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The aim of this paper is to present new results related to the g-Bernstein polynomials B, ,( f; x) of unbounded functions in the case
q > 1 and to illustrate those results using numerical examples. As a model, the behavior of polynomials B,, ,(f; x) is examined both

theoretically and numerically in detail for functions on [0, 1] satisfying f(x) ~ Kx* as x — 0, where & > 0 and K # 0 are real

numbers.

1. Introduction

In 1912, precisely a century ago, Bernstein [1] published his
famous proof of the Weierstrass approximation theorem by
introducing polynomials, known today as the Bernstein poly-
nomials. Later, it was found that these polynomials possess
many remarkable properties, which made them an area of
intensive research with wide range of applications. See, for
example [2, 3]. The importance of the Bernstein polynomials
led to the discovery of their numerous generalizations aimed
to provide appropriate tools for various areas of mathematics,
such as approximation theory, computer-aided geometric
design, and the statistical inference.

Due to the speedy development of the g-calculus, recent
generalizations based on the g-integers have emerged. A.
Lupas was the person who pioneered the work on the g-
versions of the Bernstein polynomials. In 1987, he introduced
(cf. [4]) a g-analogue of the Bernstein operator and inves-
tigated its approximation and shape-preserving properties.
See also [5]. Subsequently, another generalization, called the
g-Bernstein polynomials, was brought into the spotlight by
Phillips [6] and was studied afterwards by a number of
authors from different perspectives.

To define these polynomials, let us recall some notions
related to the g-calculus. See, for example, [7], Ch. 10. Let

g > 0. For any nonnegative integer k, the g-integer [k], is
defined by

klg=1+q++4" (k=1,2,.), [0],:=0, (1)
and the g-factorial [k],! is defined by

[kl = (11,021, (K], (k=1,2,..), [0l =1 (2)

For integers k, n with 0 < k < n, the g-binomial
coefficient [¢], is defined by

n] (n],!
[kL EACETEr ©

We also use the following standard notations:

k-1
(@9)y=1  (&q),=[](1-aq"),
7 (4)
(39), =[] (1 -aq).
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o

s

Definition 1. Let f: [0,1] — R. The g-Bernstein polynomial
of fis

& (K]
Bn,q(f;x) = Zf([n_]q>pnk(q’x)’ n=l>27'-') (5)
k=0 q



where the g-Bernstein basic polynomials p,;(g; x) are given by
nl
Pk (q;x) = [k] X (x;q)n—k’ k=0,1,...n. (6)
q

Polynomials p,(g; x), p,1(g; x),..., and p,,(g;x) form
the g-Bernstein basis in the linear space of the polynomials
of degree at most n.

Note that for g = 1, Bn)q( f;x) is the classical Bernstein
polynomial B, (f; x). Conventionally, the name g-Bernstein
polynomials is reserved for the case g # 1.

Over the past years, the g-Bernstein polynomials have
remained under intensive study, and new researches concern-
ing not only the properties of the g-Bernstein polynomials,
but also their various generalizations are constantly coming
out (see, e.g., papers [8-14]). A detailed review of the results
on the g-Bernstein polynomials along with the extensive
bibliography has been provided in [10].

The popularity of the g-Bernstein polynomials is
attributed to the fact that they are closely related to
the g-binomial and the g-deformed Poisson probability
distributions; see [15]. The g-binomial distribution plays
an important role in the g-boson theory, providing a g-
deformation for the quantum harmonic formalism. More
specifically, it has been used to construct the binomial
state for the g-boson. Meanwhile, its limit form called the
q-deformed Poisson distribution defines the distribution of
energy in a g-analogue of the coherent state; see [16].

It has been known that the g-Bernstein polynomials
inherit some of the properties of the classical Bernstein poly-
nomials. For example, they possess the following endpoint
interpolation property:

B,,(f:0)=f(0), B,,(fi1)=f(1),

7)
n=12...,9>0,
and have linear functions as their fixed points:
B, (ax+b;x)=ax+b, n=12,...,9>0. (8)

The latter follows from the identity:

ank(q;x)zl Vn=1,2,...,and all g>0. (9)
k=0

Nevertheless, the convergence properties of the g-
Bernstein polynomials for g # 1 are essentially different from
those of the classical ones. What is more, the cases 0 < g < 1
and g > 1 in terms of convergence are not similar to each
other. See, for example [10]. This lack of similarity stems from
the fact that while for 0 < g < 1, the g-Bernstein operators
given by

Bn,q : f — Bn,q (f’ ) (10)

are positive linear operators on CJ[0, 1]; this is no longer valid
for g > 1. In addition, the case g > 1 is aggravated by the
rather irregular behavior of basic polynomials (6), which, in
this case, combine the fast increase in magnitude with the
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sign oscillations. For details see [17], where it has been shown
that the norm || B, || increases rather rapidly in both nand g,
namely,

(n(n-1)/2)

~o. i 1
n’q' . " as n — 00, q — +00. (11)

In the present paper, the g-Bernstein polynomials in the
case g > 1 are studied for unbounded functions—a problem
which has not been considered before. The approximation of
unbounded functions by the classical Bernstein polynomials
was investigated by Lorentz in [2] and, recently, by Weba in
[18].

Throughout the paper, g > 1 is assumed to be fixed. In
presenting the results, the notation J, is used for the time
scale:

J, = {0}u {q_j};jo.

(12)
First, we prove that for a certain class of unbounded func-
tions on [0, 1], their sequence of the g-Bernstein polynomials
is approximating on J,.. Further, the behavior of B, ,( f; x) has
been considered for functions f : [0,1] — R which are
continuous on (0, 1] and satisfy
f(x)~Kx® asx— 0, (13)
where &« > 0 and K € R\ {0}. Previously, the g-Bernstein
polynomials with g > 1 of the power functions x“, where
a > 0, were studied in [19]. There, it was proved that in the
case o > 0, Bn)q(x"‘; x) — x” uniformly on [0, 1] if and only
ifa € N.
Numerical examples are used both to illustrate Theorems
3 and 6 and also to discuss the significance of the assumptions
therein. All the numerical results have been calculated in a
Maple 8 environment.

2. The g-Bernstein Polynomials of
Unbounded Functions

It has been known that for g > 1, all functions continuous on
[0, 1] are approximated by their g-Bernstein polynomials on
the time scale J . Here, it will be proved that this fact remains
true for functions which are continuous from the left at all
points of J.

For f:[0,1] - R,je Z, andt ¢ [O,q_j],weset

0= s [FE-f@)

X€ [q’f —t,q~’

Lemma 2. Let f: [0,1] — R be bounded on [q_j, 1], where
j € N, and let M; = sup,i|f(x)|. Then, for n large
enough, the following estimate holds:

1 1>+ 2Mj[j]q‘

|Bn,q (f; q_j) -f (q_j)| < Qpgi <qn 7

(15)
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Proof. For j = 0, the statement is obvious due to the endpoint
interpolation property (7). Therefore, it is assumed that j > 1.

First, it should be noticed that p,, ;(g;q™’) > 0 with
Puni(@q?) = 0for k > j, and that, by virtue of (9),
Zi:o Prni(Q q7) = 1. Then, forn > j, the following equality

is true:

_ (n—kl, .
Bua(Fa7) = 37 ( o )pn,n_k (@a”). a6
9

k=0

LI (n-K],
Szf( [I’l] )_f( )pnnk(q;q )
k=0 q
-] @)

()6 s

q

j-1 )
+ ZM] ’ an,n—k (q;q_])

k=0

for n large enough to satisfy [n— j + l]q/[n]q > q_j. Since

=il | -1 1
n i(g" -1 n_1’°
[n], ¢(@q-1)" q 1)
i 1 1
pns(a)= (1= )+ (1- ) 21
the first term can be estimated as follows:
[n— K] . .
() @) )
! (19)
e
= fq qn -1 :
To estimate the second term, one can write
! ) )
an,nfk (q’ qij) =1- pn,nfj (q’ qij)
k=0 (20)

(1-5)(-77)
=1-{1-=)(1-—=).
qn qn—]+1

By virtue of the inequality 1 — (1 — o)) -+ (1 —«,,,) < Y0 o
which is satisfied for all «y, ..., «r,,, € (0, 1), it follows that

ann c(@:q7) < iz (1)

O

With the help of Lemma 2, the following result can be
derived easily.

Theorem 3. If f : [0,1] — R is continuous from the left at
x =q ' and bounded on [q ', 1], then B, ,(f;q9™') — f(q /)
asn — 0o.

Proof. The statement follows immediately from estimate (15).
Indeed, lim, _, o+ Q- (t) = 0 since f is continuous from the
left at q_j, and lim,Hoo((ZMj [j]q)/(q")) = 0 since M; < 00.

O

Corollary 4. If f: [0,1] — R is continuous from the left at
everyq’, j € N, then B, ,(fiq" N - f(@7)asn — oo for
allg”/ e Jg

Remark 5. The conditions of the theorem are essential and
cannot be left out entirely, as it will be shown by Example 8.
Furthermore, it is not difficult to see that if f(x) is bounded
on [qij , 1], then the condition

lim f< [n_j]q) =f(q7) (22)
el \ T,

is necessary for the approximation at x = q_j .
The power functions x %, « > 0 supply a natural family
of functions discontinuous at 0 satisfying the conditions of
Theorem 3 for all qij € J, \ {0}. Therefore, it is interesting
to consider the g-Bernstein polynomials of functions whose
behavior at 0 is similar to that of the power functions. The
next theorem investigates the behavior of the g-Bernstein
polynomials of such functions on the set R \ J,..

Theorem 6. Let f : [0,1] — R so that f(x
lim, _, o+ x* f(x) = K+0. Then, for q > 2,

) € C(0,1] and

B,,(fix) — 00 asn—ooVxeR\J,. (23)

Proof. We set u(x) = x"f(x), x € (0,1] with u(0) = K. It
can be readily seen that

B,,(fix)
n (n]g
= £(0) puo (@) + Y u < )[k]a P (g %)

k=1
_( 1) [n]zx n(n— 1)/2 n

' { ON iu([k]q/[ﬂ]q)(—l)qu(q_”;q)k
(s & (K (d-1)---(q-1)

= (-1)"[nlgqg" " "-H(])+chn(q, }
k=1

(24)



where

Gen (¢ %)
uﬂﬂgmhﬂ—nﬁﬂq@qh.<il> Fhen

AT E- D@ \Fal, "

0 if k>n.
(25)

Since, if x#0, [ ]“q”(" Di2yn _, ooand (f(O)/[n]Z) — 0as
n — oo, it sufﬁces to prove that lim,,_, o, Y7o, Geu(qs X) #0
whenever x ¢ J. Let maxc(oj|u(x)| = M. Then, it is not
difficult to see that

. Mg (oLt
|Ckn (q’x)l S [k]; (qk_ 1)(q— 1) ( |x|’11>oo (26)

= di (g x)

and that by the ratio test, Y22, d;(g; x) < co. Hence, by the
Lebesgue dominated convergence theorem,

J%Z%M)ZWWM’>

L1y § KDY
<Mq> ngw—nw

00 k=1

11 S k
K ——-] - -1)"a.
(33). L e

(a-1)

(27)

Obviously, K(1/x;1/q),, #0 if x ¢ J,, and it is left to show
that

[ee]
Z (—l)kak #0 forg=>2. (28)
k=1
Consider
Her1
A
q [K]g q q .
= . < < 1 ifg>2.
qk+1_1 [k+1]‘; qk+1_1 q2_1< 1rq
(29)
Consequently,
Y (-1)a
k=1
=—(a,-ay) — (a3 —ay) =+~ (ay —ay) =+~ <0.
(30)

The grouping of terms is justified, because the series is
absolutely convergent.

As a result, one concludes that lim,, _, ., 22, ¢,(g; x) #0
when x ¢ J,, and the proof is complete.
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X

— g(x)

== Byy(gsx)

FIGURE 1: Graphs of y = g(x) and y = B, ,(g; x),n = 4.

3. Numerical Examples

In this section, we provide the results of some numerical
experiments to exemplify the validity of the theoretical results
through a few test examples performed using high-precision
computations with Maple 8. All of these computations are
performed with 1000 digits so as to minimize the round-off
errors, and 3 or 8 digits are used in showing the results in the
tables.

Example 7. Let g(x) be defined by

r
g(x) = ‘|W if x € (0,1] 31)
0 if x=0.

The graphs of y = g(x) and y = B, .(g; x) forq = 2,n = 4 are
exhibited in Figure 1. Similarly, Figure 2 represents the graphs
of y = g(x) and y = B, (g;x) for g = 2, n = 5,6 over the
subintervals [0, 0.3], [0.3,0.5], and [0.5, 1], respectively.

In addition, in Table 1, the values of the error function
E(n,q,x) = Bn,q(g; x) — g(x) with g = 2 at some points
x € [0,1] are presented. These points are taken both in J,
and in [0,1] \ J,. It can be observed from the table that
for j < n, the values of the error function at the points
of J, are close to 0, while, at the points in between, they
become rather large in magnitude, as it can be noticed from
the upper part of Table 1. On the other hand, if x < g™/ with

j > n then |E(n.q, )| > g(x) - g(1/[n],) = 1/vx - \/\
The bottom part of the table refers to thlS case. Finally, the
middle part of the table shows the transition between the two
cases.

In general, if a function f : [0,1] — R does not satisfy
the conditions of Theorem 3, then neither the approximation
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TABLE 1: The values of E(n, g, x) = B, ,(g5x) — g(x) for g = 2 at some points x € [0, 1].
X E(5,4, x) E(10,4, x) E(20, g, x) E(30, g, x) E(50, g, x)
(g+1)/2q -106. 4.50 x 10" 3.61 x 10° 3.68 x 10'%° 7.77 x 10 3%
1/q 9.7%x107° 2.78 x 1072 2.79% 1077 2.73x 1071 2.6%x 10716
(g+1)/2¢° 6.25 ~7.34 % 10° -5.73 x 10 -5.71 x 10" -1.15 x 10**
1/q 428 %1072 1.14x10°° 1.19%x10°° 1.16 x 107° 1.1x107"
(g+1/2qg -1.0 3.13 x 107 2.37 x 10° 23x10'" 4.43 x 10°*
1/q 0.154 1.55% 107 391x107° 3.82x107° 3.64x107"°
1/ —724. E(5,¢,x) +620x 10 109. 7.32%x107° 6.98x10°°
(g+1D/29”° —836. E(5,4, x) + 4.65 x 107 -38.6 -1.48 x 10" -1.27 x 10'*
1/q” ~1.02% 10° E(5,4,x) +3.10 x 107 -355. 0.207 1.98 x 1077
1/4" -2.37 % 107 E(5,9,x) +5.78 x 107! E(5,¢,x) +1.91x 10°° E(5,¢,%) +6.25x 107 3.58 x 10°
(q+1)/29° —2.74 x 107 E(5,9,x) +4.33x 107" E(5,9,x) +1.43x10°° E(5,9,x) +4.69 x 107 -1.26 x 10°
1/q” ~3.36 % 107 E(5,¢,x) +2.89x 107" E(5,¢,x) +9.54 x 1077 E(5,¢,x) +3.12x 1072 -1.16 x 107
TaBLE 2: The values of E(n, ¢, x) = Bn)q(h; x) — h(x) for g = 2 at some points x € [0, 1].
X E(5,9,x) E(10, 4, x) E(20,4, x) E(30,4, x) E(50, g, x)
(g+1)/2q 142. 3.92 x 10* 2.32 % 10° 1.37 x 10 4.79 x 10
1/q 56.2 2.04 x 10° 2.10 x 10° 2.15x 10° 2.25 x 10"
(g+1)/2q° 18.2 187. 1.11 x 10* 6.39 x 10° 2.13 % 10°
1/q 5.2675781 E(5,9,x) + 0.70900154 E(5,9,x) +0.73239899 E(5,9, x) + 0.73242185 E(5,9,x) +0.73242187
(q+1/2q 1.81 0.486 2.75 % 1072 1.55x 107 491x107°
/¢ 0.384 1.36 x 107> 1.34%x107° 1.3x1078 1.24x 107
1/ 2.38x107% 6.98 x 107 468 x 107 3.13x 107148 1.40 x 107°
(g+1/2g”° 753x107 524 x 107 1.98 x 107 7.45x 10712 1.05 x 1072°
1/q*° 1.49 x 1074 1.36 x 107 8.93 x 1071 5.83x 1077 2.48 x 107%%°
1/¢* 1.79 x 107° 3.68 x 107 1.21 x 10728 3.97 x 107410 4.28 x 107%?
(g+1)/29° 5.66x107 2.76 x 107128 5.12 x 10727 9.46 x 107414 3.23x107%°
1/q° 1.12x 107 7.19x 10710 231x 10774 7.4 x 1074 7.60 x 1077%
on J, nor the divergence of {B, ,(f;x)} for all x € R\J,  Then, for n large enough,
is guaranteed. This fact is illustrated by the following 1]
example. n—1lg
p Bn»q (h) x) =h (T) Pun-1 (q’ X)
. . q
Example 8. Consider the function h defined by
n 2 n
-1)- -1 ,_
_a@ -0 -q gy (a
5 q-1 q-1
hix) = i1 if x € [qiz’qil) 32 *(1-x) n-1
(X)=ql-gx q-1 ) (32) ~q—2-(q2x) , n—> co.
0 otherwise. (q _ 1)
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1 \ 1 /7 .
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\\ /I
~30 L L ~120 L —-1000 * *
0 0.1 0.2 03 0.3 0.4 0.5 06 08 1
X X X
— g9x) — g(x) — gx)
--- Bsy(g;x) -== Bs,(g;x) -== Bs,(g;:x)
== Bes(gx) === By(gx) -—- Bsy(g:x)
(a) (b) ()
FIGURE 2: Graphs of y = g(x) and y = B, ,(g; x), n = 5,6.
Therefore, 160 . . . . . . . . .
. - 140 1
0 if |x| <gq 2
00 if |x|>q % x#1, 120 -
Aim B, (x)=qalg+l) . i (34) 100 | ]
qg-1
0 if x = 1. y 1
Consequently, for the error function E(n, g, x), one has
0 if x € [0,47%), -
. -2 s
+00 ifxe (q , 1) , \
lim E (n,g,x) = +1 (35)
n— 00 ( q ) M ifx = q_z) ~20 : : : : : : : : :
q- 1 o 01 02 03 04 05 06 07 08 09 1
0 if x=1. x
If x = —q 2, the limit does not exist. Figure 3 exhibits the _ Z(x)(h )
7T Dy x

graphs of y = h(x) and y = B, ,(h; x) for q = 2, n = 4, while
Figure 4 provides those of y = h(x) and y = Bn)q(h; x) for
q = 2,n = 5,6 over the subintervals [0,0.6] and [0.6, 1]. In
addition, in Table 2, the values of the error function E(#, g, x)
with g = 2 at some points x € [0, 1] which are taken both in

Jq and in [0, 1] \ J, are presented.

It can be observed from the first three rows that as
n increases, the values of the error function become very

large—a trend which reflects its behavior on (g%, 1). At the

FIGURE 3: Graphs of y = h(x) and y = B, ,(h; x), n = 4.

point x = g 2, the values approach 6 from below, whereas for
the remaining part of the table, the values of error function
come close to zero as # increases, which is in full agreement
with the limit given by (35).
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FIGURE 4: Graphs of y = h(x) and y = B, ,(h; x),n = 5,6.

Acknowledgment

The authors would like to express their sincere gratitude to
Mr. P. Danesh from Atilim University Academic Writing &
Advisory Centre for his help in the preparation of the paper.

References

[1] S. N. Bernstein, “Démonstration du théoréme de Weierstrass
fondée sur la calcul des probabilités,” Communications de la
Societe Mathematique de Charkow, vol. 2, no. 13, pp. 1-2, 1912.

[2] G. G. Lorentz, Bernstein Polynomials, Chelsea, New York, NY,
USA, 2nd edition, 1986.

[3] V.S. Videnskii, Bernstein Polynomials, Leningrad State Pedago-

cical University, Leningrad, Russia, 1990.

A. Lupas, “A g-analogue of the Bernstein operator,” in Seminar

on Numerical and Statistical Calculus, vol. 87, pp. 85-92,

Universitatea Babes-Bolyai, Cluj, Romania, 1987.

[5] O. Agratini, “On certain g-analogues of the Bernstein opera-
tors,” Carpathian Journal of Mathematics, vol. 24, no. 3, pp. 281-
286, 2008.

[6] G.M. Phillips, “Bernstein polynomials based on the g-integers,”
Annals of Numerical Mathematics, vol. 4, no. 1-4, pp. 511-518,
1997.

[7] G.E. Andrews, R. Askey, and R. Roy, Special Functions, vol. 71,

Cambridge University Press, Cambridge, UK, 1999.

N. Mahmudov, “The moments for g-Bernstein operators in the

case 0 < q < 1 Numerical Algorithms, vol. 53, no. 4, pp. 439-

450, 2010.

1. Ya. Novikov, “Asymptotics of the roots of Bernstein polynomi-

als used in the construction of modified Daubechies wavelets,’

Mathematical Notes, vol. 71, no. 2, pp. 239-253, 2002.

(8]

[10] S. Ostrovska, “The first decade of the g-Bernstein polynomials:
results and perspectives,” Journal of Mathematical Analysis and
Approximation Theory, vol. 2, no. 1, pp. 35-51, 2007.

P. Sabancigil, “Higher order generalization of g-Bernstein oper-
ators,” Journal of Computational Analysis and Applications, vol.
12, no. 4, pp. 821-827, 2010.

V. S. Videnskii, “On some classes of g-parametric positive

operators,” Operator Theory: Advances and Applications, vol.
158, pp. 213-222, 2005.

H. Wang, “Properties of convergence for w, g-Bernstein polyno-
mials,” Journal of Mathematical Analysis and Applications, vol.
340, no. 2, pp. 1096-1108, 2008.

Z. Wu, “The saturation of convergence on the interval [0, 1]
for the g-Bernstein polynomials in the case g > 1, Journal of

Mathematical Analysis and Applications, vol. 357, no. 1, pp. 137-
141, 2009.

C. A. Charalambides, “The g-Bernstein basis as a g-binomial
distribution,” Journal of Statistical Planning and Inference, vol.
140, no. 8, pp. 2184-2190, 2010.

S. C. Jing, “The g-deformed binomial distribution and its
asymptotic behaviour,” Journal of Physics A: Mathematical and
General, vol. 27, no. 2, pp. 493-499, 1994.

S. Ostrovska and A. Y. Ozban, “The norm estimates of the
q-Bernstein operators for varying q > 17 Computers &

Mathematics with Applications, vol. 62, no. 12, pp. 4758-4771,
2011.

M. Weba, “On the approximation of unbounded functions by
Bernstein polynomials,” East Journal on Approximations, vol. 9,
no. 3, pp. 351-356, 2003.

S. Ostrovska, “The approximation of power function by the
g-Bernstein polynomials in the case g > 1, Mathematical
Inequalities & Applications, vol. 11, no. 3, pp. 585-597, 2008.

(11]

(12]



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



