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Using Riemann-Liouville fractional differential operator, a fractional extension of the Lagrange inversion theorem and related
formulas are developed. The required basic definitions, lemmas, and theorems in the fractional calculus are presented. A fractional
form of Lagrange’s expansion for one implicitly defined independent variable is obtained. Then, a fractional version of Lagrange’s
expansion in more than one unknown function is generalized. For extending the treatment in higher dimensions, some relevant
vectors and tensors definitions and notations are presented. A fractional Taylor expansion of a function of N-dimensional polyadics
is derived. A fractional N-dimensional Lagrange inversion theorem is proved.

1. Introduction

The fractional calculus (FC) may be considered as an old
and yet novel topic. It dates back to the end of the sev-
enteenth century through the pioneering works of Leibniz,
Euler, Lagrange, Abel, Liouville, and many others. In a
letter to L'Hospital in 1695, Leibniz raised the possibility of
generalizing the operation of differentiation to noninteger
orders, and UHospital asked what would be the result of
half-differentiating x. Leibniz replied: It leads to a paradox,
from which one day useful consequences will be drawn. The
paradoxical aspects are due to the fact that there are several
different ways of generalizing the differentiation operator to
non-integer powers, leading to inequivalent results.

The fractional calculus (FC) generalizes the ordinary
differentiation and integration so as to include any arbitrary
real or even complex order instead of being only the positive
integers (see, e.g., Samko et al. [1], Kilbas, et al. [2], Magin [3],
and Podlubny [4]).

During the second half of the twentieth century till now,
FC gained considerable popularity and importance. Many
authors have explored the world of FC giving new insight
into many areas of scientific research in physics, mechanics,
and mathematics. Miller and Ross [5] pointed out that there
is hardly a field of science or engineering that has remained
untouched by the new concepts of FC.

Fractional derivatives provide an excellent as well as very
powerful tool for the description and modeling of many
phenomena in nature. There are many applications where
the fractional calculus can be widely used, for example,
viscoelasticity, electrochemistry, diffusion processes, control
theory, heat conduction, electricity, mechanics, chaos and
fractals, turbulence, fluid dynamics, stochastic dynamical
system, plasma physics and controlled thermonuclear fusion,
nonlinear control theory, image processing, nonlinear biolog-
ical systems, astrophysics, and so forth, see for details [2-12]
and the references therein.

In a very good book by Baleanu et al. [13], readers were
given the possibility of finding very important mathemat-
ical tools for working with fractional models and solving
fractional differential equations, such as a generalization of
Stirling numbers in the framework of fractional calculus
and a set of efficient numerical methods. Moreover, they
introduced some applied topics, in particular, fractional
variational methods which are used in physics, engineering,
or economics. They also discussed the relationship between
semi-Markov continuous-time random walks and the space-
time fractional diffusion equation, which generalized the
usual theory relating random walks to the diffusion equation.

Debbouche and Baleanu [14] introduced a new concept
called implicit evolution system to establish the existence



results of mild and strong solutions of a class of frac-
tional nonlocal nonlinear integrodifferential system; then
they proved the exact null controllability result of a class
of fractional evolution nonlocal integrodifferential control
systems in Banach space. As an application that illustrates
their abstract results, they provided two examples.

Babakhani and Baleanu [15] considered a class of nonlin-
ear fractional order differential equations involving Caputo
fractional derivative with lower terminal at 0 in order to study
the existence solution satisfying the boundary conditions or
satisfying the initial conditions. They derived unique solution
under Lipschitz condition. In order to illustrate their results
they presented several examples.

Finally and roughly speaking, the fractional calculus
may improve the smoothness properties of functions rather
than the calculus with integer orders. The development
of the FC theory is due to the contributions of many
mathematicians such as Euler, Liouville, Riemann, and Let-
nikov. Several definitions of a fractional derivative have
been proposed. These definitions include Riemann-Liouville,
Grunwald-Letnikov,Weyl, Caputo, Marchaud, and Riesz frac-
tional derivatives, see Miller and Ross [5] and Riewe [16].
Riemann-Liouville derivative is the most used generalization
of the derivatives. It is based on the direct generalization
of Cauchy’s formula for calculating an n-fold or repeated
integral, see Oldham and Spanier [17].

In 1770, Lagrange (1736-1813) published his power series
solution of the implicit equation. However, his solution used
cumbersome series expansions of logarithms. [18, 19]. This
expansion was generalized by Blirmann [20-22]. There is
a straightforward derivation using complex analysis and
contour integration; the complex formal power series version
is clearly a consequence of knowing the formula for poly-
nomials; so the theory of analytic functions may be applied.
Actually, the machinery from analytic function theory enters
only in a formal way in this proof. In 1780, Laplace (1749-
1827) published a simpler proof of the theorem, based on
the relations between partial derivatives with respect to the
variable and the parameter, see [23, 24], Hermite (1822-1901)
presented the most straightforward proof of the theorem by
using contour integration [25-27].

In mathematical analysis, this series expansions is known
as Lagrange inversion theorem, also known as the Lagrange-
Biirmann formula, giving the Taylor series expansion of the
inverse function. Suppose that z = f(w), where f is analytic
function at a point a and f(a)# 0. Then, it is possible to
invert or solve the equation for w such that w = g(z) on a
neighborhood of f(a), where g is analytic at the point f(a).
This is also called reversion of series. The series expansion of
g is given by

R (@) d( w-a ))
—er =l (Lll*“ ( n! dw™! <f(w) - f(a) ) '
@)

In this work, we will apply the concepts of fractional calculus
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to obtain a fractional form of the Lagrange expansion and
some generalizations.

2. Basic Definitions and Theorems

Definition 1. By D, we denote the operator that maps a
differentiable function onto its integer derivative; that is,
Df(x) = f'; by J,,, we denote the integer integration operator
that maps a function f, assumed to be (Riemann) integrable
on the compact interval [a, b], onto its primitive centered at

a; thatis, J, f(x) = [ fit)dt for all a < x < b.

Definition 2. By D" and J,n € N, we denote the n-fold
iterates of D and J,, respectively. Note that D" is the left
inverse of J in a suitable space of functions.

Lemma 3. Let f be Riemann integrable on [a,b]. Then, for
a<x<bandn €N, one has

n _ 1 x n-1
= |-t e, men. @
Definition 4. The operator 7, defined on Lebesgue space
L,[a,b], denotes the Riemann-Liouville fractional operator
of order «. That is,

T fx) = —— j (x - f)dr,

a<x<b aeR.
I'(x) Ja

3)

Remark 5. It is evident that 7, = J7, for all « € N, except
for the fact that we have extended the domain from Riemann
integrable functions to Lebesgue integrable functions (which
will not lead to any problems in our development). Moreover,
inthe case « > 1,itis obvious that the integral .7, f(x) exists
for every x € [a, b] because the integrand is the product of an
integrable function f and the continuous function (x — «)*".
One important property of integer-order integral operators, is
preserved by this generalization. That is,

T (I 0) = £ (75 F0)
=72 f(x0), >0, f(x) €Ly [ab].
(4)

Definition 6. Let « € R* and let m = [a], The Riemann-
Liouville fractional differential operator of order « is defined
as such that. Then, @7 = D' 77" *. That is,

= (Y [

a (5)
x f(t)dt,

a<x<b aeR.
Lemma 7. Let « € RY and let m € N such that > «. Then,
95 =D T

Proof. Since m > a yields m > [«].
Thus,

ij{:n—a _ D[oc'IDm—ftﬂ ]m—ftﬂjf“]—a ©
6

— D[a]+m—[a]—m+[a]—[a]+a _ Doc _ 92‘ O
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Theorem 8. Let (« > 0) € R, Then, for every f(x) € L,[a,b],
D, 73 flx) = f(x).

Proof. For a = 0, both operator, are the identity. For a > 0,
let m > [«]; then,
DoFof () = DT Fof (%) = DJ 73 f (%)

= DT f(x) = f(x).

7)

O

Corollary 9. Let f be analytic in (a—h, a+h) for someh > 0,
and let (¢ > 0) € R*.
Then,

(~1)"(x - a)"*“

K (o + k) T D} f(x),

(I-1) Jof(x) = Z

k=0
h
Van<a+5,

00 k+a
wl)’;ﬂa) ,

(I-2) 73 f(x) = k:OF(k +1+a)

Va<x<a+h,

. ~ 00 a (x_a)k—oc f
(D-1) DT f(x) = ;)(k> i1 Pal )

(8)

Va<x<a+ E,
2
x-a
(D-2) 9 () = Z(—))D’;ﬂa),
VYa<x<a+h.
The binomial coefficients for « € R and k € N are defined as

a) al@-1)(a—2)---
(k)_ k!

(a—k+1)

)

ol

T K (a—k)

Proof. For the first two statements (I-1), (I-2) and we use the
definition of the Riemann-Liouville integral operator .7, and
expand f(t) into a power series about x. Since x € [a,a+h/2),
the power series converges in the entire interval of integration
and exchanges summation and integration. Then, we use the
explicit representation for the fractional integral of the power
function:

Tk + 1)

k+o
I T (10)

Tic—a) =
(I-1) follows immediately. For the second statement, we pro-
ceed in a similar way; but we now expand the power series ata
and not at x. This allows us again to conclude the convergence
of the series in the required interval. The analyticity of 7,
follows immediately from the second statement.

3
To prove (D-1) we use the relation
g% = D[Mf[rx]—oc
IR ()
k!F(oc)(oc+k)( K > =(-1)Tk+1+a).
This allows us to rewrite the statement (I-1) as
00 k+[a]-a
[a]-e _ [a] = 06> (x—a) Dk
ja f(x) I;)( k I'(k+1+f06]—06) af(x)'
(12)
Differentiating [«] times with respect to x, we find
« o]-a « < xX|—«&
DI #191=% £(00) = 9% F(x) = Z(f 1k )
k=0
1 (13)

T+ 1+[a]-a)
x DI (o = @)D £ (x) .
The classical version of Leibniz’ formula yields

¢ S lal—a L §(le]
i~ () (),

k=0

x DI [(o = )11 ] (x) DY 1,

which yields
; ~ a1y &ty [t
a0 = 3. (") ()
f(x) kz(:) ]Z(:] (k +1 +] OC) (15)

x (x) Dﬁ“f.
By definition, (’;) = 0ify € Nand g < j. Thus, we

may replace the upper limit in the inner sum by oo without
changing the expression. The substitution j =/ — k gives

sir0=3 5 (") (S o onls

120 k=0
(16)
Using the fact that Y7 Y9, = ¥ 1 _ |
o I -«
N A VAR i
755093 3 (“3) (%) i 02
17)

And the explicit calculation yields

}§<a -km) <l[fc1k> ([3«1) )

thus, (D-1) follows directly. O



3. Fractional Form of Lagrange’s Expansion in
One Variable

We can use the standard form of Lagrange’s expansion for one
implicitly defined independent variable and the Definition 6
to obtain the fractional form of Lagrange’s expansion as
follows.

Let z be a function of ({,¢) and in terms of another
function y such that

z=z((e)={+eu(2). (19)
Then, for any function f
f@= 0+ 35 ;c S PECE P e
for small e. If f is the identity
z=(+ i , j; 11 ()], (21)
then
f@ = fO+ 001% ;Cll @) df;ff) | e

This classical result can be obtained using the following
integral:

@) = [sen@-r+0) fn (1- el @)dr  (23)

Now we are going to introduce a fractional form of the
Lagrange inversion formula.
Rewrite the integral (23) in the fractional form as

f&) = I8 (eu(z) ~ 2 +9)
x f(2) (1~ £,251(2))

1
)
x f(0) (1 - & 25u (1)) dr.

Writing the delta function as an integral, we have
__ SliElen(@)-r+)
fz) = 27T (&) L J S
X f(1)(1-&,Dou(r))dédr
1S e

2nl (06) a J-m n!

(24)
J (z-1)"'8 (eu(r) -1 +0)

(Z _ T)(x—l

n=0

x f(1)(1-&25u(1) df,d‘r
) (eu(@))"e™e™ (r) "l ot
- 2al (oc) J J (z =

X f(‘r)( -, Dou (T))dfd‘[

(25)
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The integral over £ then gives 8({ —7) =0 forall{-7=0
and we have

@)=Y (25)' (8”(0) FO (1625 Q)
r((x)n:O
1 \ a\* [ n n n+1
= n!r—(a);o(z%) [ @) F©) - e
x F@ (@) (;26n©)]
= n'F(oc) Z(ng)n [en(# (C))”f(C) — M f(() r
x (1+a) (@) (w@)'™)]
1 N a\* [ n n n+1
= @ 26 2) [ @@
X F@OT +a) (@) )]
_ L ey | n _s”“l“(1+oc)
“ T 22 | G @O - s

x 1,2 [£©) (@)™
~ DO (@)}

(26)

On extracting the first term out of summation, setn+1 = k =
n =k — 1, and rearranging the terms then gives the result:

o1 o)
6= 1 0+ 2629 g

<[ @©) 25 Q)]

(27)

4. Generalized Fractional Lagrange’s
Expansion in One Variable

We can the Lagrange’s expansion in more than one unknown
function y;(z) as

=z((, &)=+ Zsiyi (2). (28)
i=1

This classical result can be obtained using the following
integral:

fz) = j s (Zs,-u,- (1) -7+ c) f(@) (1 - Yl (r)) dr.
i=1 i=1
(29)

Now, we are going to introduce a fractional form of the
Lagrange inversion formula.
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Rewrite the integral (29) in the fractional form as

X(Zsi(’tz (C) {D Zsl."lt (<)1|
— o S 1 .
f(z) = zfa‘S(Zsi."‘i (Z)—Z+C> = n'r—((x);( [(ZSM © f(()

i=1

xf (Z><1— D5 et (Z)> —f(or(1+oc><2sy, <c)> <Zs, w @) )]
i=1 (30) i=1

(o]

e )j (z-1)% 18(28;4,(T)—T+(> :n'%(a);( [(Zw,(() fQO-1©

><f(T)<1— T®Zi£,~ﬁ,~(r)>d1. x T (1 +a)

= y (iEi[ui (c)]n+1—a>:|

Writing the delta function as an integral, we have

=L (2e) (zs n (C)) f©
f(Z) _ Jz Jﬂ (z - T)zx—le(iE[Z?:l Siﬂi(r)—ﬂfl)f(.r) F(e) n=0
2nT () Ja Jn I'(1+a)
o T n+1+«)
X <1 - T@ﬂ;qyi (T)) dédr ) -
N ) , x {cgz f(()(Zem,- (:)) ]
_ 1 Z JZJH l IEZSAM (T) i=1
2nl(a) 2 Ja ) 2\ T nil
x 6Dz — ) (1) ~2,f(¢ )<;8i1’£i © )) H
x l—TDZnsiyi(T)>d£dT B 1 O a\"
( z; _F(n+1)1“(oc)r(n+l+oc),;)((9“)

- 1 ! ., .
zﬂr((x)Z(z 2) J Jﬂa<;smz~(r)> x |:F(n+1+oc)<Zsiyi(C)> fQ)-Tn+1)
i=1

lf(( _ oc lf(’l’) -
Y T " "
X <1 T 92‘2%14,- (T)> dédr. xT(1+a) {< a | O (;%M, (C)) ]

o (31) n n+l
25 f(©) <Zsitui (C)) } ] .
i=1

The integral over & then gives §({ —7) =0 forall (-7 =0

and we have (32)
. On extracting the first term out of summation, setn+1 = k =
1 & nl & n = k — 1, and rearranging the terms then gives the result
flz) = F—Z( “) (Ze-ui (0)
n

k-1 (04
flz) = mf(() };)( 2%) Tkt

<1 (gazsl’lz C))
" k
N )[(Zy (0) fO-F@) " [(Z” (‘5)) Zaf (C)]'

(33)




5. Vector and Tensor Definitions and Notation

For the treatment in higher dimensions, consider the N-
dimensional space with orthogonal unit base vectors e, (k =
1,2,...,n):

=1 for i=j

3.3,- 5, =12 n). (34
%2 u{:o for ixj (] m. 68

Let {, z , and the function p(z) be N-dimensional vectors in
this space such that

z=2z((,e)=C+ep(z), (35)

where

(= ZAkClv z= Zékzk’ pu(z) = Zékﬂk' (36)
k=1 k=1

k=1

For any arbitrary differentiable function F((,e), we can
introduce the following fractional gradient operator as V;.

Definition 10. Let Q) be a domain of R". Let F({, ) € AC"(Q)
is a scalar function that has absolutely continuous derivatives
up to order (n — 1) on; then fractional gradient is defined as

VEE (G8) = (DF ({e) = ¢ D°F ({ €)%,

a

a<{<b ack,

(37)

where the partial derivatives are taken holding all other
components of the argument fixed.

6. The N-Dimensional Polyadics
(nth-Order Tensors)

For arbitrary n-dimensional vectors

A= ZAkAla B= ZAkBk’ (38)
k=1 k=1

we use an extension of the notion of an n-dimensional dyadic
(second-order tensor):

n n
AB = ZZE,-EJ-A,-BJ- (39)
i=1j=1

to define the nth-order tensors:

A" =AAA--A, B™=BBB---B. (40
n times n times

We might call A” and B™ “polyadics,” since the special
cases for n = 2,3, and 4 are known, respectively, as dyadics,
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triadics, and tetradics [21]. The following defined scalar
products then follow quite naturally from (34):

A'BEiA,»Bi

i=1

n n
AA:BB=A-(A-BB)=) Y A;AB;B,
i=1j=1

AAA:BBB=A-[A-(A-BBB)] =YY > A,A;A(BBB
i=1j=1k=1

(41)

and, in general, define the nth scalar product:

n n n

m (1 po) _

AT <'>Bn =) 2 D> AA A BB B
i=1i,=1 1

1,=

(42)
Particular examples of nth order tensors to be used are
@] = p@QuE):-u @)
n times
(43)

Eil "‘éinHiI(O“'Hin(()-

n n
i=li=1 i

Theorem 11. Assume that oy, «,, ..
L,[a,b]. Then,

ngh

n

o, = 0, and let ¥ €

I Far o JaF(x) = g4 F(x) (44)

holds almost everywhere on [a, b]. If additionally ¥ € Cla, b]
ora; +a, +--+ «, > 1, then the identity holds everywhere
on [a, b].

Proof. We have

J F(x) = Lj (x—t)*'F(t)dt, a<x<b acR

I'(a) Ja
(45)

Thus, we can write

1 1

e Tk
[

Ta' Fat o Flx) =

Lo @, -1
X (tn—Z - tn—l)

a

b1 o,—1
X J (tn—l - tn) "

a

x F(t,)dt,dt,_, ---dt,dt,.
(46)
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Using Fubini’s theorem to interchange the order of integra-
tion yields

1
HCHICYRRACH

x J L Lx L’“(x g

n—1 n
x (t; - tz)az_l
tn—l)(xn_l_

X (tnfl - tn)“fl
F(t,)dt,dt, -

1
T (o) T ()T (ex,)

xj F(t)HJ (x—1,)"

x (t, —t)% dt.dt,.

Ia ot Fa'F(x) =

x (tn—2 -

-dt, dt,

(47)

The substitutions t, = t,+y,_,(x—t,),s =2,3,...,n,and n =
1,2,3,...yields the new limits of integration as follows: when
t,=x =2 x—-t, = y_,(x—-t,) = y_; = 1, and when
ts=t,=t,—t,= ys—l(x_ tn) = Y1 = 0:

1

T(a,) D(ey) - I(ax,) Lx F(t,)
XH“ (=) (1 =y

T Tar o I F (x) =

(0 (= 1,)" G = )y,

1

- Fa ey gl F
<JT[f, ==

K = 1)) (= 1)y,
1

(o) T(o) - T(a,)
<1 [ R e - )

s=2 7@

1
X [JO (1 _yl)‘xl lysflas_ldysfl dtn'

(48)

Iterating the Euler Beta integral Iol (1-x)"""x%" gy =
[ )I(ery) /T () + xy) yields

1
T(o + oty + -

X
x| R e,
a

_ ja1+a2+--~+anF(x) )

T Jar o FaF(x) =

+a,)

(49)

hold almost everywhere on [a, b].

Moreover, by the classical theorems on parameter inte-
grals, if ¥ € Cla, b], then also 7, ¥ € C[a, b], and therefore
Fhgo ... 79 € Cla,b], and £ Y ¢ Cla, b] too.
Thus, since these two continuous functions coincide almost
everywhere, they must coincide everywhere. Finally, if ¥ €
L,[a,b] and &; + &, + -+ + «,, > 1, we have, by the result
above

JOF8 o JOF (x) = gttt e R () (50)

almost everywhere. Since ] 'F(x) is continuous, and once
again we may conclude that the two functions on either side
of the equality almost everywhere are continuous, thus they
must be identical everywhere. O

Theorem 12. Assumethato,, oy, ...
L,[a,b]. Then,

,a, = 0. Moreover let' ¥V €

DN PO = GO, (51)

Proof. The key for proof is using the semigroup property
of the integral operators, the assumption on F, and the
definition of the Riemann-Liouville differential operator:

DI .. POF

= QUGB ... GO gttt dy

_ DFm]ja[a]1—061D[az1jafoc21—a2 . _.foxn]jaf%]—%

% j2¢1+oc2+---+ gy

Dl gloul-eu plea] glayles e glaq]
% j;xl+az+--~+ iy

_ DFana[al]—oclD[aﬂjafaﬂ—az . __thxn,Jjafan,J—%fl
% j2¢1+a2+---+ 1y

_ pleal glawl-ou pfea] glol-oz __pfes 11 gl

o 0+t o,
Xfal 2 n- 2\.Ij



— D["ﬁ]jﬂ[oﬁ]_‘xlD[“z]fﬂ[“z]‘“z . D[“n—ﬂj{i“ud]‘“n—z

0 +0G et O
Xjal 2 -2\

(52)

The proof that @5 """ F = ¥ is quite straightforward
Gttt D[oc1+ocn+-~oc,,]
a

[o+o,+a, 10 —ax, ——ax,
X Jfo

X j;xl+(x2+~-+ocn\{, (53)

9“1"’%"‘----%F _ D[oc1+tx,l+....ocn'|

a
% j£a1+an+....an]\y .
Thus,
+ Yl+...+ n —_— n
Gt G _ ghg | g (54)
O

Theorem 13. Assume that oy, «,,...«, > 0. Moreover, let

¥ € Li[abl and F = 37" V. And let V' be the
fractional gradient operator. Then,

Vi F )

n n HAA _ 1
_Zz... eileiz...ei

~ "T(nm—oy —oy---

" "ot
(o) [

Proof. By the assumption on F and the successive applica-
tion of fractional gradient operator, we have Vg(")F(C) =

VOV VER(Q):

a(n) c 0 "
0= 3 s o(5)

- “n)

M=oy~ ——0,
T,) dr,.

(55)

¢
x J € -0 'F(r)dr
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1
8 I(m-oa)T(m-—0a,)---T(m-a,)
o 2N (2N (Y
ag; ag;, ;.
¢
X J -1 'F(r)dr
¢
X J & -1 'F(r)dr---

X

j((rW“lﬂﬂm

[(nm-o; -y —a,)\ 0 -+ 9,
¢
X J(C—T)m_“l T)dTJ -7

¢
x F(t)dr - J (& -7 'F(r)dr.

(56)

Thus using the theorem, the results follow directly:

2

€€, "€

M:

WWH0=

HM:

n

i,=1

n

y 1 " "
[(nm-o -y —a,)\ 0 -+ O,

¢
[ P @y s,

(57)
O

7. Fractional Taylor Expansion of a Function
of N-Dimensional Polyadics

We have the classical Taylor expansion for the m-independent
variables as

JACTEZ e
S8 2)

X f(x1, %5 X,)

X1 =X10> X2=Xo05 Xy =Xomg

(58)
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In thelight of the above definitions and theorems, we can state
the following theorem.

Definition 14. Let f(x;) = f(x,...,x,) € A"(Q), where
Q =[], (a;,b) c R"; then the fractional Riemann-Liouville
multiple integrals and partial derivatives with respect to x;
are;

5o f () = (ﬁ) j

X J § f(t) H J; (xk, - tk,.)a_l
Opeg i=1 “ts-1
X dty ---dty (59)

% S0 (75 5) (55)

X J:i ft;) (x - £)" dt,.

Theorem 15. Letn > 0 and m = |n| + 1. Assume that f(x;) is
such that 77" f(x;) € A™(Q), where Q =[], (a;,b) ¢ R”
is the domain of f. Then,

M m+ akxk_f(z)

f(xi) - IF'n-m-1)z—gq

k+n-m
i 60
) lim D* (60)

Z k+ﬂ m—l)ZHa
f( )+jukxk akxkf(xi)'

jm—n
Xk; 7 g > X;

Proof. Because of our assumption about f that implies the
.. -1 — .

continuity of D;"ki j;”h’;‘ki fthereexists some ¥ € L,(Q) such

that

Dmlfmn

a, xk ( ) D:Z( lfak xk (ai) + ];ki,xki\y(xi)'
(61)

This is a classical partial differential equation of order m — 1
for 7" f (x;); its solution is easily seen to be of the form:

m—n = (x' 9 )k m-—n
jﬂk,-’xk,-f(xi) = Z k! zh_l:ll D X, jak X
k=0 : (62)

( )+]ak xk\Ij(xi)'

Thus, by definition of 27,

Xk

jzki,xkigzki,xki = f(xi) = jZk,-’xk,- DZ:( ;X f(x )

-a)
- jz’ﬂ"xki D;r:% [ Z %z.lgl}z*kai
k=0 : i
I o, (2)
oy, ¥ (x1) ] (63

" (k- @)

(1)_2 akxk k

k=0

jzki,xki A X -
><th Dt jZZ Zk f(z)
+fak Xk, ka a, xk\P(x)

D} annihilates every summand in the sum. And due to

Theorem 8, we obtain
jzki,xkigzki,xkif ('xi) = jzki,xki = \P('xi) . (64)

Next, we apply the operator 27" " to (63), finding

ks Xk;

=0 k! z;—al (65)

f(zz) + D lezkt:n ZZ X \P('xi)

k m—n
= ———— lim D
Z F(k+n m-—1) z —a x"ijaki’xki

= f(z)+ 74 ¥ (x:).
Using (64), we obtain

jzki,xk ¥ (X ) c:: Xy gzki,xkif (xi)

)k+n—m

—_— i D
(x:) - Zl"(k+n m—l)zgri ki

uk X, f( )
(66)
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Upon extracting the first term out of summation, we can write

_ ('xi B ai)n_m . m-n

= m f,. .
rn-m- l)ziﬁai* ki ki

f (=)

k+n—m
xi_ai)
_ i D
+Z‘F(k+n M= 1)z e * T (67)

X f (Zi) + jzki,xkigzki,xki

x f(x;).

This result can be written conveniently in the Polyadics

notation A", extending the upper limit of summation to co
to absorb the remainder, as

F (r(")) =

1
kz::')l“(k+n—m—1)

k
— 68
x  lim <(r(") - a("))n " (n) Vg(")> (68)
PONNSOR '
m-n (n)
X T, = F (™).

8. Fractional N-Dimensional Lagrange
Expansion

Theorem 16. Let F(z) = F(w) + p(z,€), F,pu € A™(Q) such
that

F(z) = Fw) + Z [;4( )]“”( >VI(U")F(w), (69)

n= 1

then it is still possible to invert or solve the equation for F(z)
such that w = F(z),F € A™(Q) on a neighborhood of f(a)
using the fractional calculus as follows:

-
la-m-1)

.y

k=1 n=0

X lim+<[‘u(w a)” m](" (n) Vg‘(n))k

w—a

F(z) = Fap e, = F@)

(o]

IT'k+a-m-1)

x 08 = Fw),

whereax > 0 and m = |« + 1.

Abstract and Applied Analysis

Proof. Itis possible to invert or solve the equation for F(z) ina
neighborhood of F(a). Using the fractional Taylor expansion.

n

o0 0 P
Fz) = ZZ I'k+a-m-1)

k=0n=0

) £ e D
X lim+<[(4(w - a)n—m]( ) <n> V?(n)> fr:zj;‘k-

X F(w).

Extracting the first term out of the summations, we obtain the
result directly

F(z) = mfak x, = F@)
DD -
x wlgr;( [u(w - ay" ™" (”) V?“”)kf -
x F (w).
O
Acknowledgments

The author is deeply indebted and thankful to the dean-
ship of the scientific research and its helpful and distinct
team of employees at Taibah University, Al-Madinah Al-
Munawwarah, Saudi Arabia This research work was sup-
ported by a Grant no. 3017/1434. Also he wishes to express
his deep gratitude and indebtedness to the referees of his
manuscript for all very fruitful discussions, constructive
comments, remarks, and suggestions.

References

[1] S. G. Samko, A. A. Kilbas, and O. 1. Marichev, Fractional
Integrals and Derivatives: Theory and Applications, Gordon and
Breach Science, Yverdon, Switzerland, 1993.

[2] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory
and Applications of Fractional Differential Equations, vol. 204
of North-Holland Mathematics Studies, Elsevier Science BV,
Amsterdam, The Netherlands, 2006.

[3] R. L. Magin, Fractional Calculus in Bioengineering, Begell
House, West Redding, Conn, USA, 2006.

[4] 1. Podlubny, Fractional Differential Equations, vol. 198 of Math-
ematics in Science and Engineering, Academic Press, San Diego,
Calif, USA, 1999.

[5] K. S. Miller and B. Ross, An Introduction to the Fractional
Calculus and Fractional Differential Equations, John Wiley &
Sons, New York, NY, USA, 1993.

[6] A. Carpinteri and FE Mainardi, Fractals and Fractional Calculus
in Continuum Mechanics, vol. 378 of CISM Courses and Lectures,
Springer, New York, NY, USA, 1997.

[7] R. Hilfer, Ed., Applications of Fractional Calculus in Physics,
World Scientific, River Edge, NJ, USA, 2000.



Abstract and Applied Analysis

(8]

(13

(14

(15

(16]

(17]

(18]

(19]

(20]

[21]

(22]

[23

Y
L)

[25]

R. L. Magin, “Fractional calculus in bioengineering,” Critical
Reviews in Biomedical Engineering, vol. 32, no. 1, pp. 1-104, 2004.
R. L. Magin, “Fractional calculus in bioengineering, part 2,
Critical Reviews in Biomedical Engineering, vol. 32, no. 2, pp.
105-193, 2004.

R. L. Magin, “Fractional calculus inbioengineering, part 3,
Critical Reviews in Biomedical Engineering, vol. 32, no. 3-4, pp.
193-377, 2004.

J. Wang and Y. Zhou, “Analysis of nonlinear fractional control
systems in Banach spaces,” Nonlinear Analysis: Theory, Methods
& Applications, vol. 74, no. 17, pp. 5929-5942, 2011.

R. Almeida and D. E M. Torres, “Necessary and suflicient
conditions for the fractional calculus of variations with Caputo
derivatives,” Communications in Nonlinear Science and Numer-
ical Simulation, vol. 16, no. 3, pp. 1490-1500, 2011.

D. Baleanu, K. Diethelm, E. Scalas, and J. J. Trujillo, Fractional
Calculus Models and Numerical Methods, vol. 3 of Series on
Complexity, Nonlinearity and Chaos, World Scientific, Hacken-
sack, NJ, USA, 2012.

A. Debbouche and D. Baleanu, “Exact null controllability for
fractional nonlocal integrodifferential equations via implicit
evolution system,” Journal of Applied Mathematics, vol. 2012,
Article ID 931975, 17 pages, 2012.

A. Babakhani and D. Baleanu, “Existence and uniqueness of
solution for a class of nonlinear fractional order differential
equations,” Abstract and Applied Analysis, vol. 2012, Article ID
632681, 14 pages, 2012.

E Riewe, “Nonconservative Lagrangian and Hamiltonian
mechanics,” Physical Review E, vol. 53, no. 2, pp. 1890-1899,
1996.

K. B. Oldham and J. Spanier, The Fractional Calculus, Mathe-
matics in Science and Engineering, vol. 111, Academic Press ,
New York, NY, USA, 1974.

J. L. Lagrange, “Nouvelle méthode pour résoudre les équations
littérales par le moyen des séries, Mémoires de I'Académie
Royale des Sciences et Belles-Lettres de Berlin, vol. 24, pp. 251-
326,1770.

M. Abramowitz and 1. A. Stegun, Eds., “Lagrange’s Expansion’.
Handbook of Mathematical Functions with Formulas, Graphs,
and Mathematical Tables, Dover, New York, NY, USA, 1972.

H. H. Biirmann, “Essai de calcul fonctionnaire aux constantes
ad-libitum,” in Versuch einer vereinfachten Analysis; ein Auszug
eines Auszuges von Herrn Biirmann [Attempt at a Simplified
Analysis; an Extract of an Abridgement by Mr. Biirmann], C.
Friedrich, Ed., vol. 2 of Archiv der reinen und angewandten
Mathematik [Archive of pure and applied mathematics], pp. 495-
499, Schiferischen Buchhandlung, Leipzig, Germany.

H. H. Birmann, Formules du développement, de retour et
d’integration, Soumis a llInstitut National de France. Le
manuscrit de Biirmann est conservé dans les archives de TENPC
a Paris, Paris, France, 1715.

J. -L. Lagrange and A.-M. Legendre, “Rapport sur deux
mémoires danalyse du professeur Burmann,” Mémoires de
PInstitut National des Sciences et Arts: Sciences Mathématiques
et Physiques, vol. 2, pp. 13-17, 1799.

P. S. de Laplace, Oeuvres, vol. 9, Oeuvres, Paris, France, 1843.
E. Goursat, A Course in Mathematical Analysis: Vol I: Derivatives
and Differentials, Definite Integrals, Expansion in Series, Appli-
cations to Geometry, Dover, New York, NY, USA, 1959.

C. Hermite, “Sur quelques développements en série de fonctions
de plusieurs variables? Comptes Rendus de I'Académie des
Sciences des Paris, vol. 60, pp. 1-26, 1865.

1

[26] C.Hermite, Oeuvres, vol. 2, Gauthier-Villars, Paris, France, 1908.

[27] P. M. Morse and H. Feshbach, Methods of Theoretical Physics,
Part I, McGraw-Hill, New York, NY, USA, 1953.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



