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Implicit Mann process and Halpern-type iteration have been extensively studied by many others. In this paper, in order to find
a common fixed point of a countable family of nonexpansive mappings in the framework of Banach spaces, we propose a new
implicit iterative algorithm related to a strongly accretive and Lipschitzian continuous operator F : x,, = «,pV(x,,) + B,%,_; + (1 -
BI = a,uF)T,x, and get strong convergence under some mild assumptions. Our results improve and extend the corresponding

conclusions announced by many others.

1. Introduction

Let X be a real g-uniformly smooth Banach space with
induced norm || - ||, g > 1. Let X* be the dual space of X.
Let J, denote the generalized duality mapping from X into

2X" given by J,(x) = {f € X" : (x, £) = lxll%, Ifll = It
x € X}. In our paper, we consider real 2-uniformly smooth
Banach spaces, that is, ¢ = 2, so the normalized duality
mapping is J(x) = {f € X" : (x, f) = IxI>, Ifl = lIxl, x €
X}. If X is smooth, then ] is single valued. Throughout this
paper, we use Fix(T) to denote the fixed points set of the
mapping T

In what follows, we write x,, — x to indicate that the
sequence converges weakly to x. x, — x implies that the
sequence converges strongly to x.

Given a nonlinear operator I' : X — X, it is well-known
that the generalized variational inequality problem VIP(T, X)
over X is to find a x* € X, such that

(Ix",j(x-x")) >0, VxeX. (1)

Scholars mainly proposed iterative algorithms to solve the
generalized variational inequalities, and some of them fo-
cused on the existence of the solutions of generalized vari-
ational inequalities; see [1, 2] and references therein.

Variational inequalities are developed from operator
equations and have been playing an essential role in manage-
ment science, mechanics, and finance. As for mathematics,
variational inequality problems mainly originate from partial
differential equations, optimization problems; see [3-7] and
references therein.

Definition 1. A mapping T is said to be

(1) n-strongly accretive if for each x, y € X, there exists a
j(x—y) e J(x—y)and 5 > 0, such that

(Tx =Ty, j(x = y)) 2 nlx -y )

(2) L-Lipschitzian continuous if for each x, y € X, there
exists a constant L > 0, such that

|Tx - Ty| < L|x~y|. (3)

In particular, T is called nonexpansive if L = 1; it is said
to be contractive if L < 1.

Yamada [3] introduced the hybrid steepest descent meth-
od:

Xn+1 = (I - #AnF) Txn’ Vn =0, (4)



where T is a nonexpansive mapping in Hilbert spaces. Under
some appropriate conditions, Yamada [3] proved that the
sequence {x,} generated by (4) converges strongly to the
unique solution x* € Fix(T) of the variational inequality:
VIP(F, X) : {(Fx",x — x*) > 0, for all x € Fix(T).

Moudafi [4] introduced the classical viscosity approxi-
mation method for nonexpansive mappings and defined a
sequence {x,} by

Xn+1 = (an (xn) + (1 - “n) Txn’

where {«,} is a sequence in (0, 1). Xu [6] proved that under
certain appropriate conditions on {«,}, the sequence {x,}
generated by (5) converges strongly to the unique solution
x" € C of the variational inequality: (I - f)x*,x — x*) > 0,
for all x € Fix(T), (where C = Fix(T)) in Hilbert spaces as
well as in some Banach spaces.

Marino and Xu [7] considered the following general iter-
ative method in Hilbert spaces:

Xnt1 = (Xn)}f (xn) + (I - ‘an) wa

where A is a strongly positive bounded linear operator. It is
proved that if the sequence {«,,} satisfies appropriate condi-
tions, the sequence {x,,} generated by (6) converges strongly
to the unique solution X € C of the variational inequality:
((yf — A)X,x —X) <0, for all x € C, where C is the fixed
points set of a nonexpansive mapping T

Tian [8] considered the following general iterative algo-
rithm (GIA) in Hilbert spaces:

Vn >0, (5)

Vn >0, (6)

Xp1 = 0, Vf (x,) + (I - po,F) Tx,, VYn=0. (7)
It is proved that if the sequence {«,,} satisfies appropriate con-
ditions, the sequence {x,,} generated by (7) converges strongly
to the unique solution X € Fix(T) of the variational inequali-
ty: {((yf — uF)%,x —X) <0, for all x € Fix(T).

In 2001, Soltuz [9] introduced the following backward
Mann scheme iteration:

x,=a,x, 1 +(1-a,)Tx,, VYnx1, (8)

where T' is a nonexpansive mapping and got strong conver-
gence in Hilbert spaces.

In order to find a common fixed point of a finite family
of nonexpansive mappings {I; : i € J}, where J stands for
{1,2,3,..., N}, in 2001, Xu and Ori [10] introduced the fol-
lowing implicit process:

X, =ax, 1+ (1-a,) Tx,, Ynx1, 9)

where T,, = T, 04 5> and a weak convergence is obtained in
real Hilbert spaces.

Ceng et al. [11] introduced an iterative algorithm to find a
common fixed point of a finite family of nonexpansive semi-
groups in reflexive Banach spaces with a weak sequentially
continuous duality mapping, which satisfy the uniformly
asymptotical regularity condition:

Xp+1 = (1 -0y = /311) Xt “nf (yn) + ﬁnTr,,yn’
(10)
Yn = (1 - yn) X, + YnTrn'xn'
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Under some appropriate conditions one the parameter se-
quences {«,}, {B,}, {y,}, and the sequence {x,} generated
by (10) converges strongly to the approximate solution of a
variational inequality problem.

In order to find a common element of the solution set of
a general system of variational inequalities and the fixed-
point set of the mapping S, Ceng et al. [12] constructed a new
relaxed extragradient iterative method:

u, = Pg [Pc (xn - Mszxn) - B, P (xn - P‘szxn)] >
2y = PC (un - AnAun) >

Yn = “nf (xn) + (1 - “n) PC (un - AnAZn)’

Xn+1 = ﬁnxn TV t 5,15)/,1, Vn > 0.

(11)

Under mild assumptions, they obtained a strong convergence
theorem.

Yao et al. [13] introduced the following Halpern-type
implicit iterative method where T is a continuous pseudocon-
traction:

xn = (Xnu + ﬁnxn—l + YnTxn’ Vl/l 2 1 (12)

and obtained a strong convergence theorem in Banach spaces.

Hu [14] introduced an iteration for a nonexpansive map-
ping in Banach spaces, which guarantee a uniformly Géteaux
differentiable norm as follows:

Xpy1 = U+ Box, +9,Tx,, Yn>0, (13)

and several strong convergent theorems are obtained.
Very recently, Jung [15] proposed an iterative process in
the frame of Hilbert spaces as follows:

Xny1 = ‘xn)/f (xn) + ﬂnxn

+ ((1 - Bn) I- (XmuF) Pcsxn’
where S is a mapping defined by Sx = kx + (1 —k)Tx and T'is
a k-strictly pseudocontraction. Strong convergence theorems
are established.

Motivated and inspired by Soltuz [9], Xu and Ori [10],
Ceng et al. [11], Ceng et al. [12], Yao et al. [13], Hu [14], and
Jung [15], we consider the following new implicit iteration in
real 2-uniformly smooth Banach spaces:

(14)
Vn=0,

Xn = (anV (xn) + ﬁnxn—l

+ ((1 - ﬁn) I- ‘Xru”F) Tnxn’
where {«,} and {8} are real sequences in (0,1), V is an L-
Lipschitzian continuous with Lipschitzian constant L > 0,
F is an #-strongly accretive and «x-Lipschitzian continuous
mapping with « > 0 and # > 0, and {T}};", is a countable
family of nonexpansive mappings.
In this paper, we prove that the implicit iterative process
(15) has strong convergence and find the unique solution X of
variational inequality:

(15)
Vn>1,

((UF=yV)X, j(x-%)) 20, VxeS= ﬁFix(Tn) #0.
n=1

(16)
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Our results improve and extend the corresponding conclu-
sions announced by many others.

2. Preliminaries

Let Sy = {x € X :|| x ||= 1}. Then the norm of X is said to be
Géteaux differentiable if

t—0 t

17)

exists for each x, y € Sy. In this case, X is said to be smooth.
The norm of X is called uniformly Gateaux differentiable,
if for each y € Sy, A is attained uniformly for x € Sy.
The norm of X is called Fréchet differentiable, if for each
x € Sy, A is attained uniformly for y € Sx. The norm of
X is called uniformly Fréchet differentiable, if A is attained
uniformly for x, y € Sy. It is well known that (uniformly)
Fréchet differentiability of the norm of X implies (uniformly)
Gateaux differentiability of the norm of X. If the norm on X
is uniformly Gateaux differentiable, the generalized duality
mapping J, is single-valued and strong-weak” uniformly
continuous on any bounded subsets of X.

Let py : [0,00) — o0 be the modulus of smoothness of
X defined by

1
px(® =sup {3 (lx+ ]+ e =y -1 x e S Iyl <t}
(18)

A Banach space X is said to be uniformly smooth if
px()/t — 0Oast — 0. A Banach space is said to be g-uni-
formly smooth, if there exists a fixed constant ¢ > 0, such that
px(t) < ct?. Tt is well known that the X is uniformly smooth if
and only if the norm of X is uniformly Fréchet differentiable
(16].

The so-called gauge function ¢ is defined as follows: let
¢ : [0,00) := R" — R be a continuous strictly increasing
function, such that ¢(0) = 0 and ¢(t) — coast — oo. The
duality mapping J, : X — 2X" associated with a gauge func-
tion ¢ is defined by

Ty ()

={feX :{xf)=lxloUxD), |f] = ¢ Uxl), x € X}.
(19)

It is known that real 2-uniformly smooth Banach spaces have
a weakly continuous duality mapping with a guage function
¢(t) = t, which is the same as the normalized duality mapping
J. Set ©(t) = JE @(r)dt, for all t > 0, then ](p(x) = 0D(| x|)),
where 0 denotes the subdifferential in the sense of convex
analysis. In fact, for 0 < k < 1, we have ¢(kt) < ¢(f) and

kt t
CD(kt):J (p(r)dT:kJ ¢ (kt)dt
0 0 (20)

t
squ)(r)dT:k@(t).

Lemma 2 (see [17]). Let X be a real g-uniformly smooth
Banach space for some q > 1, then there exists some positive
constant dg, such that

I+ 2 < 1l + q (3, j, () + |y
V'x’y € X’ jq (x) € ]q (X),

in particular, if X is a real 2-uniformly smooth Banach space,
then there exists a best smooth constant K > 0, such that

e+ I < eI + 2 (3 () + 2K

Vx,y € X, jq(x) €J,(x).

(22)

Lemma 3 (see [18]). Assume that a Banach space X has a
weakly continuous duality mapping J:

(i) for all x, y € X, the following inequality holds:

O (Jx+y]) < @) + (3, jy (x+3)),  (23)

in particular, for all x, y € X, there holds:

I+ 17 < Ixl? +2 (3 j (x + ) 5 (24)

(ii) assume that a sequence {x,} C X converges weakly to
a point x € X, then the following equation holds:

lim sup® (||x,, - y||) = lim sup® (|x,, — x])
n— 00 n—00 (25)

vo(ly-xl). veyex.

Lemma 4 (see [19]). Assume that {a,} is a sequence of non-
negative real numbers, such that

Apyp < (1 - Yn) a, + Vn&n’ Vn 20, (26)
where {y,} is a sequence in (0, 1) and {5,} is a sequence in R,
such that

() ZZZO Yn = O0;

(b) limsup,,_, ., 8, <0or Yoo |y,8,] < co.

Then lim,, _, ., a, = 0.

Lemma 5. Let X be a real 2-uniformly smooth Banach space.
Let T be a nonexpansive mapping over X, and let F : X —
X be an n-strongly accretive and «-Lipschitzian continuous
mapping with k > 0andn > 0. For0 < t < 0 < 1 and
p € (0, min{l,q/szz}), set T = u(n - [/lKZKZ), and define
a mapping T' : X — X by T' := ol — tuF. Then T' is a
contraction on X; that is, | T'x = T'y ||< (0 —t7) || x — y |I.



Proof. From 0 < u < /K*x*, we have 1 — uK*x* > 0. Setting
1 < 1/2, we have 0 < 2( — uK*«?) < 1. For each x, y € X, by
Lemma 2, we have

2
|7 =1
= Jotx = )~ tu(Fx - By
< &’|lx = y| - o2tu (Fx — Ey, j(x - y))

+ 2K 2| Fx - Fy|

< o’|lx - y|” - 20tun|x - y|’ (27)

+ 2K2t2(42;c2||x - y||2

< [o® =20t (n - uK?®)] | - I’
= (02 - 20t-r) [l - /V“Z
< (0 -t1)*||x - y||2.
Hence, it implies that
[7'x - Ty < (0 - t7) |x - 5] . (28)
This completes the proof. O

To deal with a family of mappings, we will introduce the
following concept called the AKTT condition.

Definition 6 (see [20]). Let X be a real Banach space, let C be
anonempty subset of X, and let {T},};°, be a countable family
of mappings of C with (2, Fix(T,,) # 0. Then {T,} is said to
satisfy the AKTT condition, if for any bounded subset D of
C, the following inequality holds:

i sup {|T,,.,x - T,x|| : x € D} < c0. (29)
n=1

Lemma 7 (see [20]). Let X be a Banach space, let C be a
nonempty closed subset of X, and let {T,} be a family of self-
mappings of C satisfying the AKTT condition. Then for each
x € C, {T,x} converges strongly to a point in C. Moreover, let
the mapping T be defined by

Tx =1limT,x, VxeC. (30)

Then for any bounded subset D of C, the following equality
holds:

lim sup sup {||Tx - T,,x| : x € D} = 0. 31)

Lemma 8 (see [1]). Suppose that q > 1. Then the following
inequality holds:

1 -1 _
ab < aaq M . p?/ab, (32)

for arbitrary positive real numbers a and b.

Abstract and Applied Analysis

3. Main Results

In order to obtain the main results, we divide this section
into 3 parts. In Proposition 9, we give the path convergence.
In Proposition 10, under the demiclosed assumption and
combined with Proposition 9, we find the unique solution
of a variational inequality. In Theorem 11, we prove that the
sequence {x,} defined by the implicit scheme (15) converges
strongly to the unique solution of (16).

Throughout this paper, we assume that X is a real 2-
uniformly smooth Banach space, which guarantees a weakly
continuous duality J as proposed in Section 1.

Proposition 9 (the path convergence). Let T : X — X be
a nonexpansive mapping with Fix(T) #0, and let V : X —
X be an L-Lipschitzian continuous mapping with Lipschitzian
constant L > 0. F : X — X is an n-strongly accretive and k-
Lipschitzian continuous mapping withx > 0 andn > 0. Fort €
(0,1), let u € (0, min{l,n/szz}), and set T = u(n — MKZKZ)
and 0 < y < t/L. Then assume that {x,} is defined by

x, = tyV (x,) + (I - tuF) Tx,. (33)

Then {x,} converges strongly ast — 0" to a fixed point X of T,
which is the unique solution of the variational inequality VIP:

((UF -yV)%,j(x—X)) 20, Vx e€Fix(T). (34)

Proof. Consider a mapping S, on X defined by

Sx =tyV (x,) + (I - tuF)Tx,, VxeX. (35)

It is easy to see that S, is a contraction. Indeed, for any x, y €
X, by Lemma 5, we have

IS = Seyll < ty [V () =V ()
+||(I - tuF) Tx — (I — tuF) Ty| (36)

<[1-t(r—yL)]|x-y|.

Hence, by the Banach contraction mapping principle, S, has a
unique fixed point, denoted by x,, which uniquely solves the
fixed point equation (33).

We divided the proof into several steps.

Step 1. We show the uniqueness of the solution of the vari-
ational inequality (34). Assume that both x; € Fix(T) and
x, € Fix(T) are solutions of the variational inequality (34),
then we have

<(//‘F -yV) X15 Jq (%, = x1)> >0,

((UF =yV) %, j (31 = x3)) 2 0.

(37)

Adding up (37) yields

((UF =yV)x; = (UF = yV) x5, j (%, = 1)) 2 0. (38)
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Indeed, from the given conditions y € (0, min{1, 1’]/K2K2}),
and 7 = u(n — uK*x*), 0 < y < 7/L, we have
((UF =yV) x; = (UF = yV) x5, j (1 = x3))
= p (Fx; — Fx,, j (x; — x,))
=y {Vx; = Vxy, ji () = x,)) (39)
2 pnllxy = x| = yLlx — x|

= (un—yL) |x, - x|* 2 0.

Thus, we conclude that x; = x,. So the uniqueness of the
variational inequality (35) is guaranteed.

Step 2. We show that {x,} is bounded. Taking p € Fix(T), it
follows from Lemma 5 that

I - pl’

= (tyV(x,) + (I - tuF) Tx, - p, j (x, = p))

=t (yV(x;) - uFp, j(x, - p))
+((I - tuF) Tx, = (I - tuF) p, j (x, - p))

<t (yV(x,) —yV(p) +yV(p) — uFp, j (x, - p))
+[|(1 = tuF) Tx, - (1 - tuF) p|| |, - ]|

< tyLlx, - p|* +t]yv (p) - uFp| |x: - pl
+(1-t1) |x, - P”Z

<(1-t(r=yL)) |~ - oI’

+t|yV(p) - upl % - p -
(40)

It follows that

- pll <

T—

1
vV () - wpl. (4)
Hence {x,} is bounded, so are {V(x,)} and {FTx,)}.

Step 3. Next, we will show that {x,} has a subsequence con-
verging strongly to x* € Fix(T).

Assume t, — 0, and set x,, := x, . By the definition of
{x,,}, we have

"xn - Txn" =t, ")/V (xn) - nuFTxn“ — 0. (42)

Since {x,,} is bounded, there exists a subsequence {xnk} of
{x,} converging weakly to x* € X ask — oo.
Set x,, := x,, . Define a mapping B: X — Rby

B(x) =limsup @ (|x, - x|), VxeX. (43)
Again, ] is weakly continuous, by Lemma 3, and it follows that

B(y)=Bx)+®(|y-x"[), VyeX. (44

5
From (42), we have
B(Tx") = limsup @ (||x, - Tx"|)
n— 00
= limsup @ (|Tx, - Tx" + x,, — Tx,,|)
= limsup @ (|Tx, - Tx"|)
< limsup @ (||x, - x"||) = B(x"),
n— o0
and we also note that
B(Tx") = limsup @ (||x,, — x*[|) + ® (|Tx" - x"|)
n— oo (46)
=B(x")+ @ (|Tx" - x"|),
so, we obtain
O (|Tx" - x*||) < 0. (47)

This implies that Tx* = x*; that is, x* € Fix(T).
By Lemma 5, we have

o, = %"
= |tV () = wFx") + (I = t,uF)Tx,, — (I - t,uF)x"|"
= ((I = t,uF) Tx,, = (I - t,uF) x", j (x, = x))
+t, (PV (x,) = uFx", j (x, = x7))
<(1=t,7) [, = %"’
+t, (P () =V (x7)5 (3, = 7))
+t, (Y (x7) = pFx", j (x, — x7))
<(1-t,7)|x, - x"
+t, (Y (x7) = uFx", j (x, = x7))
= (1= t, (7= yL) |, = %"

1, PV (x7) = pFx”, j (x, = 7)) -

? + tnyL"xn - x" ?

(48)
This implies that
1

e, x| < oL PV () B j (= 7))

(49)
Since {x,} is bounded, there exists a subsequence {x,, } of {x, }
satisfying
1
T-vyL

w12

<

<yV (x*) - ny*,j(xnk - x*)> .
(50)

"x"k -X

Since the mapping J is single-valued and weakly continuous,
it follows from (50) that ||xnk - x*|> > 0ask — oo. Thus,
there exists a subsequence, such that x,, — x".



Step 4. Finally, we show that x* is the unique solution of var-
iational inequality (34).
Since x, = tyV(x,) + (I — tuF)Tx,, we can derive that

FTx,). (51

1
(yF—yV)xt=—; (I =T)x; +u(Fx, -

It follows that, for any x € Fix(T),
((UF = yV)xp j (%, = x))

= U -Dx-(-Dxjlx-x) (6

+ p (Fx, = FTx,, j (x, — x)) .
Since T' is a nonexpansive mapping, for all x, y € X, we
conclude that

(I-T)x=(I-T)y,j(x-y))
=(x=-p,jlx-y)—(Tx-Ty,j(x-y))  (53)
2 x-y - |x -y =0

Now replacing ¢ in (52) with t,, and lettingn — oo, from
(42), we have that Fx, — FTx, — 0, thus we can conclude
that

((UF=yV)x",j(x" —x)) <0, VxeFix(T). (54)
So, x™ is a solution of (34). Hence, x* = X by uniqueness.
Therefore, x, — Xast — 0. This completes the proof. [

Proposition 10 (the demiclosed result). Let T : X — X be
a nonexpansive mapping with Fix(T) # 0, and let V be an L-
Lipschitzian continuous self-mapping on X with Lipschitzian
constant L > 0. F : X — X is an n-strongly accretive and
k-Lipschitzian continuous mapping with k > 0 and n > 0.
Assume that the net {x,} is defined as Proposition 9 which
converges strongly ast — 0" to X € Fix(T). Suppose that
the sequence {x,} C X is bounded and satisfies the condition
lim, , o Il x, — Tx, = 0 (the so-called demiclosed property).
Then the following inequality VIP holds:

limsup ((yV ~ uF) %, j (x, - X)) < 0. (55)

Proof. Set a,(t) = | Tx, — x,lllx, — x,|. From the given con-
dition and the boundness of {x,} and {x,,}, it is obvious that
a,(t) — Owhenn — oo.

From (33) and the fact that T' is a nonexpansive mapping,
we obtain that

2
e =
= ((eyVix, + (I = tuF) Tx;) = X, j (3, = %))
= (Tx, - Tx, + Tx, — x, + t (yVx, — uFx,)
+1t (uFx, — uFTx,), j (x, - x,,))
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< ”xt - xn”z + <Txn - xn’j(xt - xn))

+t <vat — UFx,, j (xt - xn)>
WETx (5 - %))

< =l + [T,

+1t (uFx, —
= %] [ = .
+t (YVx, — uFx, j (x, - x,))
+ty |Fx, — FTx,| |x, - x,||
(56)
which implies that

((MF =yV) xpj (5 = x,)) < £ IITx = %] e =

+u ||Fxt - FTxt” ||xt - xn” .
(57)
It follows that
lim sup {(uF = yV) x;, j (%, = x,))

(58)
< u||Fx, - FTx,||lim sup ||x, — x,,| -
n— 00

Taking the limsup ast — 0 and recalling (42) and the con-
tinuity of F, we conclude that

lim sup lim sup ((uF = yV) x, j (x, = x,)) <0. (59
t—0 n— 00
On the other hand, since X is a real 2-uniformly smooth

Banach space, and J is single-valued and strong-weak™ uni-
formly continuous on X, ast — 0", we have

(uF =yV) %, j, (% = x,)) = (uFx, = YV, j, (= x,))
= ((UF =yV) &, jy (% = x,) = j (%, = %))

+ (UF (%) = uFx, + 9V (x,) =V (), g (x; = x,))
= ((UF =yV) &, j (% = x,) = o (%, - xn)>

+ <[,1F (%) - ptFxt,]q —-x )>

+y <V (x,) - V(). j, (x, - xn)> — 0.

(60)

Thus, from (59) and (60), we obtain

lim sup ((uF = yV) % j; (% = x,))
(61)
= hmsuphmsup< UF —yV) X, j, (X - x )> <0.
t—0 n— 00
So (55) is valid. This completes the proof. O

Finally, we study the following implicit iterative method
process: the initial x, € X is arbitrarily selected, and the iter-
ative algorithm is recursively defined by

Xn = “nYV (xn) + ﬁnxn—l
+ ((1 - ﬁn) I- [’“an) Tnxn’

(62)
Vn>1,
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where the sequences {«,} and {3} are sequences in (0, 1) and
satisty the following conditions:

o, =lim =0,

n—o00"'n

(C1) lim ool
(C2) 322 (at,/ (o5, + ) = 0o,

Theorem 11. Let {T;};°, be a countable family of self-
nonexpansive mappings on X, such that S == (2, Fix(T,,) # 0.
Let'V be an L-Lipschitzian continuous self-mapping on X with
Lipschitzian constant L > 0. F : X — X is an n-strongly
accretive and x-Lipschitzian continuous mapping with k > 0
andn > 0. Suppose that the sequences {,} and {f3,} satisfy the
controlling conditions (CI)-(C2). Let u € (0, min{l,n/szz}),
and set T = u(y — MKZKZ) and (1 — 1)/L < y < 7/L. Assume
that ({T,}, T) satisfies the AKTT condition. Then {x,} defined
by (62) converges strongly to a common fixed point X of {T,}>,
which equivalently solves the following variational inequality:

(Y -pF)%,j(X-p)) 20,

Proof. First we show that {x,} is well defined. Consider a
mapping S, on X defined by

Vpes. (63)

S, x =, yVx + B,x,  + (1 = B,) I — pax,,F) T,x.  (64)

It is easy to see that S, is a contraction. Indeed, for any x, y €
X, by Lemma 5, we have

IS = Sy
<oy [V -V
+ ||((1 - :Bn)I - anHF) Tx - ((1 - :Bn)I - (anF) Ty"

< [1 _ﬁn_‘xn(T_yL)] “x_y“
(65)

Hence, S, is a contraction. By the Banach contraction
mapping principle, we conclude that S, has a unique fixed
point, denoted by x,,. So (62) is well defined.

Then we show that {x,,} is bounded. Taking any p € S, we
have

I, - ol
= o, YV (x,) = uFp, j (x, = p))
+ B (X1 = P j (x4 = P))
+{((1 = B) I - ouuF) T,x,
—((1=B) I = auuF) ps j(x, - p))
<o,V (x,) =V (p),j(x, = P))
+a, YV (p) = uFp, j (x, - p))
+ B {Xp1 = P j (%4 = P))
+{((1 = Bu) I — ouuF) T,x,
—((1=B) I - ouuF) p. j(x, = p))

< a,yLlx, = pI + &, (v (p) - Fp, j (x, - p))
+ B %t = pll 1 = I
+(1- B, - a,7) |, - pl°
=(1-B,—a, (r=yL) |x, - oI’
+a, [yV (p) - uFp| |1, - pll
+ Ba |%n-s = Pl I = £

(66)

which implies that

b= pl < s b 4l

B+ oy (T - yL

Xy, (T B YL)
B+, (- yL)

(67)
[vV (p) - uFp|
T—-yL

By induction, it follows that

r@-ml)

b -l < s { -l 22

(68)

Hence {x,} is bounded, so are the {V(x,,)} and {F(x,,)}.
Next, we show that

"xn - Txn“ — 0. (69)
From (C1) and the definition of {x,}, we observe that
“xn - Tnxn”
= ||Ocn (YV (xn) - nuFTnxn) + ﬁn (xn—l - Tn'xn)”

< o, YV (%) = WF T,

+ B, ||xn_l - Tnxn| — 0.
(70)

By Lemma 7 and (70), we have

||xn - Txn” = ||x,, -T,x,+T,x, - Txn”
< "xn - Tnxn" (71)

+ ||Tnxn - Txn|| — 0.

Let x, be defined by (33), from Propositions 9 and 10, and
we have that {x,} converges strongly to X € S := Fix(T) =
iz, Fix(T;) and

limsup ((yV' - uF) %, j (x, - X)) < 0. (72)



As required, finally we show that x,, — X. As a matter of
fact, by Lemmas 5 and 8, we have

e~ %[
= <((1 - ﬁn) I- (anlF) Tnxn - ((1 - ﬁn)l - ocm"lF)%
+ﬁn (xn—l - 36) o, (YV (xn) - /AF%) ’j (xn - R)>
< <((1 - IBn) I- (xn[’lF) Tnxn
- ((1 - ﬁn)l - ocmuF) %’j(xn - %»
+ /jn ”xn—l - 36" "xn - 3‘C"
T, <VV (xn) - #F"i’j(xn - 32)>
<(1-Bu—a,7) |, - %[
+ B ey = % | - X
+ o,y <V (xn) -V (%) ’j(xn - 55))
+a, (Y (%) - uFX, j (x, - %))
<(1-B,-a,7)|x, - 52”2
+ /3n ”xn—l - 36" "xn - 35"
L, - 7|+ o, (Y (X) - uFR, j (x, - %))
< (1 - /3n & (T - YL)) "xn - %"2
+ Bty = % |, - %]
+ o, (YV (%) - pF%, j (x, - X))
< (1 - ﬁn & (T - VL)) "xn - 56"2
B (s 3 + - 5P)
+a, (YV (%) - uFX, j (x, - X))
(1- 2 -a - 90) ) b, 5
B
2
+ o, (YV (%) - pF%, j (x, - X)),

IN

+ ey -5

(73)
which implies that
~12
%, — %
S Y P
/3;1 + 2Ocn (T - VL)
20
(W -uF)X, j(x, - %
Y e (17D ((yV - pF) %, j(x, - %)) 1)
2o (ToyD) T
:Bn + 206” (T - yL) o
20, (r-yL)  ((yV - uF)X, j(x, - X))

ﬁn+2‘xn(T_yL) T_YL

Abstract and Applied Analysis

It is easily to see that
Zan (T B VL)
By + 204, (T - yL)

2a, (T-yL)
2B, + 2,

aVl
“Tl + ﬂn .
(75)
Thus, (C2) yields that ZE’;O Qa,(r—yL)/(B,+2a,(r—yL))) =
00. Applying Lemma 4 and (72) to (74), we conclude that
x, — X.

This completes the proof. O

(t—yL)

Remark 12. Our result in Proposition 9 extends Theorem 3.1
of Tian [8] from real Hilbert spaces to real 2-uniformly
smooth Banach spaces. If we set 5, = 0, our result in
Theorem 11 extends Theorem 3.2 of Tian [8] from real Hilbert
spaces to real 2-uniformly smooth Banach spaces as well as
from a single nonexpansive mapping to a countable family of
nonexpansive mappings.

Remark 13. In 2008, Hu [14] introduced a modified Halpern-
type iteration for a single nonexpansive mapping in Banach
spaces which have a uniformly Géteaux differentiable norm
as follows:

Xpy1 = O,u+ Box, +9,Tx,. (76)

Under some appropriate assumptions, he proved that the
sequence {x,} defined by the iteration process (76) converges
strongly to the fixed point of T'.

Corollary 14. Ifwetakey = 1, F =1,y = 1, and 3, = 0 in
(62), we extend the classical viscosity approximation [4] under
a mild assumption: the contraction mapping f is replaced by
an L-Lipschitzian continuous mapping V. Our proving process
needs no Banach limit and is different from the proving process
given by Xu [6] in some aspects.

Remark 15. Ceng et al. [11] introduced the following iterative
algorithm to find a common fixed point of a finite family of
nonexpansive semigroups in reflexive Banach spaces:
Xp+1 = (1 &, ﬁn) X, + (xnf (yn) + ﬁnTrnyn’
Yn = (1 - Vn) X, + VnTrnxn'
Under some appropriate conditions one the parameter
sequences {«,}, {8,}, {y,}, and the sequence {x,} converges
strongly to the approximate solution of a variational inequal-
ity problem.

If we set ¢, + 3, = 1 and y, = O, the algorithm is
simplified into viscosity-form iterative schemes for a finite
family of nonexpansive semigroups. Our algorithms are con-
sidered in full space and avoid the generalized projections or
sunny nonexpansive retractions in Banach space. For further
improving our works, in order to obtain more general results,
we should take the results given by Ceng et al. in [11] into
account.

(77)
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