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The Riccati equation is employed to construct exact travelling wave solutions to the generalized Bretherton equation. Taking full
advantage of the Riccati equation which has more new solutions, abundant new multiple solition-like solutions are obtained for the

generalized Bretherton equation.

1. Introduction

Nonlinear partial differential equations (PDE) are widely
chosen to describe complex phenomena in physics sciences.
Searching for exact solutions to nonlinear differential equa-
tions plays more and more important role in nonlinear sci-
ence. Recently, various direct methods have been proposed,
such as the tanh-function method [1, 2], the Jacobi elliptic
function expansion method [3, 4], the F-expansion [5-8],
sine-cosine method [9, 10], and the homogeneous balance
method [11-13]. Among them, the tanh-function method is
improved continuously [14-17] as one of the most effectively
straightforward methods for constructing exact solutions to
PDEs. In the paper an extended tanh-function method is used
to solve the generalized Bretherton equation with arbitrary
constants.

In [18], Bretherton introduced the partial differential
equation

Uy + Uy + U+t~ =0 (1a)
in time and one spatial dimension as a model of a dispersive
wave system to study the resonant nonlinear interaction
between three liner models. The modified Bretherton equa-
tion

+u-u’ =0 (1b)

utt + uxx + uxxxx

was studied by Kudryashov [19], Kudryashov et al. [20], and
Berloff and Howard [21], and its travelling wave solutions
were obtained.

Our aim in this paper is to investigate multiple soliton-
like solutions to the generalized Bretherton equation in [22]
by using the solutions to the Riccati equation:
+O0u + yu3 =0. (1c)

utt + (xuxx + ﬁuxxxx

2. Multiple Soliton-Like Solutions to the
Generalized Bretherton Equation

We assume the travelling wave variable

u(,t)y=ul), &=x-Vt, (2)

where V is the speed of the travelling wave.

Making use of the travelling wave transformation (2), (1c)
is converted into an ordinary differential equation (ODE) for
u = u(&) as follows:

(V2 + oc) u' + ﬁu(4) +0u+yu’ =0. (3)
We assume that the solutions to (3) can be expressed in the

form

M

u@®= ) ag 4)

=M



where ¢ is a solution of the Riccati equation,
¢' = A+ B+ C¢’, (5)
whereqg; (i =0,+1,+2,...,+M) A, B, and C are constants to
be determined later, and either a_,, or a,; can be zero, but
they cannot be zero together.
Substituting (4) into (3) together with (5) and considering
the homogeneous balance between the highest-order deriva-

tive u® and the nonlinear term >, we obtain M = 2. Thus
the solution to (3) takes the following form:

u() = aq(pz +ayp+ay+ a_lqﬁ_l + a_2q5_2. (6)

Substituting (6) with (5) into (3) and collecting all the terms of
the same power of ¢, the left-hand side of (3) is converted into
another polynomial of ¢. Setting the coefficients of ¢’ (i =
0, +1, +2) to zero yields a set of algebraic equations

ya’, —120Ba_,A* = 0,
3ya_,a’, +24Pa_ A* + 96Ba_,BA® = 0,
330Ba_,B°A® + 60Ba_,BA® + 3ya’,a_, + 6aa_, A’
+ 3yaoa32 + 6V2a_2A2 =0,
40Ba_ | A’C + 3ya,a’, + 2V7a_, A* + 10V>a_,BA + 2aa_, A®
+50Ba_B* A’ + 6ya_jaya_, + 1308B° A + yail
+440Ba_,CBA” + 10aa_,BA = 0,
6ya,a_ja_, + 60fBa_, A°CB + 3ya2afz +da_,
+ 3yafla0 + 3aa_BA + 8V2a_2CA
+ 8aa_,CA + 136/3(1_2C2A2 + 3ya§a_2
+4aa B> +4V’a B + 16/3[1_234
+3V%a_BA +15Ba_,B’A + 232Ba_,CB*A = 0,
16fa_,A°C* + 6V*a_,CB + 2aa_, AC + fa_, B*
+6a_, +6ya,a_ja_, + 30/361,2CB3 + 3ya,1a(2)
+ 2V2a,1AC + 6ya,aya_, + oca,le
+120Ba_,C*AB + 6aa_,CB + 22a_, ACB®
+ a,leB2 + 3ya1a31 =0,
Zoca,ZC2 + 2<xa2A2 + ZaZVZA2 + Za,ZC2 + 3yafa,2
+3ya,a’, +8Ba_,AC’B + day + a,V’BA
+V?a_,BC + aa,BA + aa_, BC + 16Pa,CA’

+Ba,B’A + 14Ba,B°A” + 16Pa_,C’ A + fa_,B’C
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+ 14[301,2CZB2 + 6ya,aya_, + 6ya,a_,aq,
+8fa,CBA” + ya; = 0,
6ya,a_,a, + (xa,le + 6a2VZBA + aleB2

+ 3ya1a§ +2a,V’CA + 2aa,CA + 3yafa,1 +6a,

+ 60, BA + 22a,CB*A + 30Ba,B° A

+16Ba,C* A’ + fa, B*

+ 6ya,a,a_, + 120/3(12CBA2 =0,

4aa,B” + 8aa,CA + 136fa,C*A” + 16Pa, B*

+ 3ya2a§ +da, + 3V*BC + 3aa,CB
+15Ba,CB’ + 4a,V*B* + 60a, ABC*
+8a,V>CA + 3yala, + 23f3a,CB’ A
+ 3ya§a_2 +6ya,a,a_, =0,
40Ba,C’ A + 2aa,C* + 50a,C*B* + 10aa,CB
+ 6ya,a,a, + yal3 + 10a2VzBC
+3yasa_, + 130Ba,CB’ + 440fa,C*BA
+2a,V?C* =0,
3yasa + 3yaia, + 6a,V°C* + 60Ba,C’B
+240Ba,C’ A + 330Ba,C*B* + 6aa,C* = 0,
3yasa, + 24Pa,C* +336pa,C’B = 0,

ya; +120Ba,C* = 0.
@)

Solving (7) with the help of the symbolic computation
software Maple, we obtain the following.

Case 1. One has

-30
a, =0, a, =0, a, = ZCZ\/—ﬁ,
Y
-30 -30
a, = ZBC\]—ﬁ, a, = 2AC\j—ﬁ, (8a)
Y Y

V = £4/-a — 582 + 20CA,
& = 4B (-8CAB* + B* + 16A°C?).
Case 2. One has
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V = +~a - 586 + 20CA,
8 =4B(-8CAB’ + B* + 16A°C?),
(8b)

where A, B, and C are arbitrary constants, but C cannot be
zero.

Case 3. One has

30
a_ =0, a, =0, a, =0, a_Z:ZAZ\]—’B,
Y
30
= 2AC\]—ﬁ, B=0,
V = #4[-a— 60CAB, & = —16BA>C%.
(8¢)
Case 4. One has
30
a,=0, a=0, a=0, _2=2A2\/—ﬁ,
Y
-15 £ V165 30
ap = ———"CA B gl
15 Y

V = ey + (~30 £ 2165) CAB,

8 = -4A’C* (13 £ V165),
(8d)

where A, B, and C are arbitrary constants, but A cannot be
zero.

Case 5. One has

30
a,;=0, a, =0, a, =0, a_, = —2A2\/—ﬁ,
4
30
ag :—2AC\j—/3, B=0,
Y
V = +\-a - 60CAB,  &=-16BA*C*.
(8e)
Case 6. One has
30
a,; =0, a, =0, a, =0, a, = —2A2\j—'8,
Y
(-15+ VI65) CA [308
ay=~——7>—1|—, B=0,
15 Y
V = ey~ + (~30 £ 2165) CAB,
8 =—4A’C*B(13 £ V165),
(8f)

where A, B, and C are arbitrary constants, while C cannot be
zero in Cases 1 and 2 and A cannot be zero in Cases 3-6. € is
an arbitrary element of {-1, 1}.

Substituting ((8a), (8b), (8c), (8d), (8e), (8f)) into (6)
respectively and taking advantage of solitions to (5), we can
find the following solutions which contain multiple solition-
like and triangular periodic solutions for the generalized
Bretherton equation.

When 6 = 4p,

U, = 6\/? (coth (x + ey —a— 5ﬁt>
+ csch (x + 8\/T—5ﬂt>>2 (9a)

—e\j_wﬁ,
2y
—Q\IW( tanh(x+s —oc—S[St) )2
e = 2y 1+sech(x+ey/-a-5
(ewn(erea )
gJi/”
2y

U, = 9\/¥ (tan <x +e-a+ 5[31‘)
+ sec <x+£\/—(x+5/3t>>2 (9¢)

=
U
Il
(85
_
L
(92}
v
—
O
173
O
S
x®
+
o
|
S
+
ul
=
A
~——

- cot <x +ey—a+ 5[3t>>2 (9d)

+9\jﬂ)
2y

\/W( tan (x + /o + 5¢) )
u,=0
2y (lisec(x+s —oc+5[3t))

2

(9e)

+ csc <x+s\/—(x+5ﬁt>)2 (9f)

+9\jﬂ,
2y
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5
Uy, = 0\j

hen § = 1024,
Zyﬁ (sec <x+£\l—(x+ 5[3t> when P

2 ~ W tanh (x +/—a - 80ﬁt> >
—tan<x+£\/—a+5ﬁt>> (9g) Usg = 329\] 7 ((1+tanh2 (x+ v-a - 80ft))

+6\/E,
2y

_89\/ 308
Y
L _0\/m< cot(x+£ —(x+5[3t) >2

" 2y (1icsc(x+s —oc+5ﬁt))

(11a)
(9h) R 5
1= - + /= 80
0y 2P uzp = 329\j 30ﬁ( an (;’” o+ 80Pt) >
2y Y\ (1-tan? (x + = + 80pt)) )
when § = 64, 89\]#’
- —_— 2
-308 2 308 -308 cot (x + o+ 80ﬁt) )
- 20 h V- 91| —-F, =320
-2 \j b4 @ (x VTS ZOﬁt 2 \j Y . \j y ( (1 - cot? (x o+ 80[5’t))
(10a) (11¢)
—_ + 89\j 30[;
Uy = 29\/ CO'th2 X+ - - 20[3t 29\j %ﬁ Y

when 6 =0,
(10b)

=20

tan x+ —oc+20ﬁt +26\j

W
ﬁ‘c
=

+24/-308/y
Uy = 5 2 (12)
((x +ev-at) + co)
(10¢)

When § = -3,
Uyy =20 \/

158

(10d) Us, = 9\j2_)/ (coth <x +ey—a+ 15/5’t>

< tan x +ev-a+ 20[3t) )2 + csch (x +e\-a+ 15,8t>>_2 (13a)
1+ tan X+ey-a+ 20/3t))

\jlsﬁ
. 80\j 30 tan (x + e -+ 20[31‘) (10¢) 2y
Y (1 * tan (x+s —(x+20[3t))

@ tanh(x+s —(x+15ﬁt) -
ET SR )
46\/ 308
Y

1 £ sech (x + e+ ISﬁt)) (13)
\/15/3
\j_g,oﬁ cot (x +e—a+ 20,8t) 2 2y
uzf = 860 < >
Y (1ic0t(x+s —(x+20[5t))

cot’ x+ —oc+20/3t +20\/

W
%\o
o)

Us, = 6\j12if (tan <x +ey—a- 15/3t>
+ sec <x+e\/—(x— 15ﬁt>)_2 (13¢)

155
2y’

\j_30ﬁ cot (x + e/—a + 20pt)
780
Y (licot(x+s —(x+20ﬁt))

Y

(10f)
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L —6\jﬁ< tan(x+s —oc—lS,Bt) )_2
7\ 2y (lisec(x+s —oc—lSﬁt))

+9\/@,
2y
Us, = 6\]23)? <cot <x + 8\/—04—715ﬁt>
+ csc <x+8ﬂ—(x— 15[31‘))_2 (13e)

+6\/ﬂ3,
2y

Usy = 0\jﬂ; (sec (x +ey—a— 15/31?)
2y

- tan <x+£\l—oc— 15[3t>>72 (13f)

+0\/@,
2y

L _e\j@< cot(x+s —oc—lSﬁt) )2
7 2y (licsc(x+s —oc—lS/g’t))

(13d)

(13g)
+ 6\/ﬂ,
2y
when § = -16,
Ug, = 26\j¥tanh_2 (x -+ 60[31‘) - 29\j¥,
(14a)
Ug, = 29\j¥coth2 (x -+ 60[3t) - 29\j¥,
(14b)
Ug. = ZGJ%gtanz <x +|-a— 60/3t> + 29\/%3, (14c)
Ugg = 29\]¥cot_2 (x o - 60ﬁt> + 29\1#, (14d)
when § = -64,
" Ze\j@( (l tanh}E:c(i —a - 24(2)5(? )) >—2
Y -t +4/—a— t
B anh” (x o B (152)
+ SGJ%,
Y

5
\jﬁ( tanh (x t/-a+ 240[313) >_2
Uz, = 20— 2
Y (1 + tanh (x /ot 240/3t))
.
Y
(15b)
y o 26\/@( cot (x + A/~ — 240ﬁt) )2
y (1 - cot? (x - - 240[5t)) (150)
+ Se\jﬁ,
Y
when 8 = —(13 + V165)8,
158
Ugy = \j zyﬁ

X (coth (x + 8\/—06 - 411 (—30 + 20\/@) ﬁt)

+ csch (x + 8\/—06 - All (—30 + 20\/@) ﬂt))_

+ 19\1% <—1 +0£),
4 y 15

(16a)

2y

tanh (X+8\/7(X7(1/4) (730+20\/ﬁ) ﬁt) -2
x (u sech(x +8\/—(x — (1/4) (=30 + 20V165) /St))

+ 16\j30ﬁ (—1 +a@>,
4 y 15
(16b)

Ug, = 6\/% (tan (x + 8\]—06 + :11 (—30 + ZOVE) ﬁt)

* sec (x+e\/—(x+;1 (—30+20\/ﬁ) ﬁt))_
ST
4 Y 15

=
Ugg = g\jziﬁ
)4

(16¢)

X (csc (x + 8\/—0( + }1 (—30 + 20\/@) ﬁt)
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when § = —4(13 £ V165),

= 20\/Tﬁtanh <x + 8\/—06 - (—30 + 20\/@) ﬁt)

- cot (x+ 8\/—(X+}1 (—30 +20\/ﬁ) ,Bt))_
- 9\j30ﬂ ( 1+a@>

y 15 ) o
(16d) +6\/ﬂ)’ (—1 +a@),
y 15
g, (17a)
:(—)\jljf Ugy, = 20\/ Oﬁcoth <x+8\/—a—(—30+20\/ﬁ)[3t)
tan(x+e\/—oc+(1/4)(—30+20\/ﬁ)ﬁt> -2 +6\]% (_1+0@>
<1tsec(x+e\/—oc+(1/4) (—30+20\/ﬁ),8t>> Y b (17b)
1, [308 V165 308
_40\jy (—1+0T>’ o —20\/Tﬁtan <x+e\/—a+(—30+20\/ﬁ)ﬁt>
16e
- _gJﬂf(_Ha@),
- ﬂ} y 15
8f 2y (17¢)
x (cot(x+5\/ —o+ Z( ~30 +20V165) /3t) Ugy = 2%/%@‘2 <x+5\/—(x +(-30 +20V165) ﬁt)
-2 —_—
icsc(x+s\/ oc+—( 30+20\/F)/5)) _9\/%(_1+0g),
Y
L 30ﬁ( @) 7
y 15 ) when & = —64(13 + V/165),
(16f)
ﬁ U10a
Ug, = 9\/—
9 2y _20\/30,8
Y
X(sec(x+£\/ oc+—( 30+20\/F)/3t) -
+ i tanh <x+e\/—a—4(—3o+2ax/ﬁ)/3t>
a X
—tan <x+£\/ ot _( 3O+20\/F)/5 )) (1 + tanh? <x+s\/—oc—4(—30+20x/ﬁ)ﬁt>>
——0\/30‘8( +a@), +40\/% <—1+a@),
y 15 y 15
(16g) (18a)
Ugp, Uyop
:9\/15‘; _29\/30ﬁ
Y

2y
>2 < tanh <x+5\/—(x+4(—30+20\/ﬁ)[3t> >2

cot (x + e\/—(x +(1/4) (—30 + 20\/@) ﬁt)
<(li csc (x + 8\/—06 +(1/4) (-30+20V165) ﬁt» (1 — tanh® <x + e\/—oc +4 (—30 + 20\/@) ,Bt))

20 (2015, 02 (1005,
Y Y 15

15
(16h) (18b)
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Uzoc
308
_ ZQJ_ﬁ
Y
cot <x + s\/—(x +4 (—30 + 20\/165) ﬁt)
X

(1 — cot? <x+ e\/—oc +4(-30 +20/165) ,Bt))

- 49\/M (—1 + a@),
Y 15
(18¢)

where ¢, 0, and o are arbitrary elements of {-1, 1}.

3. Conclusion

In this paper, we have used solutions to the Riccati equation
to solve the generalized Bretherton equation with arbitrary
constants and obtained abundant new multiple solition-like
and triangular periodic solutions. It is significant to observe
practical denotation of the obtained solutions, so the obtained
solutions involving arbitrary constants in this paper have
potential applications in dispersive wave systems to research
for resonant nonlinear interactions.
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