € A; so that T/x € Ajyj- Then,

TIT"x) = T""x = T"P(zj) — v,.asn — oo for

1+]
x € A;and, inaddition, v, ; = Tv,if T : Ui Ai = Uiep Ai
is continuous. Hence, Property (ii) follows. D

3. Extensions for Generalized
Point-Dependent Cyclic Hybrid
Self-Mappings on Nonintersecting Subsets:
Weak Convergence to Weak Cluster Points
of a Class of Sequences

Some of the results of Section 2 are now generalized to the
case when the subsets of the cyclic mapping do not intersect
T : UegA Uiep Ai> in general, by taking advantage
of the fact that best proximity points of such a self-mapping
are fixed points of the restricted composite mapping Tip :
UjepAj | A; — A;fori € p. Weak convergence of averag-
ing sequences to weak cluster points and their links with the
best proximity points in the various subsets of the p-cyclic
self-mappings is discussed. Firstly, the following result fol-
lows from a close proof to that of Theorem 6 which is omitted.

Theorem 7. Let X be a reflexive space, andlet f : D ¢ X —
(=00, 00] be a lower-semicontinuous strictly convex function so
that it is Gateaux differentiable in int(D) and it is bounded on
any bounded subsets of int D. Consider the generalized point-
dependent (p > 1)-cyclic hybrid self-mapping T : ;5 A; —
Uiep Ai being (1, A;) relative to D ¢ for some A; : A; — Rsuch
that A;(# @) € intD c H are all bounded, convex, closed,
and with nonempty intersection. Define the sequence {S,x} =
{(1/n) ZZ;(I) T*x} for x € Uieﬁ A, where T is the identity
mapping on J,c5 A, and assume that {T"x} is bounded for
x € Uiy Aj. Then, the following properties hold.

(i) Every weak cluster point of {Sg)x} for x € A;is a fixed
pointv; € A; of T: Uiep Ai = Uiep A

(ii) Define the sequence {S,x} = {(1/n) ZZ;(I) Tkx}for X €
U iep Ai which is bounded, closed, and convex, for all
i € pandanyinteger 1 < j < p— 1. Thus, {S, x}
converges weakly to the ﬁxed pointy =Tv €[], A
of T: Uieg Ai = UiepAifor x € U5 A, whzch is
also a weak cluster point of {S,x}.

Remark 8. The results of Theorems 6 and 7 are extendable
without difficulty to the weak cluster points of other related
sequences to the considered ones.

(1) Define sequences {Sﬁlj)x} = {(1/n) Zz;é TFix},
x € ;e Aj, for any given finite non-negative integer j under
all the hypotheses of Theorem 7. With this notation, the
sequence considered in such a corollary is {S,x} = {S(O)x}
Direct calculation yields (S(f)x S,x) = (1/n) ZJ LTk —
TFx) — 0forx e Uiep
and then {ZJ N Tkx)}, is bounded. Then, S(j X — v
weakly Wthh is the same fixed point of T' : UlEPA -
Uiep Ai in[Niep A; which is a weak cluster point of {89 x} for
x € ;e A; for any finite non-negative integer j.

A;asn — oo since {Tk”‘x T*x},



(2) Consider all the hypotheses of Theorem 7 and
now define sequences {SLj]x} = {(1/n )Z"“ lTk
X € Uieﬁ A;, for any given finite non-negative 1nteger
j. With this notation, the sequence considered in the
corollary is {S,x} = {S[O]x} Direct calculation yields
SPx - S0 = UmITx) -
for x € (A asn — oo since {T**"x}, and then

ZJ L(T*"x)}, is bounded. Then, SLj]x — v weakly which
is the same fixed point of T : ;i A; = Ujep Ai in[Ni5 A;

which is a weak cluster point of {S/x} for x € Uiep Ai and
for any finite non-negative integer j.

(3) Now consider the hypotheses of Theorem 6. It turns
out that the sequence {S*/x} = {(1/n) Yj_y T**Ix} for
x € A, satisfies for any integer 1 < j < p -1,

i 1 n+1 k
S(’»]) — TP*J
n X n+l n Z x
T] n—-1 . n .
+ — Tpx— T x

_ T]<1’l+ ls(,)

n+1

i 1 n+1 (25)
gy — TR (T 5
R R < Z ( )
n-1 n
. ( Y 1% (Tx) - ZTkPx>
AN =) k=0
n+1l g
- ( S,
= z+] (E A1+k)
weakly as n —  ©o, where x;, (= T'x) € A
A, {T"x} is bounded, and {S%7z} = (1/n) YrATHz =
(1/n) Y} (TI‘;) zforz € Aj,;and1 < j < p—1.Thus, v, ;is

a fixed point of T? it Ui Aj 1 Aiyj

weak cluster point of the sequences {Sn e )2} for l<j<p-1L
= T, = Ty, =

0 weakly

lT"‘”:c) ,

-
P
- -T x,-+j)—>vi+j
n

ij Since x €

— A, Wthh isalsoa

However, it is not guaranteed that 7, ; ;= T,
! ;Vivj without additional hypotheses on T : Uiep A —
Uiep A; such as its continuity, or at least that of the composite
mapping T/ : A, — A,, . allowing to equalize the function
of the limit with the limit of the function at such a fixed point.

(4) Now, define {S™/lx} = {(1/m) X1 7" T} for
x € A;. Notethatforx € A, 3y, € A,

. 1 n-1
Slhily = - Z T x

k=0
12 ,

+ = Z TPy = Sff)x (26)
"o
12

(n+k)p _ P
+—->T x — v, (=TFv;
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weakly as n — 00 sincej is finite, which is a fixed point in
A; of the composite mapping Ti‘D and a weak cluster point of
{S,[f’j]x} for finite j.

Note that Theorem 6 are supported by boundedness
constraints for the sequences of iterates obtained through
the cyclic self-mapping T : |J;;; A; — Ujep A; which is
generalized point-dependent with respect to some convex
function. The results of identification of weak cluster points
of some average sequences with fixed points of the cyclic
self-mapping or its composite mappings do not guarantee
uniqueness of fixed points and weak cluster points because
the cyclic self-mapping is not restricted to be contractive. By
incorporating some background contractive-type conditions
for the cyclic self-mapping, the previous results can be
extended to include uniqueness of fixed points as follows.

Theorem 9. Assume that.

(1) Assumption 1 of Theorem 6 holds with the restriction of
( X, 1) to be a uniformly convex Banach space;

(2) Assumption 2 of Theorem 6 holds, and, furthermore, all

the p-cyclic composite mappings with restricted domain

P UjepAj | A; — A foralli € p are either
contractive or Meir-Keeler contractions.

Then, the following properties hold.

(i) Theorem 6(i)-(ii) holds. Furthermore, each of the
mappings T7 : Ujep Aj | A; — A;hasaunique fixed
point v; € A; which are also best proximity points of
T: Ui Ai = UiepAiin A; so that v, ; = T/; for
all j e p—i,foralli e p.

(i) If, in addition, ();c; A; # @, then, there is a unique
fixed point v € (N, A; of T : Uiz Ai — U

P .
and T} : ;e Aj | A; — A, foralli € p.

zep

Proof. Note that uniformly convex Banach spaces (X, || ||) are
also reflexive spaces required by Theorem 6. Each mapping
T? Ujes Aj | A; — A, has a unique fixed point v; € A;,
foralli € P, irrespective of [);c; A; being empty or not if
P U i A; | A; — A, is either a cyclic contraction or
a Meir-Keeler contraction [1-3], since A; (i € p) are non-
empty, closed, and convex, and (X, | ||) is a uniformly convex
Banach space so that each v; € A;; foralli € pis a best
proximity pointin A; of T : ;5 A; — Ujep As- It follows
from the hypothesis that there is a unique weak cluster point
of {Sg)x} for x € A; which is the unique fixed point of Ti‘D :
UjepAj | Ai — A foralli € p, and also the unique best
proximity point of T : J;e5 A; — U5 A;in A, fori € p.
It is now proven that if [);.; A; # @ then (ﬂlgp A)>v=
v; € A foralli € p. Take some x € A; N A; for some
i, j(#i) € p. Thus, T7"x — v;(€ A;)and T""x — v;asn —
]Ep AijlA; —
A;and v;(€ A)) is the unique fixed point ofT Ulep

A; — AJ.Then,V—vl = T*v, for all i Ep,forallk € N,

o0 since v, is the unique fixed point of T/ : | J;
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S(’)x — vweaklyasn — oo, foralli € p,andv € (], 4;

is the unique weak cluster point of {SS) Lforalliep. O

Theorem 9 can be also extended “mutatis-mutandis” to
the convergence of weak cluster points of the alternative
sequences discussed in Remark 8. It is now proven that the
sets of fixed points of the restricted composite mapping T7 :
U i AjlAj — Ajsomei € P, are convex if such mappings
are quasi-nonexpansive with respect to D in the sense that it
has (at least) a fixed point in A; and Df(v, Tipx) < Df(v, X),
foral x € Aj,and f : D ¢ X — (-00,00] is a
proper strictly convex function, [16]. The concept of quasi-
nonexpansive mapping is addressed in the subsequent result
to discuss the topology of fixed points and best proximity
points of composite mappings of cyclic self-mappings.

Theorem 10. Let f : D ¢ X — (—00,00] be a proper
strictly convex function on the Banach space (X, || ) so that it
is Gateaux differentiable in int D, and consider the restricted
composite mapping Tip : U]EpA | A; — A, for some given
i € P built from the p-cyclic self-mapping T : U;; A; —
Uies Ai so that A; is nonempty, convex, and closed. Assume
that A; C intD, forall j € p, and that the composite mapping
T? Ujes Aj | Aj — A, is quasi-nonexpansive with respect
to D for the given i € p.

Then, the following properties hold.

(i) The set of fixed points F(Tip) ofTip : Ujeﬁ Aj | A, —
A, is a closed and convex subset of A; for the given
iep.

(ii) Assume, in addition, that A;, for all i € p, are
nonempty convex closed subsets of H subject to
Uiep Ai € int D, and assume also that T? Ujep 4
A; — A, are quasi-nonexpansive with respect to D Iz
for all i € p. Then, the set of best proximity points
in A; of the p-cyclic self-mapping T : ;i A; —

Uiep Ai coincides with F (TF), and it is then a closed

and convex subset of A;, for all i € p. Furthermore,

if Vi A; # @, then F(T) = I F(T) € iz E(TF) ¢

(Niep Ai Which is then nonempty, closed, and convex.

Proof. Take x € ch(TiP) €A;clUipAicintDand {x, } <
ch(Tl.P) so that {x,} — xasn — o00. Note that F(Tip) and
cl E(TF) are nonempty sets since T : UiepAj | A5 = A
is quasi-nonexpansive with respect to D 7 then possessing at
least a fixed point. By the continuity of D f(-, Tip x) and that of
Df(x, -), the strict convexity of f: D ¢ X — (-00,00], and

the assumption Df(v, Tipx) < Df(v, x ), one has

Dy (x, Tipx) = LiE}OODf (xn,Tipx)

< lim Dy (x,,x) (27)
< Dy (%,x)=0

and x = T?x, from the strict convexity of f : D ¢ X —
(—00,00] and Lemma 1, which is in F(Tip) which is then
a closed subset of A; as a result. Now, it is proven that is
convex. Following the steps of a parallel result proven in [16]
for noncyclic self-mappings, take x, y(#x) ¢ F(Tip ) and
consider for some arbitrary real constant « € [0, 1] a point
z = ax + (1 — a) y which is in A; since such a set is convex.
Since T/ : UjepAj | Ai — A, is quasi-nonexpansive with
respect to D leading to

Dy (x,Tl.Pz) < Dy (x,2)
=f)-f)-{x-zf (2)),
D (y.T/z) < Dy (y.2)

=f)-f@-(y-2f (),

and, sinceq = ag + (1 —a)gand f(q) = af(q) + (1 —«) f(q)
for any q € A;, that

(28)

Dj (2, Tf2)

= f@ - f(Tf2) - (z - T}z f' (T]2))

= f@+[af 0~ £ (T)2) - (x =T =, f'(T72))]
+(-a)[f () - f(TF2) - (v - TPz [ (1F2))]
= [af 0+ A=) f(y)]

= f@+aD;(x,TF)+(1-a) D (y,2)
- laf )+ 1= f ()]

< f(2) +aDj (x,2) + (1 - @) Dy (y,2)
- laf )+ 1 -a) ()]

=—(ax+(1-a)y—(az+(1- )z f (2))

=0, f' (2)) =0
(29)

which implies from Lemmalthat Tz =z = ax + (1 — )y
for any x, y(#x) € F (TI.P) sincef : D ¢ X — (-00,00]
is strictly convex and F(Tip) = ch(Tf) C (intDn A)).
Thus, F(T?) is a convex subset of A;. Hence, Property (i)
follows. The first part of property (ii) is a direct consequence
of property (i) if the p composite self-mappings on all the
sets A; are quasi-nonexpansive with respect to D ¢ since the
respective sets of fixed points are the best proximity points
of the p-cyclic self-mapping T' : [J;5 A; Uiep Ai in
each of the sets A;, for all i € p. If, furthermore, the sets A;,
for all i € p, have a nonempty intersection, then its set of
fixed points coincides with the intersection of the sets of best
proximity points of the composite mappings T s IE p |
A; — A;which are all identical for i € p. The proof is tr1V1al.

Take any x € [, A;(# @). Then, the sequence of iterates
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obtained through the composite Tf’ U A | A o A
iep(A; N F( Tip)). This implies that
ﬂie? F (Tip ) # &, closed and convex from property (i). Thus,
F(T)(# @) € (i F( T?). Then, the set of fixed points of T :
Uicg Ai = Uiz A; is F(T) = L F(T) < ;e5(A; 0 F(TY)).
Property (ii) has been proven. O

converges to some z € [

Concerning that Theorem 10(ii), note that the set inclu-
sion F(T) = ﬂie§ F (Tip ) does not guarantee, in general, that
the identity F(T) € ()5 F (T?) is not guaranteed for the case
when ﬂief A;# @ except for cases under extra conditions
such as the contractiveness of the composite mappings built
from the p-cyclic one leading, for instance, to the uniqueness
of the fixed point of the cyclic self-mapping. See, for instance,
Theorem 3 and Corollary 4.

It is direct to give sufficient conditions for the restricted
composite mappings of the p-cyclic self-mapping to be quasi-
nonexpansive under the relevant conditions of Theorem 3,
Corollary 4, Theorem 6, and Theorem 7 (see Proposition 3.5
of [16]) for noncyclic self-mappings, as follows.

Theorem 11. Assume that.

(1) X is a reflexive space and f : D ¢ X — (—00,00] is
a proper strictly convex function, so that it is Gdteaux
differentiable in int(D), and it is bounded on any
bounded subsets of int D.

(2) A p-cyclic selfmapping T : Uiz Ai = Uz A
is given defining a composite self-mapping T?
Ui Ai = Uicp A with the subsets A(+@) <
intD ¢ H being bounded, closed, and convex, for all
i€ep.

(3) The restricted composite mapping to A, for some given
i €p,thatis, T/ : Ujep Aj | Aj — A, is generalized
point-dependent (1, A;)-hybrid relative to D for some
function A; : A; — R and the given i € p which
possesses a bounded sequence {T?"x} C A, for some
point x € A,

. . . P .
Then, the restricted composite mapping T; : ;5 A; | A; —
A, is quasi-nonexpansive with respect to D s so that F(Tip) isa
nonempty closed convex subset of A;.

Remark 12. The well-known concepts of nonexpansive, non-
spreading, hybrid, and contractive cyclic self-mappings [12-
16, 19] are useful in the context of particular cases of
interest of (14) within the given framework for generalized
nonexpansive p-cyclic self-mappings relative to Dy.

(1) If (14) holds 0 < K;(y) < land A,(y) =0, forall y €
Aj,p,foreachx € Aj foralli € p,thenT : J,e5 A; —
Uiep A s said to be a generalized nonexpansive p-
cyclic self-mapping relative to D .

(2) If (14) holds 0 < K;(y) < 1and A;(y) = 2, forall y €
Ajp,foreachx € A foralli € p,thenT : ;5 A; —
Uiep A s said to be a generalized nonspreading p-
cyclic self-mapping relative to D .

Abstract and Applied Analysis

(3)If (14) holds, for all x € A,forally €
A, forallie pwith0 < Kj(y) <land A)(y) =1,
foralli € p,thenT : U5 A; — Uiep A is said to
be a generalized nonexpansive (1, 1)-hybrid p-cyclic
self-mapping relative to D .

(4) If (14) holds, forallx € A; ,forall y € A;,,,foralli €
pwith0 < K;(y) < land A;(y) # 1 forsome y € A,,,
foralli € p,thenT: ;5 A; = Uicp A is said to be
a generalized nonexpansive (point-dependent if some
A;(y) for some i € p is not constant) (1, A)-hybrid p-
cyclic self-mapping relative to D .

(5)If (14) holds, for all x € A;,forally €
A ppforalli € pwith 0 < Ki(y) < 1and A,(y)#0
for some y € A, ;foralli € pthenT : ;5 A; —
Uiep A is said to be a generalized nonexpansive
(point-dependent if some A,(y) for some i € p is not
constant) p-cyclic self-mapping relative to D ;

(6) If (14) holds, for all x € A;, forall y € A;,,, for all
i € pwith0 < K;(y) < K < 1 and A;(y) #1 for some
yeAforallie pithenT: s A; = Uiy Ai s
said to be a generalized contractive (point-dependent
if some A;(y) for some i € p is not constant) (K, A)-

hybrid p-cyclic self-mapping relative to D .

(7) If (14) holds 0 < K;(y) < K < land Ai(y) = 0,
forall y € A, foreach x € A;, foralli € p, then
T : UigAi — UjepAi is said to be a generalized
K-contractive p-cyclic self-mapping relative to D.

The various given results can be easily focused on these
particular cases.

4. Examples

Dynamic systems are a very important tool to describe and
design control systems in applications. Fixed point theory has
been found useful to study their controllability and stability
properties. See, for instance, [21-26] and references there
in. Two examples are now given related to discrete dynamic
systems in order to illustrate the theoretical aspects of this

paper.

Example 1. Consider the scalar discrete dynamic system

Xpy1 = Ixp = a x + 1, Vk €N, (30)

for given initial condition x, with 7, =1 (%), % == {xj =
0,1,...,k} being a state disturbance which can include com-
bined effects of parametrical disturbances and unmodeled
dynamics (roughly speaking, the neglected dynamic effects of
describing a higher-order difference equation by the previous
first-order one). The solution sequence is defined by the self-
mapping T : clR — clR (IR = [-00,+00] being the
extended real line including the infinity points) given by

% = ([Tispla)xo + 2o [Tyl for all k € N. Tt
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is assumed that a fixed point exists for some x,, € R; thatis, a
sequence {Tx;} for some initial point x, is bounded; That is,

Elkli—>néo l(z‘_o ) ) T ; <j1:+[1 [aj] > ’71'] (3D

=x"=x" (%),

with |x*| < +00. In particular, this holds for the unperturbed
system with |a;| < 1 and i, = 0 which possess a unique
globally asymptotically stable equilibrium x* = 0 which is
also a unique fixed point of the solution. If g = 1, then there
is a stable constant solution x; = x, for each initial condition
which is also a (nonunique) fixed point. In both cases, the
mapping T : IR — cIR is trivially nonexpansive and,
in the first case, it is also contractive. Note that the previous
mapping is also a trivial cyclic self-mapping for p = 1. Under
a cyclic repetition of the sequence {a;} with

qks1) -1
a= 1_[ (@],
i=gk
(32)
q-1 q-1
)= ( i [aqk+j]>nqk+,-, wen,
i=0 \ j=it1

for some g € N being constant with |a| < 1 and |b| < +oo0.
In this case, we can describe the given difference equation
equivalently as

X(k+1)q = quk = axkq + bq (33)

for the same initial condition. Then, the composite self-
mapping T7x = x(,1), generating the subsequence {x,} ¢
{x} of the solution has a unique fixed point x;‘ =b/(1-a) for
any given x,. If, furthermore, there are finite limits a ,; —
a;, Mokri = nt = (1-a) x; = b1 -a)/(1 - a) as
k — oo, foralli € g—1,then Tx;, — x'ask — oo
which is a fixed point of T : clR — clR. If the second
set of limits exists being all finite, but arbitrary, that is, the
identities ; = (1 — a,;)x; do not all hold for i ¢ q-1,
then the solution sequence converges to a cycle {x; =b/(1 -
a)xgy = atb/(1-a)+ni,...., x5, = a,b/(1-a)+n,_,}.
We now retake the example under the point if view of a
point-dependent A-hybrid map where f(x) = ax* + 8 (a >
0, 8 = 0). The considered Banach space is (R, || [|) which is a
Hilbert space for the inner product being the Euclidean scalar
product and the norm is the Euclidean norm. Then,

Dy (91 %)
= f ) = f (i) = 20 (3 = x5) %
=« [(J’i - xi) =2 (3 — %) xk]

2
:“(Yk_xk)’

1

Dy (V1> %ie1)
2
= (Y1 — xk+1)2 =a [ai()’k - xk)z + (ﬂyk - ka)

+2a (Y — xk) (’ka - ﬂxk) ] .
(34)
Condition (14)forT: IR — cIR tobe point-dependent 1-

cyclic A-hybrid becomes in particular for some real functions
A(y) and K(y) € [0,1] for y € R

o[t (= ) + (g = i)’
12 (9 = %) (M = )|
<a[K (y) (= %)
+22 () (x5 = Xe01) (e = Vi) |
= a[K () 0 = %" + 20 () (1 - @) e =) 39
< ((1-a) ye = )]
= a[K (7) (= %) + 24 ()
x (1= @) %y + My
— (1= ay) (Wetk + xx1,))]» Yk € N,
and, equivalently,
(a8 - K (3) O — %)”
< (k= 1) 20 0 = %) = (M = 11t ]
+ 24 () ((1 = @) %y + fetyi (36)

-(1-a) (J’k’?xk + Xkﬂyk)) ,
Vk € N,.

Note that if x; = x;,; orif y,. = ., equivalently, if 7, =
(1 - a)x; orif 1, = (1 - ay) y, then the previous equivalent
constraints (35)-(36) cannot be satisfied by a choice of some
finite value of A(y;) unless

lax (v = x1) + (1= @) yi = 1]

<K () |)’k - xk| if Y = Yesr>

'ak (e = %) + (1= a) x; = ﬂyk'

<K () |)’k - xk| if X = xpp15

so that any arbitrary value of A(y,) would satisty the inequal-
ities. Note that both inequalities hold directly for any fixed
points.

(37)
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If the previous constraint (36) holds, subject to (37), for
some real sequence {A(y;)}, then any weak cluster point of
{Sg)x} = {(1/n) ZZ;(I) T*x} is a fixed point of T : IR —
clR according to Theorem 6. If there is a unique fixed point
according to Theorem 3, then the unique fixed point of
T : cR — cR and weak cluster point of {Ss)x} =
{(1/n) Zz;(l) T*x} coincide. The same property holds for the
weak cluster point of the average sequences referred to in
Remark 8. Note in particular the following.

(D) If 7y = ny = 0and |g] < K(y) < 1, then
the previous constraint leads to 0 < 2A(y)(1 — @) *x; ¥
which guarantees that Theorem 6 holds for any real sequence
{AMyp)} satisfying A(y,) = sign(xey) if |1 — aelly, -
X |x v, # 0 and taking any arbitrary real value, otherwise for
each k € N,. Since 71, = 7, = 0, a choice of A = A(y)
independent of x; is as follows:

A=A(y) =LAy =0 if min(xy, y,) =0, Vk € N,

A=A(y) =LAy <0 if min(xy, y,) <0 (38)

or if sgn(x,) =—sgn(y,), Vk € N,.

Thus, any cluster point of{Sff)x} isafixedpointof T: cIR —
clR. There is a unique such fixed point x;‘ =b/(1-a)if |al < 1
and |b] < +o0, which is also a globally asymptotically stable
equilibrium point of the solution, and there are finite limits
Ageri = G5 geri — 1, = (L—a)) x =b(1-a;)/(1-a)
as k — oo for some given g € N and such a fixed point
is also a fixed point of the composite self-mapping T7
cdR — IR If |g| > 1, then the constraint of point-
dependent A-hybrid self-mapping is satisfied for A(y,) >
(@ - K() e = %)/ (1 = @) x,.yy if iy # 0, forall k €
No. If x;. y > 0 (i.e., both x; and y; have the same sign or
one of them is zero) then T : cIR — clIR is A-hybrid for
A =Ay) = A, =0, forallk € Ny. However, Theorem 6 is not
applicable for cluster fixed points of the averaging sequence
since there is no fixed point of the difference equation, in
general.

(2) f e = Mg = 1y is not identically zero, then the

constraint is satisfied if |a; | < 4/K(y,) < 1and

A(yy) = sign [(1 ~a,)’ X,y
(39)

+ [ = (1= ) (v + x)] ’7k] = sign

{(1 )( [ai])xoyk Ly ( I [aj]>m

i i=0 \ j=i+1

o[-0 (e ([0 ) ()
+; <jli[1 [aj]>77i>| ﬂk}

if [(1= @)’ + [ = (1= @) (e + xi) Il e =yl # 0 and
taking any arbitrary real value, otherwise.
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(3) In the general case, the constraint is satisfied if |a;| <

A ()

> % ((ka - ’ka) [Zak (Ve = k) = (ﬂyk - ka)]

+ (“13 -K (J’k)) (Ve = Xk)z)

-1

X ((1 ~ @)’ %y + Mty — (1 — @) (J’kﬂxk + xkﬂyk)) ,

Vk € Ny,
(41)

provided that the denominator of (41) is nonzero or if so (37)
hold so that A(y;) may take an arbitrary value.

(4) Assume that g, € [0,1], forall k € Ny, g, — 1 as
k — ocowith g = 1 - a, > 0 and 7, satisfying Y ;o) o =
+00, 7, > 0and Y2, 7 < +oo and that x;, > 0. Thus, the
difference equation can be described equivalently by x;,, —
X = —X) + 1, and summing up both sides from k = 0 to
k = n — 1 yields since the solution sequence is non-negative
for nonnegative initial conditions and since Y 7o 7 < +0o0:

n-1 n—1 n—-1
Oan:xO—Zockxk+Z;7k SxO—Zcxkxk+C (42)
k=0 k=0 k=0

IN

for some real constant C > 0. Thus, 0 < ZZ;(I) 0 Xe
X +C = Y1 rie < +00 which implies that lim infy _, . x, =
0, lim sup; _, ,,oXx < +00, and sup; _, X, < +oo. But
if0 < x = limsup,_,, X < +00,then0 < X =
lim sup, X, < Xo + C + lim sup, (- Yiog exy) =
—00 which is a contradiction. Then, {x,} is bounded and
Alim,, _, o, x, = 0. Thus, x™ = 0 is a fixed pointof T: cIR —
cIR and the previous particular cases (1)-(3) can be applied
for weak cluster points of the average sequences.

(5) Now, consider the r(>2)-dimensional dynamic system
X1 = Ixp == Ap xp + 1, for all k € N, where A, €
R™, n. € R, forall k € Ny, and the convex function
flx) = (1/2)xTQx with Q = QT > 0 (ie, a positive
definite square r-matrix with the superscript T standing for
transposes). The Bregman distance becomes D ¢ (yy, x;) =
(1/2)(y{ Qye—x1 Qx) - Qyy — x;)" x resulting in the point-
dependent A-hybrid constraint:

(;Vk - xk)T (AiAk -K ()’k) Ir) (J’k - xk)
< (ﬂyk - ka)T [2Ak (Ve = xi) = (ﬂyk - ka)]
+2MA (yi) (Xf(lr ~ A (L - Ay + WIk"lyk

- [J’Z (Ir_Ak) 'ka+xz (Ir_Ak) nyk]) >
(43)



Abstract and Applied Analysis

where I, is the rth identity matrix. A finite, in general
nonunique, real sequence {A(y;)} exists satisfying the previ-
ous constraint if for any k € N,

(xf(lr - Ak)T (I, = Ay) yp + U:kﬂyk
- [ylrf (Ir - Ak) Mk xz (Ir - Ak) ﬂyk]) =
= {(J’k - xk)T (AiAk - K () Ir) (k= xx)

—(ﬂyk - ka)T [2Ak (Ve = i) = (ﬂyk - ka)]}

<0,
(44)

which is a generalization of (37) to the n-the dimensional
case. Thus,

A ()
> (7 - x0)" (A%A =K () 1) (= i)

(e = 1) [24 0 = %0 = (i~ 1)) ) (450)

x (2 (1, - 40" (1,

= [ = A e+ (1, -

if (i (1, - A0 (1,

~ [ (@ = A+ 2 (1, -

A(ye) = Ao

The previous discussion for the particular scalar difference
equation may be generalized for this case with the replace-
ment a,f = Anax (AzAk) = ||Ak||§ < K(y) < 1, for
all k € N, where A, (-) stands for the maximum (real)
eigenvalue of the symmetric matrix (-) leading to the results
for point-hybrid mappings to hold if there is a sequence
{A(y)} satistying the previous constraint (45a) and (45b).

Ap) yi + ’lzk"lyk
Adnu]))
T

Al) Y+ NxicMyk

Ak)ﬂyk]) #0

otherwise.

1

(45b)

Example 2. Tt is direct to extend Example 1 to a 2-cyclic self-
mapping as follows. For instance, consider a scalar difference
equation of the form

xk+1 = Txk = akxk + uk + T’Ik, Vk € N, (46)
for a given initial condition x, > 0 where {1} is a con-
trol sequence. Recursive computation for two consecutive
samples yields

Xki2 = szk 1= WXy + 1
(47)
= Eikxk+ﬁ2+uk+1, VkEN,
where xo > 0, @ = @15 i = ’7k + Upyy = By (i + 14g) +
Mir1 + Uy Define the sets A; (i = 1,2) as A, = R, =
{z e dR:z >0} = -A,sothat A, n A, = {0}. If the

13

control sequence {u;} is chosen as vy, = Me ¥ (-=1)*!, for all
k € Ny, for some constant M > 0, then x;,, = Me *™V(=1)F,
sgn Xy, = —sgnx;, forallk € Ny, x, — Oask — oo, and
the sequences {x,,} € A}, {x,1,1} € A, both converge to
the unique fixed point x* = 0 of both T : IR — cIR and
T?: IR — clR. Now, suppose that the control sequence
is changed to 1, = max(Me *(=1)", £ sgn((-1)¥*")), for all
k € N, for some positive real constant ¢, then {x,,} ¢ A,
{xy41} € Ayand x5, — & x5, — —€ask — oo with
A; (i = 1,2) being redefined as A, = Ry, = {z € IR :
00 >z 2 ¢ = —-A, Inthiscase, A; N A, = @ and +¢
are the best proximity points of T : cdR — clRin A,
and A,, respectively, while ¢ and (—¢) are also fixed points
of T: A, — A,andT?: A, — A,, respectively.

Now, note that T*x, € A, and T?x,(= T*"'x,) € A,
ifx, € A, and T2kx0 € A, and T%x, (= TZk”xO) € A if
X, € A,. Thus, one gets

o= (o) 5 (1 100)
<]i_oi “ >x° ’ Z (ﬁ [%]) (48)

j=i+l

X (@gisr (Mo + ) + Mjer + Usi1) s

Xoky1 = GopXop + Uy + s Yk € N,

with x,, € A, and x,,;, € A, ifx; € A, and x5, € A,
and x,,, € A, if x, € A,. The Bregman constraint for the
composite self-mapping T> : A, — A, to be A(y)-hybrid
relative to D ( holds in a similar way as (36), subject to (37), by
replacing the subscripts k — 2k and the sequences {g,} —
{ayh ixd — {xyt € Ay {nd = {yad € Ay {nad —
{flxoib et — {7yor} and “mutatis-mutandis” performed
replacements for subscripts k — 2k + 1 for the composite
self-mapping T> : A, — A, forx, € A,.Ifx, € A,, then
the modifications in the Bregman constraint (36), subject to
(37), are referred to {x;,} — {x5} € A, {y} — {ya) C A,

Then, we have the following.

(@IfA, =Ry, ={z € clR:z >0} = —A, and the
control sequence {1} is chosen as u; = Me ™ (- l)k“;
for all k € Ny, then {SPx} = {(1/n) Y-y T*x} has
a unique weak cluster point {0} for any real x which
is the unique fixed point and best proximity point of
T*:A, - A, T*: A, - A, anda fixed point of
T: cIR — clR provided that the previous modified
Bregman constraint (36), subject to (37), holds.

(b) Take a control uy = max(Me *(-1)F1,
esgn((-1)F"1 ), for all k € Ny, and A; (i = 1,2)
are redefined as A, = Ry, = {z € clR : co >
z > g = —A, for some positive real constant &,

then {xy} € Ay, {x341} € A, and x5, — &
Xy — —€ask — ooif x, € A,. Then,
{§S)x} = {(1/n) Y, szkx} has a unique weak

cluster point {e} which is the unique fixed point of
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T?* : A, — A, and the unique best proximity point
inA;of T: cIlR — clRforanyx, = x € A,.
Also, {§S)x} = {(1/n) Zz;(l) T x} has a unique weak
cluster point {—&} which is the unique fixed point
of T : A, — A, and the unique best proximity
pointin A, of T: IR — clR foranyx, = x € A,
provided that the mentioned modified Bregman
constraint (36), subject to (37), holds.
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