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We study the global asymptotic stability of the following difference equation: x,.,; = f(x,_» X,p,> -+ +> X,k 3 X

X ),n=0,1,...

n—my

,where 0 < k; < k, <--- < k;and 0 < m; < m, < --- < m, with {k;, k,,...,k}({m, m,,...

n—mp > xn—mz’ tee

,m,} = 0, the

initial values are positive, and f € C(E*™, (0, +00)) with E € {(0,+00), [0, +00)}. We give sufficient conditions under which the
unique positive equilibrium x of that equation is globally asymptotically stable.

1. Introduction

In this note, we consider a nonlinear difference equation
and deal with the question of whether the unique positive
equilibrium X of that equation is globally asymptotically
stable. Recently, there has been much interest in studying the
global attractivity, the boundedness character, and the peri-
odic nature of nonlinear difference equations; for example,
see [1-22].

Amleh et al. [1] studied the characteristics of the differ-
ence equation:

Xy
Xap = P+ (E1)
n

They confirmed a conjecture in [13] and showed that the
unique positive equilibrium X = p + 1 of (E1) is globally
asymptotically stable provided p > 1.

Fan et al. [8] investigated the following difference equa-
tion:

Xp+1 = f (xn’ xn—k) . (EZ)

They showed that the length of finite semicycle of (E2) is
less than or equal to k and gave sufficient conditions under
which every positive solution of (E2) converges to the unique
positive equilibrium.

Kulenovi¢ et al. [11] investigated the periodic nature, the
boundedness character, and the global asymptotic stability of
solutions of the nonautonomous difference equation

xn—l
xn+1=pn+x—, n=0,12,..., (E3)

n

where the initial values x_;, x, € R, = (0,+00) and p,, is the
period-two sequence

n- 15

Sun and Xi [20] studied the more general equation

n=01,2,..., (E4)

if n is even,

ith o, . 1
if n is odd, with & f € R, M

Xp+1 = f (xn—s’xn—t) 4

where s,t € {0,1,2,...} with s < ¢, the initial values
X_pX_415---> X9 € R, and gave sufficient conditions under
which every positive solution of (E4) converges to the unique
positive equilibrium.

In this paper, we study the global asymptotic stability of
the following difference equation:

Xnt1
= f (xnfkl’ Xnkyo o> Xnok 3 Xnomy> Xnomyp o> xnfmt) >

n=0,1,...,
(2)



where 0 < k; < k; < --- < kgand 0 < m; < m, <

- < my, with {ky, ky, .. k(O m,my, ... ,m} = 0, the
initial values are positive and f € C(E**,(0,+0c0)) with
E € {(0,+00),[0,+00)} and a = inf(, \\ o uou eps X
flup,uy, .o ug vy, v,,...,v,) € E satisfies the following
conditions:

(Hy) f(uy,uys. .yt Vy, vy, ., v,) is decreasing in u;
for any i € {1,2,...,s} and increasing in v; for any
jefl,2,...,t}h

(H,) Equation (2) has the unique positive equilib-
rium, denoted by x.

(H;) The function f(a,a,...,a;x,x,...,x) has only
fixed point in the interval (a, +00), denoted by A.

(H,) For any y € E, f(y,...
nonincreasing in x € (0, +00).

L V%, .., x)[x s

(Hs) If (x, y) € E x E is a solution of the system

y=f(x....%9...,),
3)
x=f(y.., 5%...,%),
then x = y.
2. Main Result

Theorem 1. Assume that (H,)-(H;) hold. Then the unique
positive equilibrium x of (2) is globally asymptotically stable.

Proof. Let ] = max{m,, k,}. Since

a= lnf(ul,uz,...,us,vl,vz,...,v,)GEs”f (ul’ Ups e s U V5 Vose e Vt)

€ E,
(4)

we have

X=f(%%...0)> f(X+L%...

Claim 1.f(A,..., Asa,...,a) <X < A.

Proof of Claim 1. Assume on the contrary that X > A. Then it
follows from (H,), (Hs), and (H,) that

A= fa.., @A .. ,A)> f(%... KA., A)

_f@quA“qusz:”@

" = A (6)

= A
This is a contradiction. Therefore X < A. Obviously
f(A,...,Aa,...,a) < f(X,..

L%, X =% (7)
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Claim 11is proven.

Claim 2. For any M > A, ] = [a, M] is an invariable interval
of (2).

Proof of Claim 2. For any x4, x_,,...,%x_; € ], we have from

(H,) that

a<x

= f(x,kl,x,kz,...,x,ks;x,ml,x,mz,...,x,mt)

< f(a,...,a;M,...,M)A/Is f(a,...,a;A,...,A)M

M A

= M.
(8)

By induction, we may show that x,, € J foranyn > 1. Claim 2
is proven.

Letmy = a,My, =M > Aand foranyi >0,

my = f(M,...,Mym,,...,m;), o
M, = f(my...,mzM,,...,M,).
Claim 3. For any n > 0, we have
m,<m,  <x<M, <M,
(10)
Jim M, = lim m, =%
Proof of Claim 3. From Claim 2, we obtain
my <my, = f(My,...,My;mg,...,m)
<fG..,¥)=x
< f(mgs....my My, ..., M)
=M, < M,,
my = f (M, ..., My;mg,...,m,)

(11)
<f(My,...,Mjmy,...,m) =m,
<f(®...%)=x
< f(my,....m;3M,,...,M;) =M,
< f(mg,...,my M,,..., M)
=M,.

By induction, we have that for n > 0,
m, <m, <xX< M, <M, (12)
Set
B= nleréomn and o= nlLr%oM”' (13)
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Then
B=fla...,;6,....8),
a=f(B....5a...,q).

This with (H,) and (Hs) implies« = 8 = X. Claim 3is proven.

(14)

Claim 4. The equilibrium X of (2) is locally stable.

Proof of Claim 4. Let M = A and m,, M, be the same as
Claim 3. For any ¢ > 0 with 0 < ¢ < min{fA - X,X — a},
there exists n > 0 such that

X—eg<m,<X<M,<X+e 15)
Set 0 < & = min{x - m, M, — x}. Then for any
Xg»X_1>--->X_ € (x = 8,% + §), we have
X = f(x,kl,...,x,ks;x,ml,...,x,mt)
< f(my,....mzM,,...,M,)
= Mn+1 < Mn’
(16)
X = f(x,kl,...,x,ks;x,ml,...,x,mt)
> f(M,,....M;m,,...,m,)
=M, >m,.
In similar fashion,we can show that for any k > 1,
X € M, M,] c(X—eX+e¢). (17)

Claim 4 is proven.
Claim 5. X is the global attractor of (2).

Proof of Claim 5. Let {x,},>_; be a positive solution of (2),
and let M = max{x,,...,xy;, A} and m,, M,, be the same
as Claim 3. From Claim 2, we have x,, € [m,, M,] = [a, M]
for any n > 1. Moreover, we have

X142

=f (xl+1—k1’ oo X1k 5 X 1emypo - ’xl+1fmt)

< f(mgs...,mp; My, ..., My) = M, )
X142

=f (xl+1—k1’ s X1k 5 X 1emyo - ’xl+1fmt)

> f(My,...,Mymg,...,my) =mj.

In similar fashion, we may show x,, € [m,, M,] for any n >
I + 2. By induction, we obtain

x, € [m,M] forn>k(+1)+1. (19)

It follows from Claim 3 that lim, , x, = x. Claim 5 is
proven.

From Claims 4 and 5, Theorem 1 follows. O

3. Applications
In this section, we will give two applications of Theorem 1.

Example 2. Consider equation

t
x = p+ Zi:l aixn—mi
1= - 7
" Zi:l bkxn—nk

t
i \j zi:l aixn—m,-

K b
zk:l bkxn—nk

(20)

n=0,1,...,

where 0 <n; <n, <---<ngand0 <my; <m, <--- < m
with {n;,n,,....n}({m,my,....m} = 0, p > 0,a; > 0
foranyi € {1,2,...,t}and b > O forany k € {1,2,...,s},
and the initial conditions x_;,...,x, € (0,00) with [ =
max{m,, n;}. Write A = ¥, a;and B = Y;_, b If pB > A,
then the unique positive equilibrium x of (20) is globally
asymptotically stable.

Proof. Let E = (0,+00). It is easy to verify that
(H,), (H,), and (H,) hold for (20). Note that a =

mf(ul,uz,...,us,vl,vz,...,vt)eEs”f(”l’ Upseo s U Vs Vasen s V) = D
Then

Ax Ax
= 5 = - 21
X~ f @) p+Bp+J—Bp @

has only solution

x= \/[\/pAB+ \[PAB + 4p*B (Bp - A)] /2 (Bp - a)
(22)

in the interval (p,+00), which implies that (H;) holds for
(20). In addition, let

XA \]E
X=p+—+

yB " \yB’
- (23)
_pe A2
y=pt xB " \/xB’
then
x p+xA/yB+ +\xAl/yB
- = . (24)
Y  p+yA/xB++yA/xB
Therefore x/y = 1, which implies that (23) has unique
solution
_ A
x=y:x=p+g+\/A/B. (25)

Thus (H;) holds for (20). It follows from Theorem1 that
the equilibrium x = p + A/B + A/B of (20) is globally
asymptotically stable. O



Example 3. Consider equation

t
q+ Zizl aixn—mi

Xpp1 = —=5—7—> n=0,1,..., (26)

P+Zk:1 bkxnfnk
where 0 < n, < m, < -+ < myand 0 < m; < m, <
- < m, with {n,n,,...,n}(m;,my,....m} = 6, p >

0,9 > 0,4 > O0forany 1 < i < tandb; > 0 for any
1 € j < s, and the initial conditions x_j,...,x, € (0,00)
with I = max{m,, n}. Write A = ¥!_ a;and B = Y;_, b;.
If p > A, then the unique positive equilibrium X of (26) is
globally asymptotically stable.

Proof. Let E = [0,+00). It is easy to verify that (H,)-(H,)
hold for (26). In addition, the following equation

q+xA
T peyB
(27)
_qtyA
- p+xB
has unique solution
2
A—p+ (p—A) +4Bq (28)

X = :y:
4 2B

which implies that (H;) holds for (26). It follows

from Theorem1 that the equilibrium x = (A - p +
(p—A)2 +4Bq)/2B of (26) is globally asymptotically
stable. O
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