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By using the Riccati transformation technique and constructing a class of Philos-type functions on time scales, we establish
some new interval oscillation criteria for the second-order damped nonlinear dynamic equations with forced term of the form
(r(Ox" @) + p(t)xA"(t) +q(H)(x°(®))* = F(t,x°(t)) on a time scale T which is unbounded, where « is a quotient of odd positive
integer. Our results in this paper extend and improve some known results. Some examples are given here to illustrate our main

results.

1. Introduction

In this paper, we are concerned with the oscillation criteria
for the following forced second-order nonlinear dynamic
equations with damping:

(r)x* )" + p (O x> (1) + q(0) (=" (1) = F(t.x° (1))
M

on a time scale T, where « is a quotient of odd positive
integer. Throughout this paper and without further mention,
we assume that the functions r, p,q € C4([ty, 00)1,R), F €
C(T x R,R) with r(t) > 0, p(t) < 0,and p/r’ € &".

The theory of time scales, which has recently received a lot
of attention, was originally introduced by Stefan Hilger in his
Ph.D. thesis in 1988 (see [1]). Since then a rapidly expanding
body of the literature has sought to unify, extend, and
generalize ideas from discrete calculus, quantum calculus,
and continuous calculus to arbitrary time scale calculus,
where a time scale is an arbitrary nonempty closed subset
of the real numbers R, and the cases when this time scale
is equal to the reals or to the integers represent the classical
theories of differential and of difference equations. Many
other interesting time scales exist, and they give rise to many

applications (see [2]). Not only does the new theory of the
so-called dynamic equations unify the theories of differential
equations and difference equations, but also it extends these
classical cases to cases “in between”, for example, to the so-
called g-difference equations when T = g% = {q' : t €
Ng-q > 1} (which has important applications in quantum
theory) and can be applied on different types of time scales
like T = AN, T = N? and T = T, the space of the harmonic
numbers. A book on the subject of time scales by Bohner
and Peterson [2] summarizes and organizes much of the time
scale calculus. For advances of dynamic equations on the time
scales we refer the reader to the book [3].

Since we are interested in the oscillatory behavior of
solutions near infinity, we make the assumption throughout
this paper that the given time scale T is unbounded above.
We assume t, € T and it is convenient to assume ¢, > 0.
We define the time scale interval of the form [t,, 0c0); by
[ty,00)r = [ty 00) [ T. We assume throughout that T has
the topology that it inherits from the standard topology on
the real numbers R.

By a solution of (1), we mean a nontrivial real-valued
function x satisfying (1) on [t,,00);. A solution x of (1)
is said to be oscillatory on [t,,00); in case it is neither
eventually positive nor eventually negative; otherwise, it is



nonoscillatory. Equation (1) is said to be oscillatory in case
all its solutions are oscillatory. Our attention is restricted to
those solutions of (1) which exist on some half line [t,, 00)y
and satisty sup{|x(t)| : t > T} > Oforall T > t,.

In recent years, there has been much research activity
concerning the interval oscillation criteria for various second
order differential equations; see [4-9]. A great deal of effort
has been spent in obtaining criteria for oscillation of dynamic
equations on time scales without forcing terms and it is
usually assumed that the potential function q is positive. We
refer the reader to the papers [10-25] and the references cited
therein. On the other hand, there has been an increasing
interest in obtaining sufficient conditions for the oscillation
and nonoscillation of solutions of dynamic equations with
forcing terms on time scales, and we refer the reader to the
papers [26-35].

In 2004, by using two inequalities due to Hélder and
Hardy and Littlewood and Polya as well as averaging func-
tions, Li [4] established several interval oscillation criteria
for the second order damped quasilinear differential equation
with forced term of the following form:

PPNt ! PPN
(roly' oy o) +pe ]y oy @ o

+q® )y y @) =ew,

where r € Cl([to, 00),R"), and B > a > 0 are constants.
The obtained results were based on the information only on a
sequence of subintervals of [t,, 00), rather than on the whole
half line, made use of the oscillatory properties of the forcing
term, and extended a known result which is obtained by
means of a Picone identity.

Erbe et al. [26] studied the forced second-order nonlinear
dynamic equation

(p®x*®) +q@®) |« O senx O = f(©) )

on a time scale T, where y > 1. By using the Riccati substi-
tution, the authors established some new interval oscillation
criteria, that is, the criteria given by the behavior of g and f
on a sequence of subintervals of [a, 00)y.

In [31], by constructing a class of Philos-type functions
on time scales, Li et al. established some oscillation criteria
for the second order nonlinear dynamic equations with the
forced term

LA +at) f(x(q®)) =e(t) (4)

on a time scale T, where g, g, and e are real-valued rd-
continuous functions defined on T, withq : T — T,q(t) —
ooast — oo,and f — C(R,R), xf(x) > 0 whenever x #0.
The obtained results unified the oscillation of the second
order forced differential equation and the second order forced
difference equation. An example was considered to illustrate
the main results in the end.
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Erbe et al. [32] were concerned with the oscillatory
behavior of the forced second-order functional dynamic
equation with mixed nonlinearities

(a2 ®)" + Y p: () |x (1, ()| sgn x (7, () = e ()
i=0
(5)

on an arbitrary time scale T, where 0y = 1, & > a, >

>, > 1>, > - >a,andT; : T — Tare
nondecreasing rd-continuous functions on R, 7;(f) < o(t),
and lim, _, . 7;(t) = oo, fori = 0,1,...,n. Their results in
a particular case solved a problem posed by Anderson, and
their results in the special cases when the time scale is the set
of real numbers and the set of integers involved and improved
some oscillation results for second-order differential and
difference equations, respectively.

In this paper, we intend to use the Riccati transformation
technique to obtain some interval oscillation criteria for (1).
Our results do not require that g and f be of definite sign
and are based on the information only on a sequence of
subintervals of [t,, co]; rather than the whole half line. To
the best of our knowledge, nothing is known regarding the
oscillation behavior of (1) on time scales until now, and there
are few results regarding the interval oscillation criteria for (1)
on time scales without the damping term when « < 1, so our
results expand the known scope of the study.

The paper is organized as follows. In Section 2, we present
some basic definitions and useful results from the theory of
calculus on time scales on which we rely in the later section.
In Section 3, we intend to use the Riccati transformation
technique, integral averaging technique, and inequalities to
obtain some sufficient conditions for oscillation of every
solution of (1). In Section 4, we give two examples to illustrate
Theorems 3 and 7, respectively.

2. Some Preliminaries

On any time scale T, we define the forward and the backward
jump operators by

o(t)=inf{s e T:s>t},

(6)
pt)=sup{seT:s<t},

where inf @ = sup T and sup @ = inf T. A point¢ € T is said to
be left-dense if p(t) = t, right-dense if o(t) = ¢, left-scattered
if p(t) < t, and right-scattered if o(t) > t. The graininess
function p for a time scale T is defined by u(t) = o(t) — t.

For a function f : T — R, the (delta) derivative is
defined by

flo@®)-f®)

A p—
fr®= o(t)—t

; 7)
if f is continuous at ¢ and ¢ is right-scattered. If ¢ is right-
dense, then the derivative is defined by

fO)-f6 _ f(t)—f(S),

Ay 1
() = lim o) s

s—ott

(8)

s—t* t—s
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provided this limit exists. A function f : T — R is said
to be rd-continuous provided f is continuous at right-dense
points and there exists a finite left limit at all left-dense points
in T. The set of all such rd-continuous functions is denoted by
C,4(T). The derivative f* of f and the forward jump operator
o are related by the formula

fFO=flew)=fO+u®f . 9)

Also, we will use x2° which is shorthand for (x*)” to denote
X2+ y(t)xAA (t). We will make use of the following product
and quotient rules for the derivative of two differentiable
functions f and g:

(f9)" ®) =g+ £ 1) g*®)
=f®g O+ 04 O, (10)
A A A
(i) (t) = USOF A KOK (t), if gg° #0.

g g(t) g° (t)

The integration by parts formula reads

L FOgtA=f©g©-fB)g®

. 11
- J 7 g° @) At.
b
We say that a function p: T — R is regressive provided
l+u®)p) #0, VteT. (12)

The set of all regressive and rd-continuous functions f: T —
R will be denoted by

R=R(T)=2R(T,R). (13)

If p € R, then we can define the exponential function by

e, (t,s) = exp (Jt £ (p() AT> fors,t €T, (14)

where &, (2) is the cylinder transformation, which is defined

by
log (1 + hz)
ACE {T ho

z, h=0.

(15)

Next, we give the following lemmas which will be used in
the proof of our main results.

Lemma 1 (see [2, Chapter 2]). Ifg € R*; thatis,g: T — R
is rd-continuous and such that 1 + u(t)g(t) > 0 for allt €
[ty> 00)y, then the initial value problem y* = g(t)y, y(t,) =
¥, € R has a unique and positive solution on [t,, 00)y, denoted
by ey(t,t0)y,. This “exponential function” e, (-, t,) satisfies the
semigroup property eg(a, b)eg(b, c) = eg(a, o).

Lemma 2 (see [36]). If A > land p > 1 are conjugate
numbers (1/A + 1/p = 1), then for any X,Y € R,

X L

XY 16
e > |XY]. (16)

3. Main Results

Now, we are in a position to state and prove some new results
which guarantee that every solution of (1) oscillates. In the
sequel, we say that a function u belongs to a function class

E(a,b) = {u € Clyla,bly 1 u(a) =u(b) = 0,u(t) # 0},
(17)
denoted by u € &(a, b).

Theorem 3. Assume that « > 1 and for any T € [t,, 00),
there exist constants ay, and b, € [T, 00)y, such that a; < by,
k =1,2, with

qt) 20, fortela,b];Ulayb]y (18)

CDE(Lx7 (1) = (D f () 20, fort € [anb ],

k=12,
(19)

where f € Coq([ty00)y
exist functions € Cly([ty, 00)1, RY), 7™ (t)
&(ar, by), k = 1,2, such that

, R). Furthermore, assume that there
> 0,andu €

b
J (n@r @ (u* ®) - P(ta) (W (0)*) At <0,

(20)

k=12,

where
P(tar) =8, () - 1" (1), (ta)
n B p@®)
U(t) 6 ( (t)) k)

0, _ e 4% (@=1)/« o 1/e (a=1)/ax

o= (5 ) 0g" @ o, o

1
ep/ro (t, ak)

t 1 -1
8 <Lk 7 (s)eppo (s,ak)As) '

Then (1) is oscillatory on [t,, 00)y.

9 (t) “k) =

Proof. Assume that x is a nonoscillatory solution of (1) on
[y, 00)y. Without loss of generality, we may assume that there
exists a t; € [t,, 00)y, such that x(¢#) > 0, x°(t) > 0 for all
t € [t,00)y. By assumption, we can choose b, > a; > t,,
then q(f) > 0 and F(¢,x°(t)) < O on the interval [a,, b ]y.
From (1), we have

(ro = ®)" +p&)x* ) <o. (22)
Using Lemma 1 and the above inequality, we get

(r % () ey (tar)) <0, (23)
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Hence r(t)x"(t)e
fort € [ay, b It,

i (£,a1) is nonincreasing on [a;, by ]y. So

$) X% () €y (5,07)

r(s)epo (s,a,)

x@t)>xt)-x(a) = Jt A

(24)
A ! 1
> T"(t) X (t) ep/r" (t, (11) J mAS
a plre \>
Therefore,
() x* (b) 1 ( t 1 )_1
A
x () < ey (tay) L r(s) ey (s,a,) : (25)
=0, (tay).
Define the function w by
(1) x° (0)

w(t) =n(t) r x’(ft) . telanby. (26)

Using the product rule and the quotient rule, we obtain

(ro x> ®) x @) -r@) (x* ®)

@O =i 0 *(O* (0

(27)
r(6)x" (1)

x(t)
In view of (1), (26), and (27), we have

+1° ()

N IOER0)

Wt () = - ()= o T OO )"
o o2t
+7° (8) %x;(t)
-1 ff,)(‘f)(t) a (?x(; O a0 0"
ol (;,Ux;)(t))l G Z) 5tzt§i?(t) w0
+1° (1) %’(‘;(t)

(28)

From (19), (25), and (28), we get

w® (t) < _r,":z)(f)(t) 8, (0 (®),a) - (g (x* ()™
NG] ”®x®)
- (@) x7(t) P E)rt)x° (t)w ®

+ 11A )6, (ta).
(29)
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Set

Gx)=n"(t)qt)x* " +

(30)
o
)L = «, = —
* P a—1
From Lemma 2, it is easy to see that
o @D/« (@-1)/ax
Gz o (2) e wlf©

a—1 | | (31)

=3, (t).

Since x(t) > 0, we obtain

x (1) 1
< =
r®)x () ) +u@)(r@) x> (@) /x (@)
_ n(t)
nOr®+u) o)

Thus, combining (29)-(32) and noticing that ;1A(t) > 0, we
have

1

2
nrOrpme@” D G

W™ (t) < -P (tay) -

where P is defined as in Theorem 3. Multiplying (33) by
(u"(t))2 and integrating from g, to b;, we get

b, b
j (u”(t))zwA(t)Ats—J P(t,a) (u° ()’ At

" (34)
~ Jbl (ug (l‘))zw2 (t) ;
a NOrO)+u® o)

Using integration by parts on the first integral, we obtain

b
W () w(t)'l: - J (u(t) +u° (1)) u® (t) w (t) At

b o2 b (w0 (1) @ ()
S‘L P(ta) (W) At‘L OrO+ a0
(35)
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Rearranging and using u(a,) = 0 = u(b,), we have

0> Jbl (u (1))@ ()
T, @ r@) +ut)w(t)

bl
[Cworw o)t wear

a

by
. J P(ta) (4 (1) At

) jbl W OYe’® (36)
o N7 @) +u) o)

b
- J (zu" ®) v () w (t)

a;

—u® (1 ) @ (1) At

by
; J P(ta,) (4 () At.

a;

Adding and subtracting the term f:l n(t)r(t)(uA(t))zAt and
using (20), we get

o>rl (" ©) <" ()
Sl [n0ro+ e

—2u° ()™ (D) w(t)

(O r ) +pOe®) (W o) | ot

- jbl (10)r ) () - P(ta) (& )’ ) ar 37

a

=

Jbl u’ () w(t)
o L@ r(@®)+p®)w)

2
_\/,7 )7 () + () w (Bu® () ] At.

It follows that

Jbl [ u’ () w(t)
o L\Vn@Or@®)+u@w)

(38)

2
@ r®) + ) 0O ©) ] At = 0.

This implies that

u (H)w(t)
Vi@ r ) +u) w(t)

~\IOr O+ p@o@Out 1) =0, te[a,b]y.
(39)

5
Solving for u”, we get that u solves the IVP
A w (t) o
u® (t) = u (t),
n@)r ) +u)w() (40)
u(a) =0, fortela,b];.

Since —w/(yr + pw) € R, we obtain from [2, Theorem 2.7.1]
that u(t) = 0 on [ay, b, ]y, which is a contradiction. The proof
when x is eventually negative follows the same arguments
using the interval [a,, b, ] instead of [a,, b, ], where we use

q(t) > 0,F(t,x°(t)) > 0on[a,, b,]y, and Jaiz(n(t)r(t)(uA(t))z—
P(t)w’ (t))*)At < 0. The proof is complete. O

Remark 4. When p(t) = 0 and F(¢, x°(¢)) = f(¢), Theorem 3
contains Theorem 3.2 in [26].

Theorem 5. Assume that o« = 1 and for any T € [t,;, 00)y,
there exist constants a;. and b, € [T, 00)y, such that a, < by,
k=1,2, with

q(t) 20, fortela,b];Ula)b]y (an
41
DFF(6,x° (1) 20, fort e [anby k=1,2.

Furthermore, assume that

n € Chyllty00)n,RY), 1) 2
k = 1,2, such that

there  exist  functions
0, and u € &(a.by),

be
J (rl () r () (uA (t))2 -K(t,a) (W’ (t))z) At <0,
H (42)

k=12,
where
K(ta) =7 () q ) -n" ()8, (£ a)
7 ) p ()
7 (f)

and &, is defined as in Theorem 3. Then (1) is oscillatory on
[tg> 0O)7-

(43)
8, (0 (1), a),

Proof. Assume that x is a nonoscillatory solution of (1) on
[to, 00)7. Without loss of generality, we may assume that there
exists a t; € [t,, 00)y, such that x(¢f) > 0, x°(t) > 0 for all
t € [t;,00)y. By assumption, we can choose by > a; > t;,
then g(t) > 0 and F(¢,x°(t)) < 0 on the interval [a,b,].
We define w as in Theorem 3. Proceeding as in the proof of
Theorem 3 and from (25) and (32), we get

o o Ao
W (1) = -1 r(?(f)(t)r (;)gx(t) O 0qe
o o [E (657 ®))]
-n (t) o0 "
T mx® A OES0)
roroeo” OO G
< K(ta)- . (1),

1OrO+pBw®)"



where K is defined as in Theorem 5. Multiplying (44) by
(u°(t))* and integrating from a, to b;, we get

b b
J (u”(t))zwA(t)AtS—J K (t,a) (u° (t)) At

a, a
i (45)
J"l (" (1) ()
o N7 @) +u) o)
The rest of the argument proceeds as in Theorem 3 to get a
contradiction to (42). The proof is complete. O

Remark 6. When p(t) = 0 and F(t, x°(¢)) = f(t), Theorem 5
contains Theorem 2.1 in [26].

Theorem 7. Assume that « < 1 and for any T € [t;,00)y,
there exist constants a; and b, € [T, 00)y, such that a;, < by,
k =1,2, with

qt) 20, fortela,b];Ula, bl (46)

(t))a+1 > 0
k=12,

(~1)FF (t,x° (1)) = ()" f (t) (x°

fOT te [ak, bk]'[’

where f € C,;([ty, 00), R). Furthermore, assume that there
exist functions 1 € Cl,([ty, 00)r, RY), #*(t) = 0, and u €
&(a, by), k = 1,2, such that

(47)

by
[" (107 0 (2 0)' - P, (t.0) (& ©)) 6t <0,

(48)
k=1,2,
where
P, (t’ ak) =0,(t) - ’7A (t) 6, (t) ak)
7’ () p(t)

YT — 0 (o)), (49)

1 (o8 o -

8, (t) = W’? 0" O f@]

and &, is defined as in Theorem 3. Then (1) is oscillatory on
[tg> 0O)7-

Proof. Assume that x is a nonoscillatory solution of (1) on
[to, 00)7. Without loss of generality, we may assume that there
exists a t, € [t;, 00)y, such that x(¢f) > 0, x°(t) > 0 for all
t € [t;,00)r. By assumption, we can choose b, > a; > t|,
then q(#) > 0 and F(¢,x°(t)) < O on the interval [a, ]y
We define w as in Theorem 3. Proceeding as in the proof of
Theorem 3, we have (28). Hence, from (25), (28), and (47),
we get

A 0’ (t) p(t) 7" (5 q(t)
w (t)< g() 6 ( ()1 1) (xa(t))_17“
-1 @) |f O] (x7 )" (50)
7’ (t) x (t)

" EOroe@® O 0o (ba).
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Set
G =T OIO _ oo
x1-
1 1 GV
e PRI

From Lemma 2, it is easy to see that

G(x%) 2 —n” (g O |f ®)] " =8,). (52)

-
a*(l-«a) "~

Thus, combining (32), (50), and (52) and noticing that r]A t) =
0, we have

1
n()r@)+p)w(t)

w® () < =P, (ta,) - W (1), (53)

where P, is defined as in Theorem 7. Multiplying (53) by
(u°(t))* and integrating from a, to b;, we get

b by
J (1)’ w® (t)AtS—J P, (t,a) (u° (1))’ At

[ ®) < 1)
OLGETGLI0
(54)

The rest of the argument proceeds as in Theorem 3 to get a
contradiction to (47). The proof is complete. O

Next, let us introduce the class of functions Y, which will
be extensively used in the sequel.

LetD, = {(t,s) e T>:t > s >t,}and D = {(t,s) € T :
t > s > t,}. We say that the function H € C4(D, R) belongs
to the class Y, if

(i) H(t,t) = 0, > t,, H(t,s) > 0 on Dy;

(ii) H has continuous A-partial derivatives H Ae(t,s) and
H:(t, s) on D such that

=hy (t.5) VH (0 (t),0 (5)),
—h, (t,5) VH (0 (t) , 0 (s)),

H (t,0(s))

(55)

H* (0 (t),s) =

where b, and h, € C4(D, R).

Theorem 8. Assume that « > 1 and for any T € [t, 00),
there exist constants ay, and b, € [T, 00)y, such that a; < by,
k =1,2, with

q(t) =0, fortela,b];Ua,b]
DR (6,27 (1) = (-1 fF (1) = 0, (56)

fort e lanbly k=1,2,



Abstract and Applied Analysis

where f € C,;([ty, 00), R). Furthermore, assume that there
exists a functionn € Cid([to, 00)7, R") such that for some H €
Y and ¢ € (a, b7

1 G
G o @) b [H<" (5),0/()) Qs )
2
n©r(s) o
oy ]
1 by
o] NEOROLI
2
L O o
417° (s) 5(3, ak) ¢, (bk’ 5)]
xAs>0, k=12,
(57)
where
¢ (5 a ) =h (s a )+ H(o‘(s) G(a ))WA(S)
AR B TO
A
¢ (B> s) = hy (B> s) — H (o (b) >U(S))’771 (is)),
Q(ta) =8 (1) + %(f)(t)& (o®),a),
g As a(t) As -1
d(tay) = Lk r () ey (5 1) (Lk 7(s) epppe (5, ak)> ,
(58)

and &, and &, are defined as in Theorem 3. Then (1) is
oscillatory on [t,, 00)y.

Proof. Assume that x is a nonoscillatory solution of (1) on
[ty 00)7. Without loss of generality, we may assume that there
exists a t; € [t,, 00)y, such that x(¢#) > 0, x°(t) > 0 for all
t € [t;,00)r. By assumption, we can choose b, > a; > t,,
then q(¢) > 0 and F(¢, x°(¢)) < 0 on the interval [a;, b ]. We
define the function w as in Theorem 3. Proceeding as in the
proof of Theorem 3 and from (25) and (31), we get

A o
0 gy OO

N NANT 2
o) FOroe o

(59)

w* () < -Q(t,a;) +

where Q is defined as in Theorem 7. Since r(t)xA(t)ep ot ay)
is nonincreasing on [a,, b, ], we obtain

o) 1 (5) x () €0 (5.,

X (t) - X (t) = J‘l r (S) ep/r“ (S’ al)

As

r(s) €ppo (s,a;)’
(60)

o(t)
<r(t)x"(t) eppe (tay) Jt

7
hence
X _ r(t)x" (t) ey (tay) Ja(t) As
x(t) x(t) ¢ r(s)ep/ra (s,al)'

(61)

From (25), we have

rOx* O ey (bay) < (Jt L)l. (62)
x(t) a 7(5) ey (5,0,

Therefore, from (61) and (62), we get

x7 (t) < Jo(t) As (Jt As >_1
x(t)  Ja r() ey (ssa)\Ja, 7(s) ey (s,ap)
B 1
S o(tay)
(63)
Combining (59) and (63), we obtain
A
P <-ata)+ T Do
n(t)
(ta) o
7’ ()6 (ta) ,
— Ww (t) , te€ [al, bl]T‘

Multiplying both sides of (64) by H(o(s), o(t)) and integrat-
ing with respect to s from t to ¢, for t € (a,, ¢, |1, we have

Jq H (o (s),0()Q(s,a)As

t

<- J H (o (s),0 () o (s) As

t
65
) (65)

n(s)

n" () (sa) ,
Ww (S) As.

+ J H6),00) Lo (s) As
t
- j H (0 (s),0 (1)

In view of (i) and (ii), we see that

r H (o (s),0 () o (s) As
=H(o(¢),0®))w(q) (66)

- Lcl hy (s,6) VE (0 (5),0 () (s) As.



Using (66) in (65) leads to

LHW@mmm@@Ms

<-H(o(q),0)w(cq)

7 ()8 (s,a) ,
—;12 O W (s)As

+ f (h1 (s,t) VH (0 (5),0 ()

—wa@mm)

A
+H (0 (s),0 (1)) () ) w (s) As

1n(s)
=-H(o(q),0()w(q)
C O 7
+J; 4’7 (S)(S(S a1)¢1( t)AS

_JCI \jH(G(S),U(t)) ’/I (S)(S(S,al)w(s)
t r(s) 1(s)

2
~ n(s) Vr(s) _AEONTE) (6
1
241 ()8 (s, a;)
<-H(o(q),0)w(c)
LI
¢ 4An° (s)0 (s, ay) !

Lettingt — a, in the above inequality, we get

1
WL [H(G(S) o(a))Q(s a)

i ()7 (s) (s.a (68)

411 ()8 (s, a1)¢1 ) [ 4s

<-w(q).

Similarly, multiplying both sides of (64) by H(o(t), o(s)) and
integrating with respect to s from ¢, to t for t € [¢}, b))y, we
obtain

t
j H(o(t),0(s)Q(s,a)As

- Jt H (o (t),0(s) 0" (s) As

7 (s)
1(s)

+ Jt H (o (t),o0(s)) w (s)As
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’l (5)8(5 al) e

me 216

(s) As

H(U(f) o(a))w(q)
r ’7 ()8 (s,a1) o>
-,

Moo Zr@re © O

(h (t,5) VH (o (£),0 ()

}7( ) (s) As
1(s)

~H (o (t),0(5))

=H(o(t),0(c))w(q)

2
Lo (s)r(s)
i J‘cl 4n° (s) 8 (s, a)

—f 'w¥waxo@»”%”8“ﬂﬁw“)
o r(s) n(s)

qbg (t,s) As

2
17(s) r (s)
t——————, (t,9)
2\/’1 ()0 (s,ay) ’ >

<H(0(®.0(a) o)

2
L))
i J;l m¢2 (t) S) AS.

(69)

Lettingt — b, in the above inequality, we get

1 by
ﬁ@@i?aﬁL[Hwﬁyme@%)
2
Ui (S) r (S) 5 (70)
- m‘pz (b,s) | A

<w(q).
Adding (68) and (70), we get a contradiction to (57). This
completes the proof. O

Theorem 9. Assume that « < 1 and for any T € [t;,00)y,
there exist constants a;, and b, € [T, 00)y, such that a;, < by,
k =1,2, with

q(t)=0 forte[a,b];Ulasb];,
DFF (627 (1) = DFF@O (@) =0, (7))
fort € [ap, by

k=1,2,
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where f € C,;([ty, 00), R). Furthermore, assume that there
exists a functionn € Cid([to, 00)7, R") such that for some H €
Y and ¢ € (a, b7

1 G _
O] o) b (1O @)aa

2
n$r(s) o
_4;7" (s)8 (s, ak)¢1 (s ak)] As

1 ka [ H(o ()0 () Q(s )

T H(0 (8.0 (@) Ja

2
ns)rs)
- 41° (s) 8 (s, ) 9 (b S)]
xAs>0, k=12,
(72)
where
Qt,ay) =8, (t) + Mél (c@®),a). (73)

r (t)

0, is defined as in Theorem 3, 8, is defined as in Theorem 7, and
&1, ¢y, and § are defined as in Theorem 8. Then (1) is oscillatory
on [ty, 00)y.

The proof of Theorem 9 is similar to that of Theorem 8, so
we omit the proof.

Remark 10. The main results in this paper can also be
extended to the following second order damped dynamic
equations with mixed nonlinearities:

(r@® x> )"+ p &) x* () + qo () x (1 (1)
+q ) |x (1, O) ' x (7, 1) (74)

+q, () |x (1, ) x (1, (1) = F (£, x° (1)),

wherey > 1 > > 0, 7;(t) < o(t),i = 0,1,2, or the more
general equation

(ro = ®)" +p ) x> (1)
n (75)
+ Y g (0 x (1) x (5 (1) = F(6:x° (1))

i=0

on any arbitrary time scale T, where oy = 1, & > oty > -++ >
&, >1>a,,, > >a,>0and 7; are nondecreasing rd-
continuous functions on R with 7;(t) < o(t),i = 0,1,...,n.
Due to the limited space, we omit it here and leave it to the
readers who are interested in this problem.

4. Examples

In this section, we will show the applications of our interval
oscillation criteria in two examples. Firstly, we will give an
example to illustrate Theorem 3.

Example 1. Consider the following second order forced
difference equations with damping:

A <t (sin ﬂzt + 2) Ax (t))

2
L t; ! (sin ”(t4+ D, 2> Ax (b) (76)

t it
(sin i + 2) X (t) = —cos R

+
(t+ 1)2 4

for t > 2, where ¢, is a positive constant. Here

t
r(t)zt(sinﬂz+2>,

t* m(t+1)
p(t)=- " <1n 1 +2>,
(77)
% .
q(t)—( 2 <s1nz+2>,
F(t,x(t)) = f (t) = —cos —, a=2
Let
a, = 8h, by=a,=8h+2,
(78)
b,=8h+4, h=1.2,...,
such that
>0, (-1)f@® =0,
q(t) =D f(®) 79)

te[8h,8h+2)U[8h+2,8h+4), k=1,2.

For t > 2, we obtain

8, (o (t),a)
_ 1
(1 +u (t) (P (t) /r.(r (t))) ep/r‘7 (t> ak)

o(t) 1 A -1
X(Lk (L+u(s) (P (9) /77 (9))) 7 (5) €pye (5, ) S)

< -5, (tay).
(80)
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Setting n(¢) = 1/t and u(t) = sin(rt/2), we have

t 1/2

—COoS —
4

o ot 12
P(t,a) = 2(t+ 1)<(t+ 7 (smz +2)>

1/2
=2<c0<sinn—t+2> cosﬂ—t ) s
4 4
b-1 ,
2 (1G)r () (A (7)) = P (o) w* (j+ 1))
j=a
8h+1 . i1 .\ 2
< Z <l -j<sin ﬂ+2> (sinM —sin ﬂ)
S\ J 4 2 2
. . 1/2 . 1
—2(60 (sin i + 2) cos ﬂ) sinzw)
4 4 2
= ? +4-2(2¢)"

(81)

Then by Theorem 3, every solution of (76) is oscillatory if

2
%z%(%}u). (82)

Next, we will give an example to illustrate Theorem 7.

Example 2. Consider the following second order forced
differential equations with damping:

c0c0522t o

(tsin2t +2)x' () - (sin2t +2)x' (1) + T

=-—sin2t, t=>1,

(83)
where ¢, is a positive constant. Here,

r(t) =t(sin2t +2), p(t) =—sin2t -2,

22t
q(t) = Coct?/s“ . F(tx(®)=f(t)=—sin2t, (84)
o < 1.
Let
s
a, = 2hm, b =a,=2hn+—,
2 (85)
b,=2hn+n, h=12,...,
such that

qt)20, (-D*f®) =0,

te [2h7‘[,2hn+ g) U [2h7‘[+ §,2h7'[+7'[), k=1,2.
(86)
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Setting #(t) = 1/t and u(¢) = sin 2¢, we obtain

2 (24
t €yCOs” 2t . 1
P (t,a) = — e |- sin2¢] *

(1 -«) t

Coc

= ﬁcosz"?ﬂ— sin 2¢]'7%,
a*(1 - «)
b

j 1 (;7 ) r(t) (u’(t))2 ~ P, (t,a)) v’ (t)) dt

/2 1 )
:J (;-t(sin2t+2)(2c052t)
0

Cot
—ﬁcosz“ﬁ sin37“2t> dt
a*(1 - &)

(04
%

6
=-Vr+m-———
5 40(1 — )t

o Ir2-oa/2)T(x+1/2)
F((w+5)/2) °

(87)

where I is the gamma function. Then by Theorem 7, every
solution of (83) is oscillatory if

[ Fr2-a/2)T(ax+1/2)
I'((x+5)/2)

g\/E+n< (88)

T 4a(1 - )t
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