Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 503689, 13 pages
http://dx.doi.org/10.1155/2013/503689

Research Article

Hindawi

On the Dependence of the Limit Functions on
the Random Parameters in Random Ergodic Theorems

Takeshi Yoshimoto

Department of Mathematics, Toyo University, Kawagoe, Saitama 350-8585, Japan

Correspondence should be addressed to Takeshi Yoshimoto; yoshimoto_t@toyonet.toyo.ac.jp

Received 16 October 2012; Accepted 28 December 2012

Academic Editor: Haydar Akca

Copyright © 2013 Takeshi Yoshimoto. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We study the structure of the ergodic limit functions determined in random ergodic theorems. When the r random parameters
are shifted by the r-shift transformation with r, € {1,2,...,r}, the major finding is that the (random) ergodic limit functions
determined in random ergodic theorems depend essentially only on the r—r, random parameters. Some of the results obtained here
improve the earlier random ergodic theorems of Ryll-Nardzewski (1954), Gladysz (1956), Cairoli (1964), and Yoshimoto (1977) for
positive linear contractions on L, and Wos (1982) for sub-Markovian operators. Moreover, applications of these results to nonlinear
random ergodic theorems for affine operators are also included. Some examples are given for illustrating the relationship between

the ergodic limit functions and the random parameters in random ergodic theorems.

1. A General Argument

The present paper is concerned with the relations between
the limit functions in random ergodic theorems and the
random parameters concomitant to the limit functions. The
first results of the random ergodic theory include Pitt’s ran-
dom ergodic theorem [1] and Ulam-von Neumann’s random
ergodic theorem [2] concerning a finite number of measure-
preserving transformations and Kakutani’s random ergodic
theorem [3] concerning an infinite number of measure-
preserving transformations. Furthermore, Kakutani dealt
with the relationship between the random ergodic theorem
and the theory of Markov processes with a stable distribution.
The random ergodic theorem is usually obtained by using
the so-called skew product method as natural extensions of
ergodic theorems and has received a great deal of attention
from the wider point of view including operator-theoretical
treatment. In fact, interesting extensions have been made by
many authors.

It was pointed out by Marczewski (see [4]) that the proof
of Kakutani’s theorem should be found which would not
use the hypothesis that the transformations in question are
one-to-one. Answering this question, Ryll-Nardzewski [4]

improved Kakutani’s theorem to the case of random measure-
preserving transformations which are not necessarily one-to-
one and proved that the limit function is essentially indepen-
dent of the random parameter. Then, later, Ryll-Nardzewski’s
theorem was generalized by Gladysz [5] to the case of a
finite number of random parameters. The Ryll-Nardzewski
theorem was extended by Cairoli [6] to the case of positive
linear contractions on L, with an additional condition.
Yoshimoto [7] extended both Gladysz’s theorem and Cairoli’s
theorem to the case of positive linear contractions on L,
with a finite number of random parameters. In this paper
we inquire further into the problem of the dependence of
the limit functions upon the random parameters in random
ergodic theorems, and we have an intention of improving the
previous random ergodic theorem of Yoshimoto [7].

In what follows, we suppose that there are a given o-finite
measure space (S, 3, m) and a probability space (Q, F, u). Let
L,(m) =L, B,m), 1 < p < oo be the usual Banach spaces
of eqivalence classes of f-measurable functions defined on S.
From now on, we shall write f,(s) for f(s,w) if we wish to
regard f(s,w) as a function of s defined on S for w arbitrarily
fixed in Q.



It seems to be worthwhile to include the first random
ergodic theorems which may be stated, respectively, as fol-
lows.

Theorem 1 (see [1, 2]). Let U(s), V(s) be two given measure-
preserving transformations of S into itself, which generate all the
combinations of the transformations: U, V, UU), U(V), V(U),
V(V), UU(V)), UV (U)),.... Theergodic limit exists then for
almost every point s of S and almost every choice of the infinite
sequence obtained by applyingU and V in turn at random, for
example, U(s), V(U(s)), V(V(U(s))), .. ..

Exactly speaking, the first step to the theory of random
ergodic theorems was taken by Pitt [1]. The above theorem
was stated by Ulam and von Neumann [2] (independently
of Pitt), but the essence of the contents is the same as the
theorem of Pitt who proved both the pointwise convergence
and the Lp(m) (p = 1, m(S) < ©0) mean convergence
of random averages in question. Ulam and von Neumann
announced the pointwise convergence of random averages in
an abstract form, but the proof has never been published. Pitt-
Ulam-von Neumann’s random ergodic theorem concerning
a finite number of measure-preserving transformations was
extended by Kakutani [3] to the case of an infinite number of
measure-preserving transformations as follows.

Theorem 2 (Kakutani (1948-1950) [3]). Let ® = {g¢,

w € Q} be a f ® F-measurable family of measure-preserving
transformations ¢, defined on S, where m(S) = u(S) = 1. Let
(QL, F 1, 1) be the two-sided infinite direct product measure
space of (Q0, F, ). Then, for any f € L,(m) (p > 1), there
exists a (F,, u, )-null set N* such that for any w* € Qf - N¥,
there exists a function fw* (s)eL P(m) such that

. 111—1 _

Jim 3 (e ) = () maces
where R, (w") denotes the nth coordinate of w”, and this holds
also in the norm of L ,(m).

Kakutani’s paper on the random ergodic theorem was
published in 1950, but the random ergodic theorem had
already been dealt with by Kawada (“Random ergodic the-
orems’, Suritokeikenkyu (Japanese) 2, 1948). Later, Kawada
reminisced about the circumstances of an affair of his paper. It
is the rights of matter that Kawada’s result is due to Kakutani’s
kind suggestion.

Remark 3. In Kakutani’s random ergodic theorem (as well
as in Pitt-Ulam-von Neumann' theorem), the sequence
((PNn(w*))nz 0 of measure-preserving transformations on S is
chosen at random with the same distribution and inde-
pendently. In connection with this question, an interesting
problem is the following: if we choose a sequence (¢,,),;
at random, not necessarily with the same distribution but
independently from a given set ® of measure-preserving
transformations on S, under what condition does the limit

1 n
lim ~> f(9x+15) )
k=1

n— oo
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exist m-a.e. or in L,(m)-mean with probability 1? Revesz
made the first step toward the study of this problem (see
(8,9D).

The most general formulation of random ergodic theo-
rems is the following Chacon’s type theorem given by Jacobs
[10].

Jacobs” General Random Ergodic Theorem [10]. Let o be an
endomorphism of (Q, %, ) and let {T, : w € Q} be a
strongly #-measurable family of random linear contractions
on L,(m). Let {p,},., be a sequence of f ® F-measurable
functions defined on S x Q which is admissible for {T, :
w € Q}. This means thatif h € L,(m ® p) and |h(s,w)| <
Pu(s,w) m ® p-ae., then |T h, (s)] < p,,q(s,w) m® p-ae.
Then, for any function f € L,(m), there exists a y-null set
N € F such that foranyw € Q — N,

li Z:=0 TwTaw T Tukwf (s)
im .
Yk=0 P (s; )

(=fw) )

n— o0

exists and is finite m-a.e. on the set {s : Y, p(s,w) > 0}
(cf. [11] which includes a further weighted generalization of
Jacobs'theorem).

If all T, are positive, then Jacobs  theorem yields the
following Chacon-Ornstein’s type random ergodic theorem
(cf. [10, 12]); for f € L,(m) and g € Lj(m), there exists a
p-null set N such that for any w € O — N,

ZZ:O TwTaw T Takwf (S)

S T T g () (=fw) @

exists and is finite m-a.e. on the set {s : Y00 T, Tpy -
T x,9(s) > 0}. Moreover, if the family {T,, o € Q} has a
strictly positive invariant function g € L}(m), then for every
f € L,(m), there exists a y-null set N such that for any
weQ-N

lim ! ZTwTow e Takwf (s) (: f* (s, w)) (5)
k=0

n—con + 1

exists and is finite m-a.e. Unfortunately, this Cesaro-type
result does not hold in general without assuming the exis-
tence of a strictly positive invariant function. However, if the
family {T,, : w € Q} satisfies the norm conditions || T, || Lim) S
1 and ”Tw”Loo(m) < 1forall w € (, then the above Cesaro-
type random ergodic theorem holds even without assuming
the existence of a strictly positive invariant function in L, ().

The above limit functions f(s, w) = [T]w(s), E(s, w) =

[E]w(s), and f*(s,w) = [f"],(s) depend generally on
the random parameter w. Our particular interest is in the
relationship between the limit functions and the random
parameters in the case that o is the shift transformation of the
random parameter space (Q*, F*,u") being the one-sided
infinite product of the same probability space (Q, &, ).
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2. Random Ergodic Theorems

Throughout all that follows, let (", ™, u*) be the one-sided
infinite product measure space of (Q, F, y):

Q7" u") = (H%@ F o X) ﬂn),
n=1 n=1 n=1

r

r r
(), %1, p) = (Hﬂw Fn @) Mn>’ (6)
n=1 n=1 n=1

(r:a positive integer),

(Qn,ecjf“n,yn)z (Q,F},y), n=12,....

Let ¢ be the (one-sided) shift transformation defined on
Q" which means that using the coordinate functions X,,(-),

N, (p0”) = Ry (07),

Then, ¢ is clearly a F"-measurable and y"-measure-
preserving transformation defined on Q. Let r be a fixed
positive integer. For simplicity, we let [w*], = (w,,...,®,)
for any w* = (w,,...,w,,...) € Q". Fixanr, € {1,2,...,7}.
Suppose that to each [w”], € Q;, there corresponds a linear
contraction operator Ty, on L;(m). The family {T{ -}
w" € Q"} is said to be strongly & -measurable if for any
h € L,(m) the function Ty, h is strongly & -measurable
as an L, (m)-valued function defined on (), namely, for the
mapping ¥, : [w*], — Ty hof F;
has a separable support (cf. [13]).

Our main result is stated as follows.

n=12,.... ?)

into L, (m), p, o ‘Pgl

Theorem 4. Let 1, be any fixed integer with 1 < ry < r. Let
{Tor), : @" € Q7} be a strongly F-measurable family of
positive linear contractions on L, (m). Suppose that there exists
a strictly positive L,(m)-function invariant under {T(,»)

w" € Q). Then, for every f € L,(m), there exists a y”-null
set N* € F* such that for any w* € Q" — N*, there exists a

function f[w*]ﬂo € L,(m) such that

1%
nlLIIéO; ZT[‘U*LT[‘P'O‘U*L e T[(p(kfl)row*]rf(Pkrow* (S)
= (8)

= —?[w*lwg (s) m-ae.
Proof. We need the following lemmas.

Lemma 5 (see (10, 14]). The strong F :-measurability of the
operator family {T(,+; : w* € Q"} guarantees that for any
g € Li(m® "), there exists a uniquely determined f & F* -
measurable version [T, Gyow:1(5) of Tiyr) Ggrow(5) such
that excepting a p* -null set,

[T[w*]rgq)row*] (8) = T}, Ggrow () m-ace. 9)

Using the measurable version appearing in Lemma 5, we
define

Tg(s,0") = [Tiur), Ggroar | (5) - (10)

From the norm conditions of {T,-; : w* € Q'}in
Theorem 4, it turns out that T is a linear operator on L, (m ®
p*) with [T L,(mep) < 1. Moreover, it is easy to check that
there exists a strictly positive L, (m ® y*)-function invariant
under T Thus, forany f € L,(m®u"), we can apply Chacon-
Ornstein’s ergodic theorem [12] (cf. Hopf’s ergodic theorem
[15]) to ensure the existence of a function ]7 e Limeu")
such that

n— 00

lim %Zn:ka (s,0") = f(s,0") meuae (1)
k=1

Moreover, as is easily checked, we find that
TF = 7. (12)

One can easily verify that excepting a suitable " -null set
N eF”
1 b

T"f (s,0%)
(13)
= Tiw1, Tigrowry, " T[(P(k,l)row*]rf@k,ow* (s) m-ae,
forall k = 1,2,.... Next we wish to show that J~‘(s, w*) does
depend essentially only on (s, [w"],_,, ). To do this, we define

sub-o-fields g,, n=1,2,...,of f& F* by
pn:ﬁ®gl®“'®ﬁn
®F,®{0,Q,,}® -,

(po=Be{0,0} {0, @),
It is clear that if m < n, then p,, C g, and that if
f e Limeu"), f, = p,f> then p,,f,, = f,, whenever
m < n. Therefore, the system {f,,p, : n = 1,2,...} forms
a martingale. For each n, let E(: | g,,) denote the conditional

expectation operator with respect to the sub-o-field ,,. Let
h(s,w™) be of the form

n=12,..., (14)

4
h(sw)=E@6)-[[m (@), (15)
i=1

where & € Ly(m) N L (m), n; € Lo(Q,),i = 1,2,...,¢.
Then, the linear combinations of functions of the form (15)
are everywhere dense in L, (m ® p*). Thus, for the question

confronting us, it suffices to prove the relation E( | Or—r,) =
f only for the case when f, is of the form (15).

Lemma 6. It holds that E(T™- | ©r—r,) = T"E(- | Om-1)rg41)>
m=12,...

Proof. 1t follows that for a sufficiently large € and n < €, E(h |
©,,) is such that

E(h|g,) (s0")=2E&(s)- lﬁ’h (w;)

4

T J (W) du(w) meu’-ae.

j=n+1

(16)



Thus, excepting a p*-null set N, , we get

(T E (1)) © = [T, 8 O] [t (w10
i=1

4

X H L 1; (w) du(w) m-ae.

j=n+1

17)

On the other hand, since excepting a ¢ -null set

e
(T*h),. (s) = [T[Z;*]ﬁ] (s) Hni (wmo) m-ae., (18)
i=1

we have thatif n > r — r, then
n
(E(T"h 1 0uer,)) e ) = [T, €] O [ I (@isr,)
i=1

¢
X H 1; () du (w) m-ae.

j=n+l

(19)
Consequently,
T'E(h|g,) =E (T*h | pn%) meu*-ae., (20)
and by approximation,
T*E(-19,) = E(T" | @nar, ) (21)
and so by iteration,

T""E ( | (@n) = E(T*m' | 801’11’7}11’0) >

(22)
m=0,1,2,..., n>r—r,.
In particular,
TE (1 @,r,) = E(T™ | @untyryer)» mM=12....

(23)

Since T is the adjoint operator of T*, we have thus

E(T" 10,,)=T"E(" | @mryrsr)> mMm=1L2....

(24)
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We return to the proof of the theorem. By Lemma 6 and
the martingale convergence theorem (cf. [16, 17]), we have

[E(F Torr,) = Tl omonr
=|E(r"f 1 0,-,)-T"f |'L1(M®y*)
< ITE(F 1 tmeimer) = Tl ononey
<[E (T 1 0mvryer) = Tl gy — 0
asm — co, and thus
E(Fle.)=F 26

which implies that f(s,w*) depends essentially only on
(s, [w*]r_ro). Hence, the theorem follows from (11), (26), and
Fubini’s theorem. The proof of Theorem 4 has hereby been
completed. O

If we take v, = r in Theorem 4, we have Cairoli’s
theorem in which f(s,w*) does not depend essentially on
w”. The r random parameter generalization (see [7]) of
Cairoli’s theorem is obtained by taking r, = 1 in Theorem 4.
Adapting the (almost) same argument as used in the proof of
Theorem 4, we have the following.

Theorem 7. Let r, be any fixed integer with 1 < ry, < r. Let
{Tor) : @" € Q7} be a strongly F-measurable family of
linear contractions on L,(m) with IIT[w*]rlle(m) < 1 for all
w" € Q. Then, for every f € L,(m®u*) with1 < p < oo,
there exists a p*-null set N* € F* such that for any 0" €
Q" — N¥, there exists a function f[w*]H0 € L ,(m) such that

. 1¢
Jm =~ T, Tigoa, * Tigtmnar), foar (5)
k=1 (27)
= f[w,f]H0 (s) m-ae.,
and that if 1 < p < 00, then
1 n
A, Z,;T[w*],T[rp'ﬂw*]r " Tigtemmge), frar ()
(28)

= 0)
L,(m)

‘17 (@ ],r, 9

and that if m(S) < co and f € L(S x Q*)log"L(S x Q*), then

lim

n— 00

1 n
;I;T[W*]rT[‘me*]y cee T[(P(kfl)row*]rfq)krow* )
(29)
_f[w*] ()

r=rg
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Proof. As before, we define Tg(s,w™) = [T[w*],g(p'ﬂw*](s) for
g € Ly(m® u*). From the norm conditions of {Tior, : w" €
Q"} in Theorem 7, it turns out that T is a linear operator
on L,(m ® u*) with 1T mepry < 1 and ITl; gneps)y <
1. Then, It follows from the Riesz convexity theorem that
1Tz, (nepy < 1 forall pwith 1 < p < oco. Thus, for any
fe L,(me ") (1 < p < 00), we can apply Dunford and
Schwartz’s ergodic theorem [18] to ensure the existence of a

function ]7 eL,(me® ¢*) such that

lim lZka (s0") = f(s0*) meuae,
k=1

n— 00y & (30)
Tf =1,
and thatif 1 < p < oo, then
. Iv, k, B
Jim 1= YT - f =0, (31)
k=1 Ly(mey*)

and that if m(S) < coand f € L(S x Q")log"L(S x Q"), then

R =
Jm Y TR =0 (32)
k=1 L, (mey*)

Now, adapting the (almost) same argument as used in the
proof of Theorem 4, we can find that

f(s0") = j‘(s, [w*]r_ro) me " -ae. (33)

Note here that if f € L,(m® u*), 1 < p < oo, (or f €
L(S x Q")log"L(S x Q")), then

1 . *
sup— Y |TI*|f| € L, (meu") (or, €L, (meu")),
n=1 nk:I

(34)

where |T| denotes the linear modulus of T (see [18, 19]).
Therefore, (27) follows from (30), (33), and Fubini’s theorem.
Equations (28) and (29) follow from (30), (31), (32), (33), (34),
and Fubini’s theorem. ]

In the setting of measure-preserving transformations,
Theorem 7 is reduced to the random one-parameter result of
Ryll-Nardzewski [4] by taking r, = r = 1 and to the r random
parameter result of Gladysz [5] by taking r, = 1.

L 0o .
Theorem 8. Let ry,...,r, be v positive integers. Let {T[:u*],,. :

w* e Q'Y i = 1,2,...,v, be strongly 972) (i=12..,v)-
measurable families of linear contractions on L,(m) with

I, | < 1. Foreachi=1,2,....v, weset
i Lo, (m)
1Yo 7® ) o
Ti (k) [w ]ri) - T[w*],i T[?"’-’*]q T[(Pkilw*]yi’ k = 1, 2, N

(T,- (0, [“’*]r,.) = the identity opemtor).

Then, for every f € L,(m), there exists a p*-null set N* such
* * * . . T
that for every w™ € Q" — N7, there exists a function f[w*]q—l €

L,(m) withq = max(r,,...,r,) such that the multiple averages

1y

1 Z'”iTl(kl’[w*]rl)"'Tv

n "'nvklzl

(36)
X (kv, [gok1+"'+kv‘1w* ]m) f(s)

converge to f[w*]q_l(s) m-a.e. as n; — 00,...,H, — 00

v
independently. Here, f[w*],rl(') means that the number of
random parameters is at most q — 1.

Proof. As already seen above, we can define the operators
Ty,....,T,onL,(me u*) as follows: forh € L, (m ® u*)

Th(s") = [Tl by |9, = 120000, (37)

Each T, turns out to be a linear contraction on L,(m ® u™)
with || T;]| Loy (map®) S 1. So, it follows from the Riesz convexity
theorem that ||T,»||Lp(m®#*) < 1lfor1l < p < co. Hence, from
Dunford-Schwartz’s ergodic theorem [18], we have that for
every f € L,(m® u") the multiple averages

1 &

n -

nv

ky kv _ r
ZTI TS f=E - Ef
k,=1

‘n, k=1 (38)

me u"-ae.

converge to E, - -- E, f almost everywhere on $x Q* asn, —
00, ...,n, — ooindependently, where each E; is a projection
ofLP(m®/,t*) onto the manifold N(I-T;) = {g € Lp(m®;4*) :
T,g = g} with

. 1 Gk . .
nilgnoo;ZTi’f—Eif =0, i=12...,v.
Tk;=1 LP(V“@#*)
(39)
Note here that
E,feN(I-T),E, \E,feN(I-T,,),..., )

E,--E feN(I-T)).

Thus, by Lemma 6 and the (L,) martingale convergence
theorem, we find that excepting a p* -null set

E f(s,0") = (EVT)[“)*]W—I (s) m-ae.,
E, ,E f(s,0*) = (E"‘lE‘j)[w*]maxuv,l,yV)-l (s) m-ae,
E, Ev7 (s,0°) = (El ...jrg‘j)[w*]m(y1 lllll . (s)
m-a.e.
(41)



Finally, observe that excepting a *-null set, we get

T f (sw) = T, T Ti ), F ot

lw*], " [pw”],
=T (k[0],) for () m-ae,
k=1,2,..., i=12,...,v,
(42)
T8 T (s,0) = T (k[0 )
T, (ko[ 00"] ) @)

X 7“)* (s) m-ae.

In fact, we have for two operators T} and T,

ky ek, 7 (1) k
Tlszzf(S,(U*) T[w 1, v kl -1 '], [ 22f] o
) ) @
=T, e, Tighar,
5 —
T( ’)‘1”‘2 w*]rz f(PkaZw* (5) (44)

=T, (kl, [w*]rl) T, (kz, [(pklw*]rz)
x f(s,w")
To complete the proof of the above equality, assume that (43)

has already been established for the v—1 operators T,, ..., T,,.
Then, it is easily verified by the induction hypothesis that (43)

holds for the v operators T, ..., T,. Hence, taking f(s,w*) =
f(s)e(w™) (e(-) = 1), the theorem follows from the above
arguments. 0

m-a.e.

In particular, if the operators in question are commutative
then we have the following.

Theorem 9. Let 1y, ...

w' e Q) i=12,. vbeastrongly?/?(') (i=12,...,v)-

measumble commutzng family of linear contractions on L (m)

with IIT ) < 1. Then, for every f € L,(m), there exists
m

e (1) .
sty be v positive integers. Let {T[;,, L,

Ol
au”-null setN such that for every w* € QO — N, there exists
a function f[w*] € L,(m) with q = max(ry,...,r,) such that

,JH%OJZ ;T( )

T, (kya [ )

1w*]rv>f(s)

= f[w*]q_1 (s) me-ae.

In passing, we make mention of the a.e. convergence for
sectorial restricted random averages. We say that a sequence
u(n) C ZY remains in a sector of Z] if there is a constant
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Cy, > 0 such that the ratios n;/n; are bounded by C, for
1 <i, j<vandallu(n) = (n,,...,n,) (see [20, page 203]).
Appealing to Brunel-Dunford-Schwartz’ theorem (see [20,
Theorem 3.5, page 215]), we find that the multiple averages
(38) converge m-a.e. in a sector Z‘;. In addition, in this case,
Theorem 8 implies that the limit function depends essentially
only on the g — 1 random parameters. Hence, we have the
following.

Theorem 10. Let ry,...,r, be v positive integers. Let {T[(;)*] E

w* € Q)i = 1,2,...,v, bestrongly FV (i = 1,2,...,v)-
measurable commuting family of linear contractions on L, (m)
. (i) .
with "T[w*lri IIL - < 1. Then, forevery f € L,(m), there exists

a p*-null set N* such that for every 0* € QO — N*, there exists
a function f[w*qul , 1) such that
the multiple averages

€ L,(m) withq = max(r,,...

X 2T (ko]
1 V=1 k,=1 (46)

converge to }[w*] 1(5) m-a.e. asu(n) (= (n,...,n,) >(1,...,
-

1)) — oo ina sector of ZY,.

A sub-Markovian operator P* on L (m) means that P*
is a positive linear contraction on L ., () with 1 subinvariant
under P* (ie, P*1 < 1) such that lim,_ P*h, =
0 m-a.e. for any (decreasing) sequence (h,,),., C L, (m)
with lim,, _, . b, = 0 m-a.e. Let P denote the positive linear
contraction on L,(m) with P* as the adjoint operator of P.
When v = py with a P-subinvariant function p > 0 (p#0),
v is called a P-subinvariant measure. Here, the subinvariant
function is not necessarily integrable.

Now, let IT" = {Pg. : w* € Q7} be a strongly F -
measurable family of sub-Markovian operators on L (m)
LetIT = {P, : " € Q7} be a strongly # measurable
family of positive linear contractions on L, (1), where each
Py, is the adjoint operator of the corresponding operator
Py,+) - Then, there exists a positive linear contraction U on

Li(m® p") such that forany f € Ly(m® u"),

[P[w*],fq;mw*] (s) mxu“-ae (47)

Uf (s.07) =

In addition, if ”P[w"]r"L ) < 1forallw* € Q, Uis

also a contraction on L, (m ® u*) (cf. [10, 14]). The operator
U extends uniquely to a positive linear transformation on the

class of nonnegative f® % *-measurable functions defined on
Sx Q" (see [20, page 51]).

Lemma 11. Let the measure m be finite. Assume that m is
EU- | gg)-subinvariant. Then, U turns out to be a positive
Dunford-Schwartz operator on L (m ® u*).
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Proof. Since m is assumed to be E(U- | g,)-subinvariant,
the function 1 (¢ L,;(m ® u*)) is E(U- | (,)-subinvariant.
According to Lemma 1.5 of Wos [21], we get

Ul =E(U1|g,), (48)

so that 1 is also U-subinvariant. Thus, for f € Ly(m® u*) n
Lo(meu®),

[Ufleo < Ul = IVl < I F e (49)
Since U is a positive contraction on L,(m ® u*), and U is a
positive Dunford-Schwartz operator on L, (m ® p*). O

Now, the above general theorems can also be applied to
sub-Markovian operators. For example, Theorem 7 yields the
following theorem which extends both Theorems 3.4 and
3.6 of Wo$ [21] (In proving the key Lemma 1.5 of [21], Wo$§
showed thatif f € L,(m®u*) does not depend essentially on
parameter w”, then Uf = E(Uf | g,). Using this equality,
he deduced Ul < 1 from E(Ul | g,) < 1 in order to
prove Theorems 2.8 and 3.4 of [21]. But obviously, 1 does not
necessarily belong to L, (m ® u*) in case where m is o-finite.
His arguments are of course correct in the case that 1 is finite
(see, e.g., conditions (i) and (ii) in Theorem 12)).

Theorem 12. Let IT = {P,.) : @" € Q"} be a strongly F -
measurable family of positive linear contractions on L,(m),
where each Py, is the adjoint operator of the corresponding
sub-Markovian operator P(,,., . Assume either of the following
conditions:

(i) m is finite and E(U- | g,)-subinvariant,
(ii) m is o-finite and IIP[w*]THLOO(m) <ljorallw* € Q.

Then, for any f € L,(m® u*), 1 < p < 0o, there exists a
p*-null set N* such that for every w* € Q — N, there exists
a function f ., € L,(m) such that

=10

. 1¢
Jim =3 Py, Prgroar, ** Plytmmoar, fgrnar )
k=1 (50)
= f[w*lmo (s) m-ae,
and thatif 1 < p < oo, then
1 n
A, ;Z:lp[w*lrp[rp’ow*]r T Plgtimgr, forngr ()
(51)

=0
L,m)

~Fay, ©

and that if m is finite and f € L(S x Q*)log"L(S x Q*), then

lim
n—oo

1 n
;kzlp[“’*]rp[‘/’mw*]’ tee P[ga(kfl)row*]rf(pkrow* ()

(52)

I
e

_?[w*]ﬂo )

Ll(m)

Proof of Theorem 1. In view of Lemma 11, either condition
(i) or condition (ii) guarantees that U is a positive Dunford-
Schwartz operator on L,(m ® u*). Hence, we can apply
Theorem 7 to conclude that Theorem 12 follows.

3. (C, @)-Type Random Ergodic Theorems

In this section, we establish a (C, @)-type random ergodic
theorem for measure-preserving transformations on S. In this
section, we assume that (S, 3,m) is a probability space. For
reala > —landn(=0,1,2,...),let A% be the (C, &) coefficient
of order a, which is defined by the generating function

1 = a.n
m=2Ant, O0<t<l1. (53)
n=0

Then, we can easily check that A%, is decreasing in » for -1 <
« < 0 and increasing in » for o > 0. For & > —1, we have

A% >0, AS=1, A% =1,
-1
AT AT A,
(04
A% = Aoc71:<n+‘x), « n " 00),
n };) n—k n n F(oc + 1) ( — )
(54)
and moreover,
o + 1 o
LA Z_u for0<ac<l,
T'(a+1) I'(x+1)
(55)
noc—l
A(:,_I < for n >0
()

In general, using Hille’s theorem (see [22, Theorem 8]), we
have the following.

Theorem 13. Let r, be any fixed integer with 1 < r, < r. Let

{Tipe) : @ € QF} be a strongly F-measurable family of

linear contractions on L ,(m) (1 < p < c0). Letax > 0 be fixed.

Ifforall f € L ,(m®u") there exists a y*-null set N* such that

forany w® € QF — N there exists a function fi., € L,(m)
=19

such that

(i) lim,, _, oo (1/A%) 37, A‘;‘;,;TWLTW(,M ...
T[(Pkrow*]r f(p<k+1>mwt (s) = f @'],ry (s) for m-almost all
ses,

(i) limy _, 1,0 = 1) 252 A% VT ey Tigrogey, -+
Tigrar), fyomar () = Fioy ()

(111) limn_)OO(I/H“)T[wt]rT[(pyow*]r s T[(pmow”]rf({J("H)YUw*
(s) =0,

for m-almost all s € S. Conversely, if (ii) holds but (iii) be
replaced by the condition that there exists a f® F * -measurable



function M(s, w") finite almost everywhere such that excepting
a p*-null set

ZAn kT[w 1, T[(prow N T[q)krgw*]rf(P(kﬂ)rOw* (S)
nn 0 (56)

<M, (s) m-ae,

foralln >0, where 8> 0, then (i) holds for all > f.

Note here that in Theorem 13, (ii) and (iii) do not
necessarily imply (i) in general.

Theorem 14. Let 1, be any fixed integer with 1 < vy, < r and
W), s @ € Q"} be a & F ] -measurable family of measure-
preserving transformations on S. Let 0 < o < 1, ap > 1, and
f € L,(m). Then, there exists a y”-null set N* such that for

everyw® € Q" =N", there exists a function f ., (-) € L ,(m)
rero
such that
1 ¢ '
ox—
A, 2 2 A (Wigrnary, V10, 5)
nk=0
—(n+1)
= hm (A— 1) ZA " f(ll/[q)krow ]r l//[w*]rs)
n=0
:f[tu*],,, (s) m-ae.,
1 ¢ 1
. o
Jm, {J 25 LA Vigrowry, -+ Viar,9)
nk=0
P 1/p
_f[tv*]‘r—ro (s) dm} =0.
(57)

Proof. Define the skew product @ of ¢ (the one-sided shift
transformation of Q*) and {1} as follows:

" (s,0") = (w[w*]rs,gor"w*) , (ssw™)eSxQ".  (58)

Let (f - e)(s,0™) = f(s) - e(w"), where e(w™) = 1 for
all 0* € QF. Then, (f - e) € L,(m® p*). Since L,(m®
©”) is reflexive, we see from Yosida-Kakutani’s mean ergodic
theorem [23] and Déniel’s theorem [24] that there exists a
function (f - )" € L ,(m ® u*) such that

( ok (S’w*))

P 1/p
dmeu” ]» =0,

1 n
s 24

o |
SxQ*

~(f-e) (s0")

(f-e)" (0" (s0"))
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=(f-e) (sw) mou'-ae,

sup A“ZA (fre)(s,w)

n>0 n k=0
€L,(meu)(cL(meu’)),

1 n
lim F
n— 00
n k=0

A (fe) (d)*k (sw"))
=(f-e) (s0") mou -ae
(59)

Furthermore, applying Lemma 6 to the operator T™ induced
by @*, it follows that

(fro) (sw0)=(fe) (s]]_,)

so that to complete the proof of the theorem, we may take

o,y @O =(f )y ). (61)
O

(60)

Remark 15. For example, if 7, = r = 1 in Theorem 14, then
f[’;*]rfro (s) = f*(s). It is worthwhile to note that if 0 < & < 1
and ap = 1 (so, p = a! > 1), then the pointwise (C, a)-
convergence for ®* does not hold in general (see [24]). For
the case of a positive linear contraction on L, (m ® u*), see
Irmisch [25].

In particular, applying Irmisch’s theorem to sub-
Markovian operators, we have the following.

Theorem 16. Let IT = {P,. : " € Q°} be a strongly F -
measurable family of positive linear contractions on L,(m),
where each P\, is the adjoint operator of the corresponding
sub-Markovian operator P[’;*]r. Assume that m is E(U- | g,)-
subinvariant. Let 0 < & < 1, ap > L and f € L (m). Then,
there exists a ™ -null set N* such that for every 0* € Q" = N*,
there exists a function f[’;*]riro () € L ,(m) such that

llm A“ zAn kp[w *1, P[(Prgw 1 P[(pkmw*]r

1)
= llm (A - 1) Z)\, (n+1) P[w *1, P[(prow 1 P[(pk"’w*]r
n=0
= f[’;*]rim (s) m-ae.
(62)

Proof. In view of Lemma 11, U is a positive linear contraction
onL,(meu*)aswellason L (m®u"). Thus, it follows from
the Riesz convexity theorem that [|U]| L (map) < lforl<p<
00. Therefore, we reach the assertion of Theorem 16 through
Theorems 7 and 13 appealed to Irmisch’s theorem [25]. [

Remark 17. The relations between the random ergodic limit
functions and the random parameters have been investigated
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(with satisfactory formulations) only in discrete parameter
cases so far. So, it is very interesting to study the continuous
analogs of the theorems obtained above. But no continuous
results are known from the point of view of the dependence
of the limit functions on the random parameters. Here, it is
worthwhile to notice that Anzai has obtained a continuous
version of Kakutani’s random ergodic theorem for Brownian
motion in continuous parameter cases (see [26]). Let & =
(€)so (€ = &, (w), &y = 0) be a Brownian motion (or Wiener
process) on a probability space (Q, %, ). This process has
independent increments; that is, for arbitrary t;, < t, <

- < t,, the random variables §, - & ,....§ —&  are
independent. In fact, since the process is Gaussian with
E(¢,) = 0 and E(§,£,) = min(¢, s) by definition, it is sufficient
to verify only that the increments are uncorrelated. Thus, if
s<t<u<v,then

E((&-£) (& -¢&.)
. (63)
:E((t—s)+(v—u)—|t—s+v—u|):0.

Let {y, : t > 0} be an arbitrary ergodic measurable
semiflow on a finite measure space (S, 3,m). Then, Anzai’s
result may be stated as follows: for any f € L,(m) and for
almost all w € Q, there existsanullset N = N f(w) € % such
that

lim r f(vegos)de = | f@dm (60

(X‘)OO(X 0

holds for any s € S — N. This is an immediate consequence
of the ergodicity of the measure-preserving skew product
semiflow {¥jt > 0} defined by ¥, (w,s) = (90,¥ ()S)
where {g, : t > 0} is the ergodic semiflow on Q given by
& (p,w) =&, ,(w). Itis an interesting and important problem
to generalize Anzai’s result for Brownian motions to the case
of contraction operator quasisemigroups in L, () associated
with {¢,}. We do not discuss it in the present paper.

4. Applications to Nonlinear Random
Ergodic Theorems

The random ergodic theorems obtained above can be applied
to the nonlinear random ergodic theorems for affine systems
(see [27]). An affine operator U on L (m) is an operator of the
type Uf = Tf + h, where T is a linear contraction on L, (),
and h is a fixed element of L, (m). Then, U is nonlinear and
nonexpansive. The fixed points of U are solutions of Poisson’s
equation for T, which is (I - T) f = h. When we assume T to
be mean ergodic, the averages

1 n 1 n 1 n k-1 )
YU f==3T f+ =Y YTk (65)
s (g} "=

converge ifand onlyifh € (I -T)L,(m).Ifth € (I -T)L,(m),
then there exists a unique & € (I — T)L,(m) such that (I —
T)¢ = h,and the limitof (1/n) Y}_, ka is Ef +&, where Ef is
thelimitof (1/n) Y;_, T* f. Therefore, iterating Uf = Tf +(I—

T)& will yield almost everywhere convergence of the averages
of U"f forany f € L, (m). Now, let {(Ti+1 , Ujgry » &> 97°)

*

w* € O} be a random affine system on L,(m) such that
{Tiw+), : @™ € Q7} is a strongly measurable family of linear
contractions on L, (m) as well as on L (1) and such that for
someg € Ly (m®u"),

U], = Ty, + [I-T)g],, o €Q (66)

where
Tf (50") = [T Sy | ), (67)

for f € Ly(m® u*) (cf. [11, 27]). For each f € L,(m® u"*),
we define a sequence of random functions {Vf(n, w*):w" €
Q*},n=0,1,...,in L,(m) inductively by

Vf (O’w*) = fw"’

Vf (1, (0*) = fw* + U[w*],Vf (0, (pr‘)w*) N
(68)

Vi(n+ Lw") = foe + Uy, Vi (m¢"@").

Theorem 18. Let {Vf(n,w*) : " € O} be the sequence
of random functions associated with f € L,(m ® u*) which
is determined by a random affine system {(T,,) , Uy, [(I =
T)gl,» ") : w* € Q*} given in L,(m) with IIT[w*]rlle(m) <
1. Then, there exists a u*-null set N* such that for any w* €
Q" — N*, there exists a function }[w*]r-m € L,(m) such that

V. (n,w" -
lim M = flor),o, (s) m-ae. (69)

n— 00

n+1

Proof. It follows that there exists a ¢*-null set N such that
for any 0* € Q" — Ny,

Vi (n,w")(s) = fr (5)
n
+ ZT[w*]yTW’”w"]r oo T[q’(k—l)row*]yfq,krgw* (S)
k=1
- T[w*],T[fp’Ow*], cee T[(p("fl)row*],g(pmow* (S)
n—1

+ ZT[w*]rT[WUw*], cee T[q)(k—l)row*]rg@krow* (s)
k=1

+ Go (5).
(70)
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Moreover, we have

fleo) L gse)

lim =0 m-ae,

n—o0 p+1 n-o0 p+1

1 (71)
Jim T Tigoar, + Tigoinae Gy (5

=0 m-ae.

Therefore, by Theorem 7, there exists a p*-null set N, such
that for every w* € QF — Ny, there exist functions fp .,
—

g[*w*]riro € L,(m) such that
Vi (n,w”) (s)

n+1

= fiwr Trrg 72)

+ ng*]r—‘ro (S)
Hence, the theorem follows by putting N* = N;" U N, and

f'(s, [w*]rfro) =f" (s, [w*]HO) +g" (s, [w*]HO). (73)
O

n— oo

m-a.e.

As far as we are concerned with the ergodic behaviors
of Cesaro-type processes for nonexpansive operators on L ,,
one can only expect weak convergence in general. In fact,
the pointwise convergence of the (C, 1) averages of nonlinear
and nonexpansive operators on L, may fail to hold. In
addition, these (C,1) averages do not need converge in
the strong operator topology of L, (see [27, 28]). The so-
called nonlinear sums introduced by Wittmann [29] make
it possible to consider the pointwise convergence and the
strong convergence under some additional conditions. To
make the most of advantageous results in the theory of linear
ergodic theorems, it is very rational to consider a class of
affine operators as a model case (cf. [27]). Under the above
setting, observe that

[U[w*]rU[V""w*]r ce U[(pkrow*]rf(p(kﬂ)rgw* ] (S)

= [Ttr), Tigroawry, = Tigoar, Sytemar | ()

k (74)
+ 2 [T, Tignar), ** Tigtmar), Ggar | ()
j=1

+g[w*]r(5)s k:1,2,....

Then, Theorem 7, together with Theorems 2.1 and 2.2 of [27],
yields the following theorem.

Theorem 19. Let {(T ). ,U[w 1o [I=T)gly> ™) : w" € Q*}

be a random affine system given in L,(m) with || T, IIL om ) S

LIff € Ly(m ® u*), then there exists a u*-null set N* such
that for any w* € Q" — N”, there exists a function fj,., €
r=rg
L, (m) such that
1 n
Jim = Ut Utgroar), ** Ulgnar), Fgroar (5)
= (75)

m-a.e.

= frwr1,, ©
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5. Examples

Example 1. Let {1, : w € Q} be a f® F-measurable family of
m-measure-preserving transformations on S, and let ¢ be p-
measure-preserving transformation on Q. Then, for any f €
L,(m), there exists a y-null set N* € f3 such that for each
w € Q — N*, there exists a function f,, € L,(m) such that

1 ! = fo -a.e.,
nLngOan (T¢k s) f, (s) m-ae (76)
which follows from Birkhoft’s ergodic theorem applied to the
so-called skew product ® of ¢ and {7} defined by

O (s, w) = (1,5 ¢w), (s,

If the skew product transformation @ is ergodic, then the
function f,,(s) is constant almost everywhere on S x Q. It
is worthwhile to notice that, in general, the limit function
f.(s) depends on the two variables s and w. To illustrate
this, we consider the measure spaces (S, 3, m) and (Q, F, u)
and transformations given by

w) € Sx Q. (77)

S= {sl,...,sp},
1 .
mis}=-= m{sp} = P (p:integer, p>2),
QO = {wl,...,wzq},
plogd == plwy) = (q: integer, 29 > p),
(78)
S fl1<i<p-1,
i = 5 = 1,2,. 5 d,
Ty Si {sl, ifi=p, J q
Twzj :T;zlj_l) j:1,2,...,q,
(l)w-: wj+1) iflS]SZq—l,
7o ey, ifj=2g.

Thus, for instance, if we consider a function f(s, w) defined
by

fo, (s1) =18, ifj=i (ij=12....p),

=0, ifi=12,...

(79)
,ppand j=p+1,...,2q
where §;; denotes the Kronecker delta, then the limit function

fo(s) determined by (76) depends essentially on the two
variables s and w (therefore, the limit function f,; (s) is not
necessarily independent of the random variable w.) In fact,
one can easily find that under the above setting

1A . 1
nllyn‘olo%l;fwl (T¢2k71w1 'Twl SP) = f“’1 (SP) = 5’ (80)
©TySp) = fa, (sp) = 1_2)

See also Example 3 below.
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The following example given by Gladysz [5] will be a great
help to understand the subject of this paper.

Example 2 (see Gladysz [5]). In this example, we consider the
measure spaces (S, 5,m) and (Q, F, u) takentobe § = Q =
[0,1), B = & = the o-field of Borel sets, and m = y = the
Lebesgue measure. Let r be a fixed integer with r > 2, and let

Bj»j=12,...,r, be real constants such that
1 1
ﬁlz'”zlsr—lz;’ ﬁr=_1+;' (81)
Define a # ® & -measurable family {rj,+; : @" € Q"} of
measure-preserving transformations on S by
T
T, S =S+ Zﬁiwi (modl), s€S. (82)
i=1

Take ry = 1. Then, for a function f € L,(m) given by f(s) =
e*™ = exp(s), there exists a " -null set N* such that for each
w” € O —N*, there exists a function f[fu*] () € Ly(m) such

that

nlgngoan(T[¢k 1o*] -~T[w*]rs) = fior),, () m-ae,
(83)
where
[ (s [w],2)
= K- exp(s)-exp [Biwy + -+ (B + -+ By) 0, 4],
H(a)*) = €xp [(ﬁZ Tt ﬁr) Wyt Tt ﬁrwr—l] >
K = lim lZn:H ((pkw*)
n—»oonk:1
= J H(w")du" (0*) (¢ is ergodic)
o
:exp[%(w1+2w2+ cH(r-Dw,y)| (+0).
(84)

Supplement. Let 0 < & < 1, ap > 1, and r, = 1. Then, for the
function f(s) = exp(s) (e L P(m)), there exists a p* -null set
N* such that for any w* € Q" — N*, there exists a function
f7 € L,(meu") such that (if necessary, apply Hille’s theorem
(22])

n

1 ocl
Jlim 5 Y AL (), Tigur), T )
n k=0
nleréon+le (Tighar, ** Tigur) Tiw,S)

1

RT _ < —(n+1) Ly e
= Ali)lll'l+0 (A 1) ZA f (T[(pn— w'],

T[(Pw*]yT[w*]rS)

= f[z’*]H (s) m-ae.
(85)
Next, if (for example) r = 5and r, = 3, we let f3,..., 35 be
real constants such that
,81:/:0’ ,32 #0, ﬁ3 =0,
(86)
By + B, #0, By =B Bs = =B
Using the skew product transformation ® defined by
0(6") = (1 psig%a’). ®)

we have for the function f(s) = exp(s),

F(&*(sw™)

5 5
=exp|s+ Zﬁjwj + Zﬁjw3+j S+ Zﬁ]w3k+1 (88)
= =

=exp[s+ fiw; + Bow,], k=1,2,....

Hence it follows at once that for almost all w* € QF, there
exists a function f* € L,(m ® u*) such that

n

oa-— 1
A (T[(P3kw*]5 ”T[cp3w‘]5T[w*]rS)

lim

n—00y + 1 Zf (T[¢3k“’*]5

TWw*JJ[w*LS)

lim (A—I)ZA D f (T, -

n=0

"Tp*w s Hwr],S )

= exp [s+ o) + fw,] = f[:v*]sfs (s)
= fior1, )

m-a.e.
(89)

Example 3. In the setting of Example 2, let g be an f-
measurable function with |q(s)| = 1. Then, for f € L P(m ®
p*), 1 < p < oo, there exists a " -null set N* such that for
any w* € Q" — N*, there exists a function H,- € L ,(m) such
that

.1y
nangOZ;q (T[w*]rs) q (T[<pw*],T[w*]5) e

q (T[(pk_lw*]r R T[w*]rs) (90)
x f (T[(pkw*]r e T[w*]rs) =H,. (s),
Har () = 4 (710),5) Hpu (710),5)
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for m-almost all s € S. In fact, letting Q(s, w*) = g(s) - e(w™)
withe=1¢€ L,(u")and

(D* (S, w*) = (T[w*]rs, (Pw*) 5 (91)

we have by Gladysz’s theorem ([5], Satz 5) that there exists a
function F € L ,(m® @) such that

lim %kiQ(CD* (50") Q0 (5,07)) -

n— o0

Q ((D*k (S, w*)) f ((D*k+1 (s,a)*))

Q)P0 (a0 ),
F(s0°) = Qo) F (@ (50°))
GO F (@ (s0°)),
almost everywhere on S x *. Hence, we may take
H(sa') = g F(sa), )

and then
H(s,w")=q (T[w*]rs) H(®" (s,0")) moeu‘-ae (94)

Moreover, since g is also f® % -measurableand H € L,(m®
") if we consider the function

Z1(5>“’1>~-"°’r):‘1<S+Zﬁiwi> (95)
i=1

Then, by Gladysz’s lemma ([5], Hilfssatz 3) there existsa S ®
F_,-measurable function g = g(s,w,, ..., w,_;) such that

H(s,0")=g(s,w;,...,0,.;) meu’-ae. (96)

Consequently, we have for any w* € Q" - N*,

H, (8) = giory,_, (5)  m-ae. (97)

Remark 20. It is an interesting problem to ask what happens
if we transform a function f € L p with a random sequence
T,,T,,...,T,,..., of operators chosen at random from some
stock of linear operators on L » given in advance. What
can we say about the limit lim,_, . (1/n) Yp_ T\T, -+ T f?
Unfortunately, we cannot expect any convergence for every
random sequence chosen from the stock. Therefore, it is
desirable to consider how to choose almost every (not every)
random sequence from the stock (cf. Revesz [30] and Yoshi-
moto [31]). In Pitt [1] and Ulam and von Neumann [2], the
random ergodic theorem for two-measure-preserving trans-
formations U,V (cited in Section 1) means the existence of
the a.e. limit of the form lim,, _, ., ,(1/n) Y;_, f(T\T, - Tys))
for almost every sequence (T},),»; of the infinite sequences
obtained by applying U and V in turn at random. This is just
the case that the transformations T,, n > 1, are chosen at
random with the same distribution and independently. See
also Remark 3 (the case that the transformations T,, n > 1,
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are chosen at random, not necessarily with the same distri-
bution but independently). In general the random system
(T ) - w” € QF} of linear contractions on L,(m) as
given in Theorem 4 plays a role of such an advance stock of
linear contractions on L, (m). To illustrate this, we let S =
X =[0,1) and consider the 8 ® F -measurable, m-measure-
preserving transformations 7z, , " € Q7, defined by

n[w*]ys=s+25jwj (mod1), (seS,qubO). (98)
=

In this case, the random system {(7r,) ,¢) : w" € Q}is
taken as a stock of measure-preserving transformations on
S.If wy,...,w, are linearly independent irrational numbers,
then {”[w*],} is ergodic. Thus, for any f € L,(m) with period

>

lim -y f <s+k28jwj>

rTeom =1
_ T B (1) c . (99)
Jim (A 1)’;/\ f<5+nj;6]wj>

= Jl f(s)dm m-ae.
0

This is an immediate consequence of the ergodicity of the
family {rr,+; }. We can state this fact in terms of stochastic
processes. For example, see Gladysz [5], Satz 3.

Acknowledgment

The author is certainly indebted and very grateful to Mrs.
Caroline Nashat for her kind assistance.

References

[1] H. R. Pitt, “Some generalizations of the ergodic theorem,” Pro-
ceedings of the Cambridge Philosophical Society, vol. 38, pp. 325-
343,1942.

[2] S. M. Ulam and J. von Neumann, “Random ergodic theorem
(abstract),” Bulletin of the American Mathematical Society, vol.
51, p. 660, 1945.

[3] S.Kakutani, “Random ergodic theorems and Markoff processes
with a stable distribution,” in Proceedings of the 2nd Berkeley
Symposium on Mathematical Statistics and Probability, pp. 247-
261, University of California Press, Berkeley, Calif, USA, 1950.

[4] C.Ryll-Nardzewski, “On the ergodic theorems. III. The random
ergodic theorem,” Studia Mathematica, vol. 14, pp. 298-301,
1954.

[5] S. Gladysz, “Uber den stochastischen Ergodensatz,” Studia
Mathematica, vol. 15, pp. 158-173, 1956.

[6] R. Cairoli, “Sur le théoreme ergodique aléatoire,” Bulletin des
Sciences Mathématiques, vol. 88, pp. 31-37, 1964.

[7] T. Yoshimoto, “On the random ergodic theorem,” Studia Math-
ematica, vol. 61, no. 3, pp. 231-237,1977.

[8] P. Revesz, “Some remarks on the random ergodic theorem
I Publications of the Mathematical Institute of the Hungarian
Academy of Sciences, vol. 5, pp. 375-381, 1960.



Abstract and Applied Analysis

[9] P. Revesz, “Some remarks on the random ergodic theorem
11 Publications of the Mathematical Institute of the Hungarian
Academy of Sciences, vol. 6, pp. 205-213, 1961.

[10] K. Jacobs, Lecture Notes on Ergodic Theory, Aarhus University,
Mathematisches Institut, 1962.

[11] T. Yoshimoto, “On multiparameter Chacon’s type ergodic theo-
rems,” Acta Scientiarum Mathematicarum, vol. 78, pp. 489-515,
2012.

[12] R. V. Chacon and D. S. Ornstein, “A general ergodic theorem,”
Illinois Journal of Mathematics, vol. 4, pp. 153-160, 1960.

[13] E. Hille and R. S. Phillips, Functional Analysis and Semi-
Groups, vol. 31, American Mathematical Society Colloquium,
Providence, RI, USA, 1957.

[14] T. Yoshimoto, Induced contraction semigroups and random
ergodic theorems [Dissertationes Mathematicae], 1976.

[15] E.Hopf, “The general temporally discrete Markoft process,” vol.
3, pp- 13-45, 1954.

[16] S. D. Chatterji, “Martingale convergence and the Radon-
Nikodym theorem in Banach spaces,” Mathematica Scandinav-
ica, vol. 22, pp. 21-41, 1968.

[17] S. D. Chatterji, “Les martingales et leurs applications analy-
tiques,” in Ecole d’Eté de Probabilités: Processus Stochastiques,
vol. 307 of Lecture Notes in Mathematics, pp. 27-164, Springer,
Berlin, Germany, 1973.

[18] N.Dunford and]. T. Schwartz, Linear Operators. I, Interscience,
New York, NY, USA, 1957.

[19] R. V. Chacon and U. Krengel, “Linear modulus of linear
operator,;” Proceedings of the American Mathematical Society,
vol. 15, pp. 553-559, 1964.

[20] U. Krengel, Ergodic Theorems: With a Supplement by Antoine
Brunel, vol. 6 of de Gruyter Studies in Mathematics, Walter de
Gruyter, Berlin, Germany, 1985.

[21] J. Wo$, “Random ergodic theorems for sub-Markovian opera-
tors,” Studia Mathematica, vol. 74, no. 2, pp. 191-212, 1982.

[22] E. Hille, “Remarks on ergodic theorems,” Transactions of the
American Mathematical Society, vol. 57, pp. 246-269, 1945.

[23] K. Yosida and S. Kakutani, “Operator-theoretical treatment
of Markoft’s process and mean ergodic theorem,” Annals of
Mathematics, vol. 42, pp. 188-228, 1941.

[24] Y. Déniel, “On the a.s. Cesaro-« convergence for stationary or
orthogonal random variables,” Journal of Theoretical Probability,
vol. 2, no. 4, pp. 475-485, 1989.

[25] R. Irmisch, Punktweise ergodensitze fiir (C, o)— Verfahren, 0<
« <1 [Dissertation, Fachbereich Mathematik], TH Darmstadt,
1980.

[26] H. Anzai, “Mixing up property of Brownian motion,” Osaka
Mathematical Journal, vol. 2, no. 1, pp. 51-58, 1950.

[27] T. Yoshimoto, “Nonlinear random ergodic theorems for affine
operators,” Journal of Functional Analysis, vol. 256, no. 6, pp.
1708-1730, 2009.

[28] U. Krengel and M. Lin, “Order preserving nonexpansive opera-
tors in L,;” Israel Journal of Mathematics, vol. 58, no. 2, pp. 170-
192, 1987.

[29] R. Wittmann, “Hopf’s ergodic theorem for nonlinear opera-
tors,” Mathematische Annalen, vol. 289, no. 2, pp. 239-253, 1991.

[30] P.Revesz, “A random ergodic theorem and its application to the
theory of Markov chains,” in Ergodic Theory, F. B. Wright, Ed.,
pp- 217-250, Academic Press, 1963.

[31] T. Yoshimoto, “Random ergodic theorem with weighted aver-
ages,” Zeitschrift fiir Wahrscheinlichkeitstheorie und Verwante
Gebiete, vol. 30, no. 2, pp. 149-165, 1974.

13



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



