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We introduce an iterative process which converges strongly to a zero of a finite sum of monotone mappings under certain conditions.
Applications to a convex minimization problem are included. Our theorems improve and unify most of the results that have been
proved in this direction for this important class of nonlinear mappings.

1. Introduction

Let Cbe anonempty subset of a real Banach space E with dual
E*. Amapping A : C — E” is said to be monotone if for each
x, y € C, the following inequality holds:

(x - y,Ax — Ay) > 0. @

A monotone mapping A ¢ E x E” is said to be maximal
monotone if its graph is not properly contained in the graph of
any other monotone mapping. We know that if A is maximal
monotone mapping, then A7Y(0) is closed and convex (see [1]
for more details).

Monotone mappings were introduced by Zarantonello
[2], Minty [3], and Kacurovskii [4]. The notion of monotone
in the context of variational methods for nonlinear operator
equations was also used by Vainberg and Kacurovskii [5]. The
central problem is to iteratively find a zero of a finite sum
of monotone mappings A, A,,..., Ay in a Banach space E,
namely, a solution to the inclusion problem

0e(A+A,+--+Ay)x. (2)

It is known that many physically significant problems can
be formulated as problems of the type (2). For instance, a

stationary solution to the initial value problem of the evo-
lution equation
o
—x+Fx90, x(0) = x, (3)
ot
can be formulated as (2) when the governing maximal
monotone F is of the form F:= A, + A, +---+ Ay (see, e.g.,

[6]). In addition, optimization problems often need [7] to
solve a minimization problem of the form

min {f, (x) + f5 (x) + - + fiy (0}, (4)

where f;,i = 1,2,..., N are proper lower semicontinuous
convex functions from E to the extended real line R :=
(—00,00]. If in (2), we assume that A; := Of;, fori =
1,2,..., N, where 0f; is the subdifferential operator of f; in
the sense of convex analysis, then (4) is equivalent to (2).
Consequently, considerable research efforts have been de-
voted to methods of finding approximate solutions (when
they exist) of equations of the form (2) for a sum of a finite
number of monotone mappings (see, e.g., [6, 8-12]).

A well-known method for solving the equation 0 € Ax in
a Hilbert space H is the proximal point algorithm: x; = x € H
and

Xp1 = Jp Xy (n=1,2,..1), (5)



where r, ¢ (0,00) and J, = (I + rA)! forall r > 0.
This algorithm was first introduced by Martinet [10]. In 1976,
Rockafellar [11] proved that if liminf, , 7, > 0 and
A71(0) 0, then the sequence {x,} defined by (5) converges
weakly to an element of A™'(0). Later, many researchers have
studied the convergence of the sequence defined by (5) in
Hilbert spaces; see, for instance, [8, 12-18] and the references
therein.

In 2000, Kamimura and Takahashi [9] proved that for a
maximal monotone mapping A in a Hilbert spaces H and J, =
(I +rA)~" forall r > 0, the sequence {x,} defined by

Xpyp = 0, X + (1 - ocn) ]r,,xw n>0, (6)

where {&,} ¢ [0,1] and {r,} c (0, c0) satisfy certain con-
ditions, called Halpern type, converges strongly to a point in
AN0).

In a reflexive Banach space E and for a maximal mono-

tone mapping A : E — 2P, Reich and Sabach [19] proved
that the sequence {x,} defined by

0=&,+A," (Vf () = Vf (x,)).
H,={z €E: (§,z~y,) <0},

W, ={z € E: (Vf (x) - Vf (x,),2 - x,) <0},

§n € Ay
(7)

Xy = Proj{lnnwn (x0), n=12,...,
where A, > 0 and projé is the Bergman projection of E on to
a closed and convex subset C ¢ E induced by a well-chosen
convex function f, converges strongly to a point in A™'(0).

Furthermore, many authors (see, e.g., [12, 20-25]) have
studied strong convergence of an iterative process of Halpern
type or proximal type to a common zero of a finite family of
maximal monotone mappings in Hilbert spaces (or in Banach
spaces).

Regarding iterative solution of a zero of sum of two max-
imal monotone mappings, Lions and Mercier [6] introduced
the nonlinear Douglas-Rachford splitting iterative algorithm
which generates a sequence {v,} by the recursion

Ve = Iy (213 = 1) v, + (T =J3) s (8)

where ]{ denotes the resolvent of a monotone mapping T}
that is, If = (I +AT)7L. They proved that the nonlinear
Douglas-Rachford algorithm (8) converges weakly to a point
v, a solution of the inclusion,

0€(A+B)x, 9)
for A + B maximal monotone mappings in Hilbert spaces.

A natural question arises whether we can obtain
an iterative scheme which converges strongly to
a zero of sum of a finite number of monotone
mappings in Banach spaces or not?

Motivated and inspired by the work mentioned above, it
is our purpose in this paper to introduce an iterative scheme
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(see (21)) which converges strongly to a zero of a finite sum of
monotone mappings under certain conditions. Applications
to a convex minimization problem are included. Our theo-
rems improve the results of Lions and Mercier [6] and most of
the results that have been proved in this direction.

2. Preliminaries

Let E be a Banach space and let S(E) = {x € E : |lx| = 1}.
Then, a Banach space E is said to be smooth provided that the
limit

lim w (10)
t—0 t

exists for each x,y € S(E). The norm of E is said to be
uniformly smooth if the limit (10) is attained uniformly for
(x, ¥) in S(E) x S(E) (see [1]).

The modulus of convexity of E is the function 8 : (0,2] —
[0, 1] defined by

xX+y
2

6 (&) i=inf {1 - |22 4l = 5] = 1se = e~ 1}

(11)

E is called uniformly convex if and only if §5(e) > 0, for every
€ € (0,2] (see [26]).

Lemma 1 (see [27]). Let E be a smooth, strictly convex, and
reflexive Banach space. Let C be a nonempty closed convex
subset of E, and let A: C C E — E” be a monotone mapping.
Then, A is maximal if and only if R(J +rA) = E*, for allr > 0,
where ] is the normalized duality mapping from E into 2F
defined, for each x € E, by

Jxi={f B n f) = 1P = £} (2)

where {-,-) denotes the generalized duality pairing between
members of E and E*. We recall that E is smooth if and only if
] is single valued (see [1]). If E = H, a Hilbert space, then the
duality mapping becomes the identity map on H.

Lemma 2 (see [27]). Let E be a reflexive with E* as its dual.
Let A : D(A) € E — E',andletB : DB) € E —
E* be maximal monotone mappings. Suppose that D(A) N
int D(B) # 0. Then, A + B is a maximal monotone mapping.

Lemma 3 (see [28]). Let E be a reflexive with E* as its dual.
Let A : D(A) € E — E" be maximal monotone mapping,
and let B : D(B) ¢ E — E* be monotone mappings
such that D(B) = E, B is hemicontinuous (i.e., continuous
from the segments in E to the weak star topology in E*) and
carries bounded sets into bounded sets. Then, A+ B is maximal
monotone mapping.

Let E be a smooth Banach space with dual E*. Let the

Lyapunov function ¢ : E x E — R, introduced by Alber
[29], be defined by

d(nx) = |y’ -2 Jx) +IxI?, forx,ye E, (13)
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where J is the normalized duality mapping from E into 2° LIf
E = H, a Hilbert space, then (13) reduces to ¢(x,y) =
lx — yl?, for x, y € H.

Let E be a reflexive, strictly convex, and smooth Banach
space, and let C be a nonempty closed and convex subset of E.
The generalized projection mapping, introduced by Alber [29],
is a mapping Il : E — C that assigns an arbitrary point
x € E to the minimizer, X, of ¢(-, x) over C; that is, IIox = X,
where X is the solution to the minimization problem

¢ (x,x) = min{$ (y,x),y € C}. (14)

We know the following lemmas.

Lemma 4 (see [23]). Let E be a real smooth and uniformly
convex Banach space, and let {x,} and {y,} be two sequences
of E. If either {x,} or {y,} is bounded and ¢(x,, y,) — 0, as
n — oo, thenx, -y, — 0,asn — oo.

Lemma 5 (see [29]). Let C be a convex subset of a real smooth
Banach space E, and let x € E. Then x, = I1-x if and only if

(z—x0,Jx—Jxy) <0, VzeC. (15)
We make use of the function V: Ex E* — R defined by

Vx € E, x* € E,
(16)

V (x,x*) = IxI® = 2 (e, x*) + 1xII%,

studied by Alber [29]. That is, V(x, y) = ¢(x, ] 'x*), for all
x € Eandx" € E*.
In the sequel, we will make use of the following lemmas.

Lemma 6 (see [29]). Let E be a reflexive strictly convex and
smooth Banach space with E* as its dual. Then,

V(x,x*)+2<]71x*—x,y*>SV(x,x*+y*), (17)
forallx € E and x*, y* € E*.

Lemma 7 (see [30]). Let E be a smooth and strictly convex
Banach space, C be a nonempty closed convex subset of E, and
A C E x E* be a maximal monotone mapping. Let Q, be the
resolvent of A defined by Q, = (J + rA)™'J, forr > 0 and {r,}
a sequence of (0,00) such that lim, 7, = oo. If {x,} isa
bounded sequence of C such that Q, x, — z, then z € ATH0).

Lemma 8 (see [31]). Let E be a smooth and strictly convex
Banach space, C be a nonempty closed convex subset of E, and
A ¢ E x E* be a maximal monotone mapping, and A™*(0)
is nonempty. Let Q, be the resolvent of A defined by Q, =
J+ rA)’lj,forr > 0. Then, for eachr > 0

¢ (P Qx) +¢(Qxx) <¢(p.x), (18)
forall pe A7'(0) and x € C.

Lemma 9 (see [32]). Let{a,} be a sequence of nonnegative real
numbers satisfying the following relation:

a, <(1-a,)a, +a,8, n=ngy (19)

where {a,} € (0, 1) and{5,} C R satisfying the following condi-
tions: lim,,_, oo, = 0, Y00, &, = 00, and limsup,,_, .8, < 0.
Then, lim a, = 0.

n— 00

Lemma 10 (see [33]). Let {a,} be the sequences of real numbers
such that there exists a subsequence {n;} of {n} such that a, <
a1 for alli € N. Then, there exists a nondecreasing sequence
{m,} C N such that m;, — o0, and the following properties
are satisfied by all (sufficiently large) numbers k € N:

amk < amk+1’ Q< amk+1' (20)

In fact, my = max{j <k : a; < a;,}.

3. Main Result

Theorem 11. Let C and D be nonempty, closed and convex
subsets of a smooth and uniformly convex real Banach space E
with E* as its dual. Assume that CNint(D) #0. Let A, : C —
E* and A, A,,...,Ay : D — E* be maximal monotone
mappings. Assume that F == (A, + A, + --- + Ay) ' (0) is
nonempty. Let {x,} be a sequence generated by

xo, = w € C, chosen arbitrarily,
X, =) (ocn]w +(1-a,)J(J + rnA)_IIxn), Yn >0,
(1)

where A= A +A,+ -+ AN, &, € (0,1) and {r,} a sequence
of (0,00) satisfying: lim,, _, o, = 0, >0, «, = o0, and

lim,_, ., = 0o. Then, {x,} converges strongly to p = Ilp(w).

Proof. Observe that by Lemma 2, we have that A, + A5 +--- +
A is maximal monotone. In addition, since C N int(D) # 0,
the same lemma implies that A = A, + A, + -+ + Ay is
maximal monotone. Now, let p = IIp(w), and let w, :=
Q, x, = (J+7,A) " Jx,. Then, we have that x, ,, = J (e, Jw+
(1-a,)Jw,),and since p € A™'(0), from Lemma 8, we get that

¢ (pw,) =¢(p.Q,x,) <d(px,). (22)
Now from (21), property of ¢, and (22) we get that
¢ (p’ xn+1) = ¢ (p’ ]_1 (‘xn]w + (1 - ‘xn) ]wn))

= ol -2 (pagw+ (1 -a,) Jw,)

+ ||ocn]w +(1- ocn)]wn"2

= "p"2 -2, <p’]w> _2(1 - ‘xn) <P’]wn>
o lJwl + (1 - a,) |, |
= (ans (P’ w) + (1 - “n)¢(p> wn)

< (xn(/s (p> w) + (1 - “n)¢(p> xn) .
(23)

Thus, by induction,

¢ (P, x11) < max{$(pw), ¢ (p.xo)}, Vn20, (24)



which implies that {x,} is bounded. In addition, using
Lemma 6 and property of ¢, we obtain that

¢ (P %i1) = V(P JXp01)
< V(p Jxp — o, (Jw = Jp))
= 2(xy1 = pr =0ty (Jw = JPp))
= ¢ (T (e Jp+ (1 -,) Jw,))
+ 200, (X1 = s Jw = Jp)
<a,¢(pp)+(1-a,) ¢ (pw,)
+ 20, (X1 = s Jw = Jp)
= (1-a,) ¢ (pw,) +2a, (x0y = poJw — Jp)

< (1 _(Xn)¢(P’xn)+2(xn <xn+1 _P>]w_]P>~
(25)

Furthermore, using property of ¢ and the fact that «, — 0,
asn — 00, imply that

¢ (W X,1) = ¢ (w7 (w0 + (1 - at,) Jw,))

< ‘xn¢ (wn’ w) + (1 - (xn) ¢ (wn’ wn)
< (Xn¢ (wn’ w) + (1 - (Xn) ¢ (wn’ wn) — 0,

as n — 0o,
(26)

which implies from Lemma 4 that

w, - %, — 0, asn-— oco. (27)

Now, following the method of proof of Lemma 3.2 of Mainge
[33], we consider two cases.

Case 1. Suppose that there exists n, € N such that {¢(p, x,,)}
is nonincreasing for all n > n,. In this situation, {¢(p, x,,)}
is convergent. Since {x,,,,} is bounded and E is reflexive, we
choose a subsequence {x,, ,,} of {x,,,} such that x, ,, — z
andlimsup, _, o (x,.,1 = p, Jw=Jp) = lim; _, . {x,, ;; - p, Jw—
Jp). Then, from (27), we get that

w, — 2z asi-— 0o. (28)
Thus, by Lemma 7, we get that z € A™'(0), and hence z €
F=(A +A,+-+ Ay (0). Therefore, by Lemma 5, we
immediately obtain that limsup,, _, . {x,.; — p,Jw = Jp) =
lim; _, ., {x,, .1 — p, Jw—Jp) = (z— p,Jw—Jp) < 0. It follows
from Lemma 9 and (25) that ¢(p,x,) — 0,asn — oo.
Consequently, x, — p.

Case 2. Suppose that there exists a subsequence {»;} of {n}
such that

¢ (pox,) <b(prxin) (29)
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for all i € N. Then, by Lemma 10, there exist a nondecreasing
sequence {m;} C N such that m; — o0, satistying

¢ (0, %m,) < & (P xm1)

¢(P’xk) < ¢(P:xmk+1) > (30)
Vk e N.

Thus, following the method of proof of Case 1, we obtain that
li}isol;p <xmk+1 -pJw-— ]p> <0. (31)
Then, from (25), we have that
¢ (P xmen) = (1= ) ¢ (pr,)
+ 20, <xmk+1 -pJw- ]p> .

(32)

Now, inequalities (30) and (32) imply that

Koy (P’xmk) < ¢ (p’xmk) - (/5 (p’xmkﬂ)
+ 20, <xmk+1 -pJw- ]p> (33)

< ZOka <xmk+1 _p’]w_]p>'

In particular, since &, > 0, we get

¢(Poxn) <2 (5 —pJw=Jp) . (9

Then, from (31), we obtain ¢(p,x,,) — 0,ask — oo.
This together with (32) gives ¢(p, x,,, ;) — 0,ask — oo.
But ¢(p, x;) < ¢(p, xmk+1), for all k € N; thus, we obtain
that x, — p. Therefore, from the above two cases, we can
conclude that {x,} converges strongly to p, and the proof is
complete. O

Theorem 12. Let C be a nonempty, closed, and convex subset
of a smooth and uniformly convex real Banach space E with E*
asits dual. Let A| : C — E" be maximal monotone mapping,
and let A, As,..., Ay E — E" be bounded and
hemicontinuous monotone mappings. Assume that F := (A, +
A, + -+ Ap)N0) is nonempty. Let {x,} be a sequence
generated by

xy = w € C, chosen arbitrarily,

Xy =) ((xn]w +(1-a,)J(J + rnA)fllxn), Vn >0,
(35)

where A = A, + A, +--+ Ay, «, € (0,1) and {r,} isa
sequence of (0, 00) satisfying: lim,, _, o, = 0, Yo &, = 00,
and lim, _, r, = oo. Then, {x,} converges strongly to p =
p(w).

Proof. By Lemma 3, we havethat A = A, + A, +--- + Ay is
maximal monotone, and hence following the method of proof
of Theorem 11, we obtain the required assertion. O
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If in Theorem 12, we assume that A;, fori = 2,..., N, are
continuous monotone mappings, then A'is are hemicontinu-
ous, and hence we get the following corollary.

Corollary 13. Let C be a nonempty, closed, and convex subset
of a smooth and uniformly convex real Banach space E with
E* asits dual. Let A, : C — E" be a maximal monotone
mapping, and let A,, A;,...,Ay : E —> E* be bounded and
continuous monotone mappings. Assume that F .= (A + A, +
o+ An) H0) is nonempty. Let {x,,} be a sequence generated

by
X, = w € C, chosen arbitrarily,

Xy = (g Jw+ (1-a,) J(J + rnA)_llx,,) , VYn=>0,
(36)

where A=A +A,+ -+ AN, «, € (0,1) and {r,} a sequence
of (0,00) satisfying: lim,, _, o, = 0, Y2, «, = 00, and
lim, _, 1, = 0o. Then, {x,} converges strongly to p = ITp(w).

If in Theorem 12, we assume that A;, fori = 2,..., N, are
uniformly continuous monotone mapping, then A'’s are
bounded and hemicontinuous, and hence we get the follow-
ing corollary.

Corollary 14. Let C be a nonempty, closed, and convex subset
of a smooth and uniformly convex real Banach space E with
E* as its dual. Let A, : C — E" be a maximal monotone
mapping, and let Ay, A,,...,Ay : E — E* be monotone
uniformly continuous mappings. Assume that F := (A, + A, +
o+ AN)H0) is nonempty. Let {x,} be a sequence generated

by
xo, = w € C, chosen arbitrarily,

Xy = T (aJw+ (1= a,) J(J +7,4) Jx,), Vn>0,
(37)

where A=A +A,+ -+ AN, «, € (0,1) and {r,} a sequence
of (0,00) satisfying: lim, , o, = 0, Y2, &, = o0, and
lim, _, ., = 0o. Then, {x,} converges strongly to p = Ilp(w).

If in Theorem 12 we assume that A; = 0, fori = 2,..., N,
then we get the following corollary.

Corollary 15. Let C be a nonempty, closed, and convex subset
of a smooth and uniformly convex real Banach space E. Let A :
C — E" be a maximal monotone mapping. Assume that F :=
ATY(0) is nonempty. Let {x,,} be a sequence generated by

X, = w € C, chosen arbitrarily,

Xy =] ((xn]w+ (1-a,)J(J+ rnA)_IIxn), Vn >0,
(38)

where o, € (0,1) and {r,} a sequence of (0,00) satisfying:
lim, , o, = 0, Yoo, a, = 00, and lim,,_, 1, = 00. Then,
{x,,} converges strongly to p = II(w).

If E = H, a real Hilbert space, then E is smooth and
uniformly convex real Banach space. In this case, ] = I,
identity map on H and I, = P, projection mapping from H
onto C. Thus, the following corollaries follow from Theorems
11 and 12.

Corollary 16. Let C and D be nonempty, closed, and convex
subsets of a real Hilbert space H. Assume that C N int(D) # 0.
Let A, : C — H, andlet A,,A;,...,Ay : D — H be
maximal monotone mappings. Assume that F := (A} + A, +
cee AN)fl(O) is nonempty. Let {x,} be a sequence generated

by

Xy = w € C, chosen arbitrarily,
1 (39)
Xpp1 = &, W+ (1 - “n) (I + T‘nA)_ Xy Vn >0,

where A=A +A,+ -+ AN, «, € (0,1) and {r,} a sequence
of (0,00) satisfying: lim,, _, o, = 0, Y2, «, = 00, and
lim, , 1, = 0o. Then, {x,} converges strongly to p = Pp(w).

Corollary 17. Let C be a nonempty, closed, and convex subset
of a real Hilbert space H. Let A| : C — H be a maximal
monotone mapping, and let A,, A5,..., Ay +: H — H be
bounded, hemicontinuous, and monotone mappings. Assume
thatF .= (A, +A, +--- + AN)fl(O) is nonempty. Let {x,} be
a sequence generated by

X, = w € C, chosen arbitrarily,
(40)
Xy = 0w+ (1—a,)(I+1,4)'x,, ¥n>0,
where A=A +A,+ -+ AN, «, € (0,1) and {r,} a sequence
of (0,00) satisfying: lim,, , oo, = 0, Y2, «, = 00, and
lim, _, 1, = co. Then, {x,} converges strongly to p = Pp(w).

Corollary 18. Let C be a nonempty, closed, and convex subset
of a real Hilbert space H. Let A; : C — H be a maximal
monotone mapping, and let A,, A5,..., Ay +: H — H be
uniformly continuous monotone mappings. Assume that F :=
(A + A, +--+Ay)"'(0) is nonempty. Let {x,} be a sequence
generated by

Xy = w € C, chosen arbitrarily,
. (41)
Xy = w+ (1-a,)(I+7,A) x,, ¥Ynx=0,

where A=A +A,+ -+ AN, «, € (0,1) and {r,} a sequence
of (0,00) satisfying: lim,, , oo, = 0, Y2, a0, = 00, and
lim,_, 7, = 0o. Then, {x,} converges strongly to p = Pp(w).

4. Application

In this section, we study the problem of finding a minimizer
of a continuously Fréchet differentiable convex functional in
Banach spaces. The followings are deduced from Theorems 11
and 12.

Theorem 19. Let C and D be a nonempty, closed, and convex
subsets of a smooth and uniformly convex real Banach space E.



Let Cnint(D) # 0. Let f be a continuously Fréchet differentiable
convex functional, and let Vf be maximal monotone on C. Let
g be a continuously Fréchet differentiable convex functional,
and let Vg be maximal monotone on D. Assume that F := (Vf +
Vg) ' (0) = {z € E: f(2) + g(2) = inf x{f(y) + g(»)}} #0.

Let {x,} be a sequence generated by

Xy € C chosen arbitrarily,

Xy = T (aJw+ (1= a,) J(J + 7, (Vf +Vg)) ' Jx,),
(42)

where a,, € (0,1) and {r,} a sequence of (0,00) satisfying:
lim, &, = 0, Y2 &, = 00, and lim,_, .1, = 0. Then,
{x,,} converges strongly to an element of F.

Theorem 20. Let C be a nonempty, closed, and convex subset
of a smooth and uniformly convex real Banach space. Let f be
a continuously Fréchet differentiable convex functional, and let
Vf be maximal monotone on C. Let g be a continuously Fréchet
differentiable convex functional, and let Vg be bounded,
hemicontinuous, and monotone on E with F := (Vf +
Vg) ' (0) = {z € E: f(2) + g(2) = inf x{f(y) + g(»)}} 0.
Let {x,} be a sequence generated by

xo € C chosen arbitrarily,

Xn+1 = ]_1 (‘xn]w + (1 - ‘xn) ](] T (Vf + Vg))iljxn) >
(43)

where o, € (0,1) and {r,} a sequence of (0,00) satisfying:
lim, , o, = 0, Yoo a, = 00, and lim,,_, 1, = 00. Then,
{x,,} converges strongly to an element of F.

Remark 21. Our results provide strong convergence theorems
for finding a zero of a finite sum of monotone mappings in
Banach spaces and hence extend the results of Rockafellar
[11], Kamimura and Takahashi [9], and Lions and Mercier [6].
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