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This paper is concerned with the study of a class of variational inequalities with multivalued D;-pseudomonotone mappings in
reflexive Banach spaces by using the D;-antiresolvent technique. An application to the multivalued nonlinear D;-complementarity

problem is also presented. The results coincide with the corresponding results announced by many others for the gradient state.

1. Introduction and Preliminaries

Variational inequalities give a convenient mathematical
framework for discussing a large variety of interesting prob-
lems appearing in pure and applied sciences. It is well
known that the theory of pseudomonotone mappings plays
an important part in the study of the above-mentioned
variational inequalities.

In recent years, pseudomonotone theory has become an
attractive field for many mathematicians (see [1-8]).

In a very recent paper [9], by using the D;-antiresolvent
technique (where J is the duality mapping) devised by the first
author, the author introduced a new concept of monotonicity,
which is called the D;-pseudomonotone type.

In the present paper, the concept of multivalued D;-
pseudomonotone mappings in reflexive Banach spaces is
used to study a wide class of variational inequalities, called the
multivalued D;-pseudomonotone variational inequalities.

Moreover, the results obtained in this paper can be
applied to the multivalued nonlinear D;-complementarity
problem. This problem contains, in particular, a mathemat-
ical model arising in the study of the postcritical equilibrium
state of a thin plate resting, without friction on a flat
rigid support (see [10-12]). The results coincide with the
corresponding results (see [2, 13-15]) in the case of gradient
mappings.

Unless otherwise stated, V' stands for a real reflexive
Banach space with norm [|||,, and V* stands for the uniformly
convex dual of V' with the dual norm | - [ly~. The duality
pairing between V and V* is denoted by (-,-). The set of
all nonnegative integers is denoted by N. The field of real
(resp., positive real) numbers is denoted by R (resp., R™).
Notation “—” stands for strong convergence and “—” for
weak convergence.

A mapping ] : V. — V" is said to be a duality mapping
(see, e.g., [16]) with gauge function ® (i.e., ® is continuous
strictly increasing real-valued function satisfying ®(0) = 0
and lim, , ®(t) = +oo) if for every u € V, (Ju,u) =
Vully- lully: = DCUelly)(lully). IEV = H s a Hilbert space,
then J = I, the identity mapping.

Assume that V* has a weakly sequentially continuous
duality mapping J (i.e., if {u,},cn is @ sequence in V' which
weakly convergent to a point u, then the sequence {J(u,,)},,cn
converges to J(u) (see, e.g., [17])).

Letg : V. — R U {+o0o} be a function. The domain of
gisdomg = {u € V: g(u) < +oo}. When domg#¢, g is
called proper (see, e.g., [18]). The interior of the domain of g
is denoted by int dom g. The function g is said to be Gateaux
differentiable at u € intdom g (see, e.g., [18]), if

g (u,n) = lim guttn) - g )

t—0 t

exists forally e V.



Let g be proper, convex, lower semicontinuous, and
Gateaux differentiable at € intdom g; then the gradient of
g at u is the function Vg(u) which is defined by (Vg(u), ) =
g'(u, n) for any # € V. It is known (see, e.g., [19]) that the
conjugate g* : V* — R U {+00} is also proper, convex, and
lower semicontinuous.

The convex function g is said to be of Legendre type (see,
e.g., [20]) if the following conditions hold:

(L,) intdom(g)#¢, g is Gateaux differentiable on
intdom(g) and dom Vg = int dom g;

(L,) intdom(g*)+¢, g* is Gateaux differentiable on
intdom(g”*) and dom Vg* = int dom(g*).

Itis well known (see, e.g., [21]) that if g is a proper, convex,
lower semicontinuous, and Legendre type, then Vg* =
(Vg)™" and range Vg* = dom Vg.

Throughout this paper, the function g : V. — R"U{+co}
is proper, convex, and lower semicontinuous which is also
Legendre on int dom(g).

The Bregman distance (see, e.g., [22]) is the function D,:
V xintdom(g) — R U {+00} defined by

D, (v,u) =g -gw) - (Vg),v-u), 2)
with
dom D, = (dom g) x intdom g. 3)

It should be pointed out that if V' = H is a Hilbert space and
g = (1/2)| - |3, then Vg = I (the identity mapping) and
Dy(v,u) = (1/2) - ulf;.

For a multivalued mapping T : V. — 2", the associated
D;-antiresolvent (where J : V. — V™ is the duality mapping)
of J = T (see [9]) is the mapping T/ : V' — 2V, defined by

T =vg*(J-T). (4)

Such a mapping is known as (see [23]) a Dg-antiresolvent
mapping of T when J = Vg (in this case, the mapping T’
is denoted by TY).

In light of the above-mentioned discussion, we note that
if ] - T = Vg, then T’ is the identity mapping I.

Following [9], the mapping J-T: V — 2" is said to be
Dj-pseudomonotone, if for every u, € dom J Nndom T, €
(J-T)u),w € (J - T)(n), and every sequence {u,},n C
dom J NndomT and v, € (J — T)(u,) the conditions

Vg* (vn) - Vg* (’)/) 4

5
lim sup (v,, Vg~ (v,) - Vg" (») <0 ©

imply that
liminf (v,, V4" (v,) - Vg" () 2 {(w,Vg" (v) - Vg™ (w)).
(6)

As remarked in [9], the D;-pseudomonotonicity of the
mapping J-T coincides with the pseudomonotonicity (or the
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D _-pseudomonotonicity in the sense of Bregman distance
D,) of the mapping Vg, if ] - T = Vg.

The multivalued variational inequality defined by the D;-
mapping (or multivalued D;-variational inequality) J — T :

V — 2" and the set K ¢ Vis to find u € K such that
ve(J-T)(u),w
e(J-1)(n): )
(v-£iVg" (@) -Vg" (v) =20, Vyek,

where f € 2,
The multivalued nonlinear complementarity problem
defined by the D;-mapping (or multivalued nonlinear D;-

complementarity problem) /] - T : V. — 2" and the set
K is to find u € K such that

(v=£,Vg" () =0,
(v-£,Vg" (w)-Vg" () >0,

(8)
Vn € K,

where f €2, v € (J - T)(u), and w € (J - T)(1).

The multivalued D;-variational inequality and multival-
ued nonlinear D;-complementarity problem are very general
in the sense that they include, as special cases, multivalued
variational inequality and multivalued nonlinear comple-
mentarity problem.

The following definition and results will be used in the
sequel.

Definition 1 (see, e.g., [15, p. 84]). The mapping A : V —
2" is continuous on finite dimensional subspaces if for any
finite dimensional subspace V, c V, the restriction of A to
V, N dom(A) is weakly continuous.

Corollary 2 (see [24]). Let j : V, ¢ V. — V be the injection
mapping. Let j* : V* — V; beits dual mapping. Then, j*Aj :
dom(A) njV, — 2% is continuous.

Corollary 3 (see [25]). Let K be a nonempty compact convex
set of R" and let S : K — 2% be continuous. Then S admits a
fixed point.

2. Main Results

Theorem 4. Let K be a closed convex set in H and let T :
K — 2" be a multivalued mapping. Then the following are
equivalent:

(1) vg~ (v') € Pry (x)
= arg min {D; (Vg* («'), x)
1 * ! 2 * !
= 51Vg" @) -}, : ve" (o)

eK,w € (I—T)(n),nEK},
9)
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the multivalued projection for K;
@) Vg (V) eK:(vg' (v')-xVg" (o)
-vg* (+')) 20
vy (o') €K, (10)
where @' € (I-T) (1),
v e(I-T)(y), ynekK.

Proof. Assume that (1) holds. Let x € 2 and Vg*(v') €
Pri(x) c K. For every Vg*(w') € Kandt € (0, 1], we have

Dy (x.¥g" ()
<D (x(1-t)Vg" (V) +tVg" ("))
=D, (x,Vg" (+')) (11)
(- vg" (). V4" () - V4" ()
+£D; (Vg* («'),Vg" (+)).
This implies
(x-¥g" (), 99" (&) - 74" (+))

<tD; (Vg* (0'),vg" (v'))

(12)

Hence,t — 0" implies (2).
On the other hand, assume that (2) holds. For every
Vg*(a)') € K, we have

D, (Vg* (w'),x)

=Dy (V9" (). Ve (')

l ' ' (13)
+ <Vg* (w ) -x,Vg" (w ) -Vg" (v )>
+D;(Vg* (v'),x) 2D, (Vg™ (v'),x).
This implies (1). O

Remark 5. In the particular situation when I — T = Vg
Theorem 4 coincides (in gradient setting) with Theorem 2.3
in [15] and also with Proposition 2.1 (1) and (2) in [2].

Theorem 6. In addition to conditionson'V, V*, g*, and ], one
assumes that 'V is separable, K C V is nonempty closed and
convex, T : K — ZV*,Vg* are weakly continuous mappings,
and either T or Vg* is continuous. Moreover, assume that the
mapping ] =T : K — 2V is a bounded Dj-pseudomonotone
mapping and that, for each 1 € K, there exist j, € K,w, €
(J-T)ny),w € (J—T)(#), and r > 0 such that

(0,Vg" (@) = Vg™ (@) > (£, Vg™ (@) - Vg (w))) "
14
fe 2V, Vg™ ()|, > .

Then there exists a solution to the multivalued D;-variational
inequality (7).

Proof. Suppose that {x;, x,, x5, ...} is an infinite dense set in
KandV,,,m € N, is the linear span of {x;, x,, x5,..., x,,}.

Let K,, = con{x;,x; X3, ...,%,,} = {Y, LixpA; >
0,Y", A; = 1}. Let j,, : V,, — V be the injection mapping
andlet j, : V* — V7 be its restriction dual. Observe that
UK,,, is dense in K, for m € N.

Now, fix an integer 1 > 1 and consider the finite
dimensional problem.

Find u,, € K, such that for each # € K,,, there exist
S € JaJ = T)jon(thy)s Vs € (T = T)(th,), and @ € (J - T)(1)
such that

<Sm - ];lf’ vg* (w) - vg* (Vm)> > 0. (15)

The equivalent form of problem (15) is to find u,, € K,, such
that for each € K,,,, there exist s, € j» (J —T)j,,(u,,), v, €
(J -T)(u,,), and w € (J — T)(y) such that

(Vg™ (), V9" (@) = Vg™ (v,,)) ”
2(Vg" (V) + jouf =5 Vg™ (@) = Vg™ (v,)) -

Using the identification of V,, with R™ and V,; and Theo-
rem 4 (with R™ = H and ] = I), we see that (16) is equivalent
to Vg*(v,,) € Pric. (Vg" (V) + jo f = Sm)-

Let B,(0) be any closed ball containing K,,. It is well
known (see, e.g., [26, p. 54, 224]) that B,.(0) is compact and
convex in K,,;; thus it is weakly closed. -

From Corollary 2, j*(J - T)j : B,(0) — 25 js
continuous; hence the function Vg*(v) +— Pry (0)(Vg*(v) +

jr f = s,,) is continuous from B, (0) into 250

Hence, by Corollary 3, this equation admits a solution. If
the closed convex set K is assumed to be bounded, then by
the reflexivity of V it is weakly compact (by employing the
Banach -Alaoglu theorem (see, e.g., [16, p. 3]).

Then we have a subsequence denoted by {u,,},,cn such
that u,, — u € K. Since ] — T is bounded, we have [|v,, [y~ <
M for all m e N. Since ] — T is weakly continuous and since
either J] — T or Vg~ is continuous by hypothesis, it follows
that T/ is weakly continuous by [27, Lemma 1]. So, we have
Vg*(v,) — Vg~ (»).

Now, we prove that

lirrnn%solip Vs Vg" (0,,) = Vg~ (v)) <0. (17)
For any € > 0, choose N so large and #i € Ky such that
[Vg" (") -Vg" ()|, <e forve(J-T)@. (18)
Therefore, we have

V- Vg  (v,,) -Vg () <0 form=N. (19)



Since Ky € K,,,, we have

lim sup (v,,, Vg™ (v,,) - Vg* (»))
= lim sup [{v,,,Vg" (v,,) = Vg* (M)
m— 00 (20)
+ (Vs Vg™ (9) = Vg" ()]
v+ M)e.

<(lr

Since € is arbitrary, this shows the desired inequality.
By the D;-pseudomonotonicity of J — T, it follows that

lim inf (7, Vg" (¥,,) = Vg" (@)) = (»Vg" () - ¢" (@))

(21)
forally e domJNdomT andw € (J - T)().
If 5 € K,,, m > n, we have
Vo VG" (V) = V3" (@) < (£,Vg" () - Vg" (@) .
(22)

Hence
(nVg" (1) -Vg" (@) <(fiVg" (1) -Vg" (@) (23)

foreveryninK,, neN, we (J-T)(#).

Since U,,K,, is dense in K,,, so we have that u is a solution
to (7).

Now, to complete the proof, we consider the case when K
is unbounded.

In this case we consider the set K, = {n € K
Vg™ (w)lly < p}, where p = max{[|[Vg" (wp)lly,7}.

Since K, is bounded, there exists at least one u, € K,;:

<vp - £,Vg" (w)-Vg" (vp)> >0 (24)

for v, € (J=T)(u,) and 7 € K,.
Since 77y € K, we have

<vp A (vp) -Vg" (wo)> <0 forwye(J-T) ().
(25)

This, together with (14), implies that IIVg*(vp)IIV < p.

To clarify that u,, is also a solution to original problem on
K, foranyn € K, set Vg™ (w,) = (1 - t)Vg*(vP) +1tVg” (w) for
t > 0 is sufficiently small, where w, € (J - T)(#,) and 5, € K o
Consequently

u,eK,cK:0<(v,- ,Vg" () -Vg" (v,))
=t(v,- Vg (@) -Vg* (v,)) (26)

for 1 € K.
This completes the proof. O

Remark 7. In the particular situation when J — T = Vg,
Theorem 6 coincides with the Brezis Theorem (see, e.g., [13,
14]) for the case of gradient mapping.

We are now in a position to state and prove the following
theorem.
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Theorem 8. Let all assumptions of Theorem 6 hold, except for
condition (14) let it be replaced by the Dj-coercive condition:

forw e (J-T)(x),
{0.Vg" (@) -Vg" (@) | _
"Vg* (w)"V (27)
wy € J=T) (1), m1p € K.

Suppose further that K has the following property (W):
aVg*(w) € K forall Vg*(w) € K and a > 0.

Then for every f € 2V there existu € K, v € (J-T)(w)
such that

(v=£Vg" ) =0,

lim
IVg* (@)l — co

(v- £,Vg" (0)-Vg" (») 20

(28)
foralln e K,w € (J = T)(n).
Proof. Let f € 2V satisfy || flly~ < M and
. 2M || flly-
Ioa” @l < 20, o
v

The Dj-coercivity of ] - T implies that there exists p > 0 such
that

(0,Vg" (0) - Vg" (w,)) = 2M|Vg" ()],  (30)

forw € (J-T)(n), n € K with [Vg* (), > p.
So we conclude

(w=f,Vg" (@) - Vg" (w,))
22M|Vg" @)y~ fly- Vg™ @], -] f
V*) P = ”f Vg* (“’0)"\/

>0 forn € K,w e (J=T)(n) with [Vg" (@), = p.
31

Vg (@)l

v*

= (M- |f

v*

The second part of (28) thus follows from Theorem 6.
To prove the first part of (28), observe that we can choose
apointzin Kandw € (J-T)(#) and assume that Vg*(w) = 0.
Therefore, from Theorem 6, we have

(v-£fiVg () <0 (32)

forallve (J-T)(u), u € K.
On the other hand, setting Vg™ (w) = aVg* (v), where o >
1, we get

0<{v-£,Vg " (w)-Vg" ) =(a-1){v-£,Vg" (»).

(33)
This implies
(v=f,Vg" () = 0. (34)
So,
(v-fiVg" () =0. (35)

This completes the proof of (28). O
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The following proposition gives a characterization of the
sum of two D;-Pseudomonotone mappings.

Proposition 9. LetV, V*, and ] be as above and let T, : V. —
2V, i=1,2, and Vg* be weakly continuous mappings. If ] -
T,:V — 2V, i = 1,2, are Dj-pseudomonotone mappings
such that domJ NdomT;# ¢, i = 1,2, then Ziz:l(] - T,) is
D;-pseudomonotone.

Proof. Lety, € Zle(]—Ti)(ﬂn)» V€ Zle(]—T,»)(r]), > 11 €
domJndomT;, i = 1,2, with Vg*(3,) — Vg*(3) and
limsup (5,,V9" (7,) - V9" () 0. (36)

Now, we prove for y,(f) e (J-T)1,), y(i) e(J-T)m, i =
1,2, that

limsup (3,”,g" (5,”) - va" (+V)) <0,
(37)
lim sup <y512)>V9* ()’;(12)) -Vg’ (y(Z))> <0.

If
lim sup (P.vg (HP)-vg () =e>0,  (38)

(note that otherwise, by symmetry), then there exists a
2 2
subsequence { )’flk)}keN cf yfl )},en such that

limsup (3, Vg" (3) - Vg™ (4%)) = (39)
This implies that
lim sup (Ve (52)-va ("))
= lim sup [ (3., V9" (5,) - Vg™ () (a0)
= Vg () - e (#?))]
<0-e.

From the D;-pseudomonotonicity of J— T}, we get for all y' €
(J-T)#'), #' € dom]ndomT,

(vg () -va ()

o W) g * (.0 *(y) “
<liminf (5, V9" (5) - vg" (+')) -

Letting y' = y, we obtain
0< likrr_1>i013)f <y,(11),Vg* ()/2)) -Vg" (y(l)» <0-¢ (42)

a contradiction.
Hence,

li;n sup <y£l;1()’vg* (y;i)) Vg ()/(1))> <0,

— 00 (43)
h,in sup <y§:),vg* (J’;(«i)) vyt (y(z))> <0.

— 00

This holds for any subsequence, so (37) holds and the proof
follows immediately by the superadditivity of the lim inf. [

3. Application to Multivalued Nonlinear D -
Complementarity Problem

As applications of Theorem 8 we consider the multivalued
nonlinear D;-complementarity problem (8) with T' = AT, +

T, — AJ, where T;, i = 1,2 are two nonlinear multivalued

mappings from K to 2V ,and A € (0, 00).

Theorem 10. Let V, V*, g%, ], and K be the same as in
Theorem 6, and suppose that K has the property (W). Let the
mappings Vg* and T;, i = 1,2 be weakly continuous and let
either Vg™ or both T;,i = 1,2 be continuous. Let ] - T; : K —

2V, i = 1,2 be two bounded D;-pseudomonotone mappings.

Let
1 inf <<w,Vg*(Aw +w,)
P inf 1 1t W,
||Vg*(/\w1+w2)||V960
-Vg* (/\wél) + w(()z)»
R -1

><(||Vg (Aw, +w2)||‘2,) ),

a= lir{lldi<nf ( <w2,Vg (Aw, +w,) (44)

IVg* (Aw,+w, )|, — oo

-Vg~ (Aw(()l) + wéz))>

x(I99" Qwy +w)l) ™),

b =lim infCDT(t)

t — 0o

Be such that a < b, where w; € (J — T;)(#), w(()’) e (J-
)"y, i = 1,2, 1, 7, € K, pp > 0and O is the gauge
function. Then for every A > p;(b — a) problem (8) with
T = AT, + T, — AJ has a solution in K.

Proof. By Proposition 9, ] =T = A(J = T}) + (J = T,) is Dj-
pseudomonotone for every A > 0. Set A > p(b — a). Then

lim inf
neK
IVg* (Aw; +wy)lly, — 00

( <)Lw1 +w,, Vg™ (Aw; +w,)

-Vg* (/\w(()l) + w(()z)»

x(I99" oy + w)[}) )

(45)

Zi+a>b>0.
P1

This implies that the mapping J - T = A(J - T,) + (J - T,) is
Dj-coercive. O

The conclusion follows from Theorem 8.



References

[1] A. M. Saddeek and S. A. Ahmed, “On the convergence of some
iteration processes for J-pseudomonotone mixed variational
inequalities in uniformly smooth Banach spaces,” Mathematical
and Computer Modelling, vol. 46, no. 3-4, pp. 557-572, 2007.

[2] K. Lan and J. Webb, “Variational inequalities and fixed point
theorems for PM-maps,” Journal of Mathematical Analysis and
Applications, vol. 224, no. 1, pp. 102-116, 1998.

[3] M. Aslam Noor, “Splitting methods for pseudomonotone mixed
variational inequalities,” Journal of Mathematical Analysis and
Applications, vol. 246, no. 1, pp. 174-188, 2000.

[4] A.M. Saddeek and S. A. Ahmed, “Iterative solution of nonlinear
equations of the pseudo-monotone type in Banach spaces;
Archivum Mathematicum, vol. 44, no. 4, pp. 273-281, 2008.

[5] A. M. Saddeek, “Convergence analysis of generalized iterative
methods for some variational inequalities involving pseu-
domonotone operators in Banach spaces,” Applied Mathematics
and Computation, vol. 217, no. 10, pp. 4856-4865, 2011.

[6] A. M. Saddeek, “Generalized iterative process and associ-
ated regularization for J-pseudomonotone mixed variational
inequalities,” Applied Mathematics and Computation, vol. 213,
no. 1, pp. 8-17, 2009.

[7] S. Marzavan and D. Pascali, “Types of pseudomonotonicity in
the study of variational inequalities,” in Proceedings of the Inter-
national Conference of Differential Geometry and Dynamical
Systems (DGDS 09), vol. 17 of BSG Proceeding, pp. 126-131,
Geometry Balkan, Bucharest, Romania, 2010.

[8] K.-Q. Wuand N.-J. Huang, “Vector variational-like inequalities
with relaxed 77-o pseudomonotone mappings in Banach spaces,”
Journal of Mathematical Inequalities, vol. 1, no. 2, pp. 281-290,
2007.

[9] A. M. Saddeek :, “A conceptualization of D;-monotone multi-
valued mappings via D;-antiresolvent mappings in reflexive
Banach spaces,” submitted.

[10] G. Isac, “Nonlinear complementarity problem and Galerkin
method,” Journal of Mathematical Analysis and Applications, vol.
108, no. 2, pp. 563-574, 1985.

[11] Y. Zhou and Y. Huang, “Several existence theorems for the
nonlinear complementarity problem,” Journal of Mathematical
Analysis and Applications, vol. 202, no. 3, pp. 776-784, 1996.

[12] M. Théra, “Existence results for the nonlinear complementarity
problem and applications to nonlinear analysis,” Journal of
Mathematical Analysis and Applications, vol. 154, no. 2, pp. 572
584, 1991.

(13] R. E. Showalter, Monotone Operators in Banach Space and
Nonlinear Partial Differential Equations. Mathematical Surveys
and Monographs, vol. 49, American Mathematical Society, 1997.

(14] H. Brezis, Opérateurs Maximaux Monotones et Semigroupes de

Contractions Dans le Espaces de Hilbert. Mathematics Studies,

vol. 5, North Holland, Amsterdam, 1973.

D. Kinderlehrer and G. Stampacchia, An Introduction to Vari-

ational Inequalities and Their Applications, vol. 88, Academic

Press, New York, NY, USA, 1980.

[16] K. Goebel and W. A. Kirk, Topics in Metric Fixed Point Theory,
vol. 28, Cambridge University Press, London, UK, 1990.

[17] E E. Browder, “Convergence theorems for sequences of nonlin-
ear operators in Banach spaces;,” Mathematische Zeitschrift, vol.
100, pp. 201-225, 1967.

[18] J.-P. Aubin and A. Cellina, Differential Inclusions, vol. 264,
Springer, Berlin, Germany, 1984.

(15

Abstract and Applied Analysis

[19] J. E Bonnans and A. Shapiro, Perturbation Analysis of Optimiza-
tion Problems, Springer, New York, NY, USA, 2000.

[20] H. H. Bauschke, J. M. Borwein, and P. L. Combettes, “Essential
smoothness, essential strict convexity, and Legendre functions
in Banach spaces,” Communications in Contemporary Mathe-
matics, vol. 3, no. 4, pp- 615-647, 2001.

[21] V. Barbu and T. Precupanu, Convexity and Optimization in
Banach Spaces, Editura Academiei, Bucharest, Romania, 1978.

[22] L. M. Bregman, “The relaxation method of finding the common
point of convex sets and its application to the solution of prob-
lems in convex programing,” USSR Computational Mathematics
and Mathematical Physics, vol. 7, no. 3, pp. 200-217, 1967.

[23] D. Butnariu and G. Kassay, “A proximal-projection method for
finding zeros of set-valued operators,” SIAM Journal on Control
and Optimization, vol. 47, no. 4, pp. 2096-2136, 2008.

[24] E. E. Browder, “Multi-valued monotone nonlinear mappings
and duality mappings in Banach spaces,” Transactions of the
American Mathematical Society, vol. 118, pp. 338-351, 1965.

[25] S. Eilenberg and D. Montgomery, “Fixed point theorems for
multi-valued transformations,” American Journal of Mathemat-
ics, vol. 68, pp. 214-222,1946.

[26] B. Choudhary and S. Nanda, Functional Analysis with Applica-
tions, Wiley Eastern Limited, New Delhi, India, 1989.

[27] D. A. Rose, “Weak continuity and strongly closed sets,” Interna-
tional Journal of Mathematics and Mathematical Sciences, vol. 7,
no. 4, pp. 809-816, 1984.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



