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We consider the subharmonics with minimal periods for convex discrete Hamiltonian systems. By using variational methods and
dual functional, we obtain that the system has a pT'-periodic solution for each positive integer p, and solution of system has minimal

period pT as H subquadratic growth both at 0 and infinity.

1. Introduction

Consider Hamiltonian systems

Ju () +VH (tu®) =0,  u(0)=u(pT), (1)

where u(t) € R*N, t € R, VH stands for the gradient of H
with respect to the second variable, and J = ( I?V o ) is the

symplectic matrix with Iy the identity in R". Moreover, H is
T-periodic in the variable t, p € N'\ {0}.

Classically, solutions for systems (1) are called sub-
harmonics. The first result concerning the subharmonics
problem traced back to Birkhoff and Lewis in 1933 (refer
to [1]), in which there exists a sequence of subharmonics
with arbitrarily large minimal period, using perturbation
techniques. More results can be found in [1-5], where H is
convex with subquadratic growth both at 0 and infinity. Using
Z » index theory and Clarke duality, Xu and Guo [1, 5] proved
that the number of solutions for systems (1) with minimal
period pT tends towards infinity as p — co.

For periodic and subharmonic solutions for discrete
Hamiltonian systems, Guo and Yu [6, 7] obtained some
existence results by means of critical point theory, where they
introduced the action functional

I‘DT T
F(u) = _EZ (JALu(n—1),u(n) - Y H (n,Lu(n)). (2)
n=1 n=1

Using Clarke duality, periodic solution of convex discrete
Hamiltonian systems with forcing terms has been investi-
gated in [8]. Clarke duality was introduced in 1978 by Clarke
[9], and developed by Clarke, Ekeland, and others, see [10-
12]. 'This approach is different from the direct method of
variations; some scholars applied it to consider the periodic
solutions, subharmonic solutions with prescribed minimal
period of Hamiltonian systems; one can refer to [3, 5,
12-14] and references therein. The dynamical behavior of
differential and difference equations was studied by using
various methods; see [15-19]. We refer the reader to Agarwal
[20] for a broad introduction to difference equations.

Motivated by the works of Mawhin and Willem [12] and
Xu and Guo [21], we use variational methods and Clarke
duality to consider the subharmonics with minimal periods
for discrete Hamiltonian systems

JAu(n) + VH (n,Lu(n)) =0, u(n)=u(n+pT), (3)

where u(n) = (Z;EZ;), Lu(n) = (”;(;&’)1)), u;(n) e RN (i =
1,2) with N a given positive integer, and Au(n) = u(n +
1) — u(n) is the forward difference operator. p,T € N\
{0}. Moreover, hamiltonian function H satisfies the following

assumption:

(AD) H : Z x R*™ - R is continuous differentiable on
R*N, H(n,-) convex for eachn € Zand Hn + T, u) =
H(n, u) for each u € R?Y;



(A2) there exist constants a; > 0,a, > 0,1 < 8 < 2, such
that

%|u|9 <Hnu) < %w’, ueR™, (4)

which implies H subquadratic growth both at 0 and
infinity.

Theorem 1. Assume (Al) holds. Hn,u) — +o0o, H(n,u)/
u? = 0, as|u —» o uniformly in n € Z. Then there
exists a pT-periodic solution u,, of (3), such that llet, 1l o £
maxnez[l,PT]{Iup(n)I} — 00, and the minimal period TP of
u, tends to +co as p — oo.

Theorem 2. Under the assumptions (Al) and (A2), if

1 Vi 0/2
(— sin —) ,  when pT is even,
% 4ot o/ (5)
% <— sin L) ,  when pT is odd
2 2pT

for given integer p > 1, then the solution of (3) has minimal
period pT.

2. Clarke Duality and Eigenvalue Problem

First we introduce a space E,; with dimension 2NpT as
follows:

Eyr={u={u@m}eS|u(n+pl)

(6)
=u(n),peN\{0},nez},
where
S= {u ) | u@) = <Z; EZ;) e R,
7)

uj(n) € [RN,j: 1,2,n¢e Z}.

Equipped with inner product (:,-) and norm || - || in E,ras

pT
vy =Y (u(n),vn),
n=1
(8)

oT 1/2
llull = <Z|u (n)Iz) , Vu,veE,r,
n=1

where (-,-) and | - | denote the usual scalar product and
corresponding norm in RN, respectively. It is easy to see
that (EPT, (,+)) is a Hilbert space with 2NpT dimension,
which can be identified with R*™?T_ Then for any u € Eyrs
it can be written as u = (u'(1),u’(2),.. .,uT(pT))T, where
u(j) = (28) e R, j € Z[1, pT], the discrete interval
{1,2,..., pT} is denoted by Z[1, pT], and -* denotes the
transpose of a vector or a matrix.

Denote the subspace Y = {u € Eyr | u(l)=u)=--- =

u(pT) € R2N}. Let Y be the direct orthogonal complement of
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E,rto Y. Thus E,r can be split as E ;- = Y @Y, and for any
u € E,r, it can be expressed in the form u = # + u, where
ieY,uey.

Next we recall Clarke duality and some lemmas.

The Legendre transform (see [12]) H* (¢, -) of H(t, -) with
respect to the second variable is defined by

H" (t,v) = sup {(v,u) - H (t,u)}, 9)

ueRr?N

where (-, ) denotes the inner product in RN 1t follows from
(Al) and (A2) that
(B1) H*(n,-) is continuous differentiable on RN,
(B2) for T = 0/(0 - 1), v € R*™, n € Z, one has
-1 -1
l<i) |V|TSH*(H,V)Sl<l> v[*.  (10)
a, T\a

T 1

Associated with variational functional (2), the dual action
functional is defined by

pT
1
XW) =Y > (LUAY (1 =1),v(m)
-1
' (a
pT
+ ZH* (n,Av(n)), veE,.
n=1
Indeed, by (1), we have y(v + u) = x(v) forany i € Y
and v € Y. Therefore, y can be restricted in subspace Y
of E, ;. Moreover, in terms of Lemma 2.6 in [8] and the
following lemma, the critical points of (11) correspond to the
subharmonic solutions of (3).

Lemma 3 (see [8, Theorem 1]). Assume that

(H1) H(n,-) € CY(R*M,R), H(n,-) is convex in the second
variable forn € Z,

(H2) there exists B : Z — RN such that for all (n,u) €
Z xR*™, H(n,u) > (B(n),u), and B(n+T) = B(n),

(H3) thereexista € (0,2sin(rr/pT))andy : Z — RY, such
that for any (n,u) € Z x RN, Hn,u) < (a/2)|ul? +
y(n), and y(n+T) = y(n),

(H4) for each u € R?N, p:T H(n,u) — +ocoas|u| — oo.
n=1

Then system (3) has at least one periodic solution u, such

thatv = —J[u— (1/pT) Z‘Z:Tl 1(n)] minimizes the dual action

X0) = 220 (1/2)(L]Av(n = 1), v(n)) + 322 H* (n, Av(n)).
The following lemmas will be useful in our proofs, where

Lemma 4 can be proved by means of Euler formula ¢® =
cosf +isin 6, and Lemma 5 is a Holder inequality.

Lemma 4. For any k € Z, ZLT] sin(kn/pT)n) =

ZLTI cos((2km/pT)n) = 0.
Lemma 5. Foranyu; > 0,v; >0, k € Z, one has ZI;ZI ujv; <

(le.:l uf)l/p(zljzl v? l/q, where p>1,q>1land1/p+1/q=
1.



Abstract and Applied Analysis

Lemma 6 (see [12, proposition 2.2]). Let H : R" — R be of
C" and convex functional, - < H(u) < aq '[ul? + y, where
ueR™ a>0,g>1,8>0,y>0. Thena Pp~ [VH(u)|? <
(VH(u),u) + B+, where 1/p+1/q = 1.

In order to know the form of u € E_,, we consider

eigenvalue problem

pT>

LjAu(n—-1)=2Au(n),  u(m+pT)=u(m), (12)

where u(n) = (EQEZ;), Lu(n-1) = (u?(lrff)l)) eR¥N nez

A € R. We can rewrite (12) as the following form:
u (n+1)= (1 - /\Z)ul (n) + Au, (n),
U, (n+1) = Ay (n) +u, (n), (13)

u, (n+pT) = uy (n), u, (n+ pT) = u, (n).

Denoting

_((1=2)1y A1
M(A)_< _MNN I,iv , (14)

then problem (12) is equivalent to

umn+1)=MQA)u@), u(n+pT)=u(m). (15)
Letting u(n) = p"c be the solution of (15), for some ¢ € c,
we have yc = M(A)c and p" = 1. Consider the polynomial
IM(A) — ul,x| = 0 and condition u?” = 1; it follows that

_ hrilpT kr

A =2sin —,
pT (16)

keZ[-pT+1,pT -1].
In the following we denote by HIPT ) =
2sin(kn/pT), k € Z[-pT + 1,pT — 1], and p € R". By
(M(Ay) = weIn)e = 0, it follows that

“ <ie(""5’PT’p>' )
Thus
u (n) = pp = T ( ie(—kﬁ/pT) P)
cos ( Zk—nn)
) pr)"
) —sin<2k—ﬂ<n—l)> (18)
pT 2 p
sin (Zk—nn>
rT P

Let

e = (1
COS <p_T (1’1 - E)) p
Obviously, &.(n) and 7 (n) satisty (15). Moreover LJAE, (n —
1) = Akgk(”)’ L]Af’lk(” -1) = Ak”lk(”)y Ezpnk(”) = Ek(”)>
taprk(n) = (1), Epp i (1) = & (1), My (n) = =i (n).
For k # pT'/2, subspace Y, is defined by

Yy
T T
span {Ek (n),11k+(pT/2) (n)} R keZz [7% +1, % - 1] \ {0},
ne Z, if pT is even,

o[22

neZ, if pT is odd,

span {Ek () e (i) /2) (")} )

(20)

where [-] denotes the greatest-integer function and

YpT/z = Span {EPT/Z (n),ne Z} R
(21

Y_,r/2 = span {f_pT/z (n),ne Z}.
Therefore,

) ] \ {0}, if pT is even,

T T
Y=oy, keZ H—%] : [%H \ {0}, if pT is odd.
(22)
Moreover, for any u = {u(n)} € E 1, we may express u(n) as

u(n)

T-1 CoS <2k—ﬂn>a
Pi pT k

—sin<2:—;<n—%>>ak (23)

k=—pT+1

where a;, b, € RN,
Since (Au(n), Au(n)) = —(A*u(n — 1), u(n)), we consider
eigenvalue problem

u(n) € RY,
(24)

~Numn-1)=Mm), u(n+pl)=u)),



where A%u(n — 1) = Au(n) — Au(n — 1) = u(n + 1) -
2u(n) + u(n — 1). The second order difference equation (24)
has complexity solution u(n) = "¢ for ¢ € CV, where
0 = 2kn/pT. Moreover, A = 2 — e e = 2(1 — cosB) =
4sin*(0/2); that is, A = 4sin*(krt/pT), k € Z[0, pT — 1].

By the previous, it follows Lemma 7.

Lemma 7. For any u € E,;, one has —/\maxllull2 <
T T
Z'Z:I(L]Au(n—l),u(n)) < )Lmaxllullz, and 0 < 25:1 [Au(n))?* <

/\fnaxllullz, where

Amax = Max {2 sin k_n}
ke[0,pT-1] pT
2, if pT is even, 25)
~ 12cos 2}%, if pT is odd.

Moreover, ifu € Y, then ALsinZ(n/pT)IIuII2 < Zﬁ; |Au(n)* <
A2 llull®.

3. Proofs of Main Results

Lemma 8. Consider

pT
Y (LJAu(n—1),u(n)
n=1 (26)

—IPT
. 2
> —(2 sin p_T> Z|Au MI°, VYueE,.

n=1

Proof. Letting ti(n) = u(n) — (1/pT) Zﬁ; u(n), thenzi € Y.
By Lemmas 5 and 7, we have

pT
Y (LJAu(n—1),u(n))

n=1

pT
= Y (LJAu(n- 1), (n))
n=1

1/2

pT
> - (ZlL}Au (n- 1)|2>

n=1

pT
: (Zm(n)F) (27)

-1 pT
) > 1duml.

n=1

=- <ZSin

=L
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Lemma 9. If there exist « € (0,sin(n/pT)), f = 0and é > 0,
such that

6|u|—ﬁ£H(n,u)s%|u|2+y (28)

foralln € [1,pT] and u € RN, then each solution of (3)
satisfies the inequalities

2a (B +7y) pTsin (7/pT)
sin (77/pT) — &

pT
Y Au @)’ <
n=1 (29)

g (B+7y) pT'sin (n/pT)
Zl Ll < S i G/ pT) — )

Proof. Let u be the solution of (3). By Lemma 6, we have

A

ilVH (n, Lu (n))l2 < (VH (n,Lu(n)),Lu(n)) + f+y

- (JAu(n), Lu(n) + B +y.

(30)

Obviously, JAun)|* = (=VH(n, Lu(n)), JAu(n)) = |VH(n,
Lu(n))|? by (3), and it follows that (1/2«) 2551 [JAu(n)* +
Y2 (JAu(n), Lu(n)) < (B +y)pT; that is,

1 pT 5 T
E;Mu ()] +;(L]Au (n-1),un) -

< (B+y)pT.

By means of Lemma 8, we have

-1 PT
[L_<25inp1T> ] ZlAu(n)l2 <(B+y)pTl, (32)

2a n=1

which gives first conclusion.
Now, H(n,0) < y in view of (28); therefore by convex and
Lemma 8, we have

pT
8 |Lu(n)| - ppT

n=1

pT
< 3 H (n, Lu (n)
n=1

pT
< > [H(n,0) + (VH (1, Lu (n)) , Lu (n))]

n=1
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pT
<ypT - ) (JAu(n), Lu (n)
n=1

pT
=ypT - ) (JLAu(n—1),u(n)

n=1

1pT

< ypT + (2 sin p_> Z|Au (n)|?

a(B+y)pT

T
Yt (m/pT) -

(33)

which gives the second conclusion. The proof is completed.
O

Proof of Theorem 1. Let ¢; = max,,.,|H(n, 0)|. By assumption
in Theorem 1, there exists R > 0, such that H(n, u) > 1+¢,, for
n € Z and |u| > R. Moreover, there exist « € (0,2 sin(rr/ pT')),
y > 0 such that

H(nu) < %|u|2 +y, Vmuw) e ZxR™N.  (34)

Thus, by convex of H, for all (n,u) € Z x R*N with |u| > R,
we have

R
1+¢ < H(n,—u)
|l

< H(n,0)+ % (H (n,u) — H (n,0)) (35)

R
< —Hmu)+¢.
Jua]

Therefore there exist > 0 and § > 0, such that
Hmu)=8ul-p, Vmu) eZxR™N.  (36)

Combining the previous argument, by Lemma 3, the system

(3) has a pT periodic solution u, such that v, = -] [up -
(1/pT) Zn L Up (n)] € Y minimizes the dual action
by
Xo (V) = Zz (L18v, (= 1), v, ()
" (37)
pT
+ ZH* (n, Av, (n)) on E,r

n=1

It follows that Aup(n) = ]Avp(n) and va(n) = up(n) -
(1/pT) 321, u ().
We next prove that IIuPII00 — ooasp — ©00.

Suppose not, there exist ¢, > 0 and a subsequence {p}
such that

P — 00, "”pk “OO <¢ ask— oo. (38)

In terms of (3), it follows that IIAqu oo
and |lv,, llo < 265, 1AV, [l <
—H(n,0) > — ¢, we have

< ¢ for some ¢; > 0,
¢;. Consequently, by H* (1, v) >

nT
= Z% (LjAv, (n=1),v,, (1))
T
+ 3 H (v, ) &
n=1

\%

1PkT
- EZ |L]Avpk (n- 1)' 'Vpk (n)| -apT
n=1

vV

- (\/fczc3 + cl)ka,

where n € Z[1, p, T] and

|L7Av,, (n-1)| = (.sz‘Pk (n)|2 +]Avy, (n- 1)]2)1/2

< \/EHAVPk"oo < V2.

(40)

By (36), if |v| < 8, we have (v,u) —H(n,u) < (v,u)—06lul+
B < B, and H*(n,v) < B. Letting p € RY and |p| = 1, in
terms of (12), hp associated with A_, = =2 sin(7/pT) is given
by

0

hy () = 4sin (rr/pT)

(41)
which belongs to E 7, and
2
|k, ()]
8 2
= ( 4sin(n/ pT) )
< 1 2n 1 > ?
—sin— |n+=-)-cos—(n+=)|p
-Zsinl P ( 2) pT( 2) (42)
T ( T 2 )
COS —(—n—Ssm-——n|p
T T

L i 27 2 2
=3 [2+sm oT (2n+1) —sin oT 2n)] |p| I

<&



Moreover, by Lemma 4 we have
pT
2
2|y o)
n=1

- Z ( 4 sm(ﬂ/PT) )2

(43)
. (2 + sin 12)—; (2n-1) —sin ;—; (2n)> |p|2
~ 5 2 . &pT
a <4sin(7r/pT)> 2|p| P = 8sin? (n/pT)'
Thus ¢ = Xp(hp) < Z (1/2)(L]Ah (n - 1),hp(n)) +

BT = YL /D(2sinGa/pD)Ih,m) + PpT =
- 62pT/8 sin(m/pT) + PpT. Combining (39), we have
8(V26,¢; + ¢, + B,) sin(rt/ p T) = 8°, which is impossible as k
large. So the claim lim,,_, ,[lu,llo = 00 is valid.

It remains only to prove that the minimal period T}, of u,,
tends to +co as p — ©o.

If not, there exists T > 0 and a sequence {p;} such that
the minimal period T, of u, satisfies1 < T, < T. By
assumption in Theorem 1, there exists & € (0, sin(7r/T)) and
y > 0 such that

H(n,u) < %|u|2 +y V(mu) e Z xRN, (44)
By (36) and Lemma 9 with pT replaced by T}, , we get
Th 2 (B+y)T, sin(m/T
Z'Aupk (1’1)|2 < ('B . Y) Pr ( Pk)
=1 sin (ﬂ/Tpk) -« (45)
2a(B+y)Tsin(n/T)
sin (7/T) — « ’
Th (B+y) T,, sin (rr/Tpk)
Z 'Lu | - 8 : T
n=1 (Sln (ﬂ/ Pk) - ‘x) (46)
(B+y) Ty, sin(n/T)
S (sin (7/T) — @)
Writeu = Uy t U, whereu (1/ ) o i pk(”)
(1 / )Z Lu, (n) € Y Inequahty (46) implies that
7ol = o A
(47)

(B +y)sin (7/T)
S (sin(n/T) — )’

IN

_Z |Lqu (n )|

Pkﬂl
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By Lemma 7 and (45), it follows that
TPk
[ = [, 0
n=1
1T
< (2 sin TL) Z|A“Pk (n)'

Dx (48)
_120(B+7y)Tsin (n/T)

< (2sin(7/T)) "

< (2sin(/T)) Sin 01/ T) =

_ ay)T

~ sin(n/T) -’
which implies that {IIﬁkaIOO} is bounded, therefore
{Ilupklloo} is bounded; a contradiction with the second

claim lim,, _, o, [l4,ll, = co. This completes the proof. O

Proof of Theorem 2. Under the assumptions (Al) and (A2), all
conditions in Theorem 1 are satisfied. Then, for each integer
p > 1, there exists a pT-periodic solution u of (3) such that

v=—Ju-Q1/pT) Zﬁ; u(n)] € Y minimizes the dual action

xW) =Y S (LJAv(n=1),v ()
-1
' (49)
pT
+ Y H" (n,Av(n)) on E,p
n=1
If the critical point v of dual action functional y has
minimal period pT/l € N\ {0}, where I € N\ {0}, then by

Lemma 7 with pT replaced by pT/I, we have the following
estimate:

I pT pT
4sin2—Z|v(n)|2 < ZlAv (n)|. (50)
pT n=1 n=1
By Lemma 5 and the previous inequality, we have

pT
Y (LJAv(n—1),v(n)
n=1

1/2

pT
> —(ZUJAV (n- 1)|2>
n=1
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I\ & 2>1/2
- 2sin — |Av ()]
< min) (WZ; v(n

( ZT[ -1 2
=- 2sin—> |Av (n)|
)
2/t

> —(2 sin ll>_1(pT)(l_2/T) ( % |Av (n)|T>
- pT n=1 ’

(51)

where 7 = 0/(0—1) > 2for1 < 6 < 2. It follows from
assumption (B2) that

7-1
H" (n,Av (n)) > %<i> |Av ()", (52)

a
thus

2/t

X = —(2 sin Z)_l(pT)("”“&mV <n)|f)
pT n=1

(53)
1/ 1\ & .
+ ?(Z) n;mv(nn
(e-1)/(r-2)
g 1/t -1/2) pT(a3) (50

(sin (Ir/ pT))T/ (==2)

One can obtain the previous inequality by minimizing in

(53) with respect to (Z‘Z:Tl IAv(n)IT)l/T, and the minimum is
attained at (pT)I/T(az)(r_l)/(r_z)/(sin(lﬂ/pT))l/(T_z).
On the other hand, let

y(n) = - . (5)
p

where @, € RY, k € Z[[-pT/2], [pT/2]]\ {0}. Then v € Y,
and

. 2km 1
sm—T <1’l+ E) <y
Av (n) = -2 sin p

Taking @, = (d,0,...,0)" € RN, where d € R, by Lemma 4,
it follows that

pT
Y (LJAv(n=1),v(n)
n=1

pT
= [_AVZ (mv, (V) +Avy (n=-1)v, (n)]
n=1
T (57)
= — - 2sin —
= pT T
<cos2 n-|df + 1n22k—ﬂ (n - l) |d|2>
pT 2
=M |d|2,
where A, = 2 sin(kn/pT) and
pT
1Ay m)|*
n=1
pT 1
=) M (pT) "
;I il 58)

/2
. (sinzzk—ﬂ (n + l) + cosZZk—ﬂn> |d|*
pT 2 pT
<AT . (pT)l—(T/Z) . 27/2|d|r‘

max

Therefore, taking k = —[pT'/2], by eigenvalue problem (24)
and (B2), it follows that

125
X0 =Y LAV =1),v ()
n=1

pT
+ Y H" (n,Av (n))

n=1
< - ap
max
2 (59)
171\ &8
+—<—> Y lAv(m)*
T 1 n=1
1 , 1/1\7'.,
< - A ldPe=(=) A
S W+ 1) 0

. (pT)l—(T/2) '2T/2|d|T~

Let f(p) equal the right-hand side of (59) where p = |d]|.
It is easy to see that the absolute minimum of f is attained at
Panin = (@)D (pT) 2 AT DI g7 22 and given



(r-1)/(z-2)

by fuin = (/7 - 1/2)PT(61f) 72 Hence,

by (19), let
§(n) =& (prya ()

/(22

max)

(60)
o 2T ()
pT 2)P
where p € RN, k= -[pT/2].
If pT is even, then &(n) = (1, l)T -(=1)"p. Set
Vo = v € Voppryay s v ) = E (),
(61)
p=(d0,...,0" eRY,deR}.
ForveY, ,we have
X (V) < fmin' (62)
Combining (54), (59), and (62), we have
(r-1)/(z-2)
(1/7-1/2) pT(a3)
(sin(i/pT))" 2
(r-1)/(r-2) (63)
7-1)/(7-2
(1/7-1/2) pT(ay)
= (1)
Byt > 2,and 6 = t/(7 - 1), it follows that
sin (Irr/ pT)
2/0° (64)

(ZAmax) < (aZ/al)

Forinteger p > 1, T > 1,1 € N\ {0}, pT/l € N\ {0}, we have
0<In/pT <m, 0<m/pl <m/2.

If pT is even, then A_,, = 2. By assumption a,/a, <
((1/4) sin(r/ pT))?/* we have sin(lrr/ pT) < sin(r/pT), which
implies that I = 1 orl = pT — 1. If pT > 2, then pT/l =
pT/(pT —1) ¢ N. So we havel = 1.

If pT is odd, then A,,, = 2cos(r/2pT). By assumption

max

ala; < ((1/2) sin(n/2pT))9/2, we have sin(ln/pT) <
sin(rr/ pT), so | = 1. This completes the proof. O
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