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Solutions and weakly compact uniform attractor for the nonautonomous long-short wave equations with translation compact forces
were studied in a bounded domain. We first established the existence and the uniqueness of the solution to the system by using
Galerkin method and then obtained the uniform absorbing set and the weakly compact uniform attractor of the problem by applying
techniques of constructing skew product flow in the extended phase space.

1. Introduction

The long wave-short wave (LS) resonance equations arise in
the study of the interaction of the surface waves with both
gravity and capillary modes presence and also in the analysis
of internal waves, as well as Rossby wave [1]. In the plasma
physics they describe the resonance of the high-frequency
electron plasma oscillation and the associated low-frequency
ion density perturbation [2]. Benney [3] presents a general
theory for the interaction between the short wave and the
long wave.

Due to their rich physical and mathematical properties
the long wave-short wave resonance equations have drawn
much attention of many physicists and mathematicians.
For one-dimensional propagation of waves, there are many
studies on this interaction. Guo [4, 5] obtains the existence of
global solution for long-short wave equations and generalized
long-short wave equations, respectively. The existence of
global attractor was studied in [6-8]. The orbital stability of
solitary waves for this system has been studied in [9]. In [10],
Guo investigated the asymptotic behavior of solutions for
the long-short wave equations with zero order dissipation in
ngr X H;er. The approximation inertial manifolds for LS type
equations have been studied in [11]. The well posedness of
the Cauchy problem for the long wave-short wave resonance
equations was studied in [8, 12-17].

In this paper, nonautonomous LS equations with trans-
lation compact forces were studied. The essential difference
between nonautonomous systems and autonomous ones is
that the former get much influenced by the time-depended
external forces, which breaks semigroup property of the flow
or semiflow created by autonomous systems. Also, attractors
of nonautonomous systems are no longer invariable; they
change with the changing of the initial time. This makes
it impossible for us to consider nonautonomous systems
completely in the same way of autonomous ones. Fortunately,
Chepyzhov and Vishik [18, 19] developed techniques by
which skills in the study of autonomous systems can be used
in dealing with nonautonomous problems. Their central idea
is that constructing skew product flow in extended phase
space is obtained by

S(t)(w,0) = (U, (t,0)w,T(t)o), t=0, (u,0) € Ex Z,
1)

where {U,cy (¢, 7)} is a family of processes, {T'(¢)} is a trans-
lation semigroup, and the flow {S(#)} can be proved to be a
semigroup under some preconditions, such as the translation
identity and (E x ), E)-continuity of {U_(t,7)}, and more
importantly, the compactness of the symbol space ). By
this means, we can get the uniform attractor by projecting
the global attractor of {S(t)} to the phase space if the latter



exists. We consider the following nonautonomous dissipative
generalized long-short wave equations:

iut+uxx—nu+iocu+g(|u|2)u:a(x,t), (2)

n+ B+ fuly + f (Jul’) =b(x.1), (3)
with the initial conditions

ux1) =u(x), nx1)=n(x), (4)

and the boundary value conditions

u(x,t) 30 =0, n(x,t)l3q =0, (5)

where x € Q = (-D,D) c R.t > 7 € R,. Nonautonomous
terms a(x,t) and b(x, t) are time-depended external forces,
which are supposed to be translation compact (cf. [18] or
Assumption 1). Nonlinear terms f(s) and g(s) are given
smooth and real, satisfying

If )| <q (s +1),
|f(k) (5)' <G,

where 0 < s < 00, p < 2,k = 1,2, and constants &, 3, and ¢;
are given in R, for j =1,2,3,4.

Our aim here is, firstly, to get the unique existence
of solutions for problem (2)~(5) and then to derive the
existence of weakly compact uniform attractor for it with the
above-mentioned method. Here, and throughout this paper,
uniform means uniform about symbols (¢) in symbol space
(3) unless there is special explanation. In fact, it is the same
if we say uniform about the initial time, since the translation
identity and the (E x ), E)-continuity of {U,(t, 7)} hold in
our case (cf. [20]).

Throughout this paper, we denote by || || the norm of H =
L*(Q) with usual inner product (-, -), denote by || - || the norm
of LP(Q) foralll < p < o0 (|-, = Il - ), and denote
by || - |+ the norm of a usual Sobolev space Hk(Q) for all
1 < k < oo. And we denote different constants by a same
letter C, and C(, -) represents that the constant relies only on
the parameters appearing in the brackets.

This paper is organized as follows. In Section 2, we recall
some facts about the nonautonomous system. In Section 3, we
provide the uniform a priori estimates in time. In Section 4,
we obtain the unique existence of the solutions for problem
(2)~(5) by Galerkin method. Section 5 contains the weakly
compact uniform attractor for the nonautonomous system
(2)~(5), and in the proof of Theorem 13, the (E, X ), E,)-
continuity of {Uaez(t’ T)} is proved.

lg ()] SQ(SI/2+1), (6)

9% ()| = & 7)

2. Preliminary Results

Let I be a topological space, and let ¢(s) € J be a function.
The set

# (¢) ={p(h+s) [ heR} (8)

is called the hull of ¢ in J, denoted by 7 (¢). ¢ is translation
compact if # (¢) is compact in 3.
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We denote all the translation compact functions in
L} (R; X) by L*(R; X), where X is a Banach space. Appar-
ently, 9 € L*(R;X) implies that ¢ is translation bounded;
that is,

t+1
"(P"ii(R;X) = SUPJ “S""i{ds < 00. (9)
teR Jt

Let E be a Banach space, and let a family of two-parameter
mappings {U(t, 1)} = {U(t,7) | t > 7,7 € R} actin E. We also
need the following definitions and lemma (cf. [19, 20]).

Definition 1. Let ) be a parameter set. {U (t,7), t > 7, T €
R}, o € ) is said to be a family of processes in Banach space
E, ifforeach o € ), {U,(t,7)} from E to E satisfies

U,(ts)oU,(s,7)=U, (t,T), Vt=zs=71, TeR,

(10)
U, (t,7) =1, 1 is the identity operator, 7 € R.
Definition 2. {U,¢y (¢, 7)}, a family of processes in Banach
space E, is called (E x Y, E)-continuous, if for all fixed T and
T, T > 1, projection (u,,0) — U,(T,7)u, is continuous
from E x Y to E.

A set By C E is said to be uniformly absorbing set for
the family of processes {U,cy (£, 7)}, if forany 7 € R and B €
9 (E) which denotes the set of all bounded subsets of E, there
exists ty = t,(7, B) > 7, such that (J,c5 U, (£, 7)B € B, for all
t > t,. AsetY C E is said to be uniformly attracting for the
family of process {U,(t, 1)}, o € ) if for any fixed 7 € R and
every B € %B(E),

Jim (i‘i‘z’ distg (U, (t,7) B, Y)) =0. (11)

Definition 3. A closed set oy C E is called the uniform
attractor of the family of process {U,(t,7)}, 0 € ) if it is
uniformly attracting (attracting property), and it is contained
in any closed uniformly attracting set o' of the family of
process {u,(t,7)}, 0 € ¥ : o € o' (minimality property).

Lemma 4. Let ) be a compact metric space, and suppose
{T(h) | h > 0} is a family of operators acting on Y, satisfying
the following:

(i)

T(h) =), VheR,; (12)
(ii) translation identity:

UO‘ (t + h,T + h) = UT(h)a (t, T) 5
(13)
V(TEZ, t>1, 7TeR, h>0,

where U (T, T) is arbitrarily a process in compact metric space
E. Moreover, if the family of processes {U, ¢y (T, T)} is (Ex )., E)
continuous, and it has a uniform compact attracting set, then
the skew product flow corresponding to it has a global attractor
o on E x ), and the projection of &/ on Y, o'y is the compact
uniform attractor of {U,ey (T, 7)}.
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Remark 5. Assumption (13) holds if the system has a unique
solution.

For brevity, we rewrite system (2)~(5) in the vector form
by introducing W(x,t) = (u(x,t),n(x,t)) and Y(x,t) =
(a(x,t),b(x,t)). We denote by E, = H* ﬂHS(Q) X HS(Q)
the space of vector functions W(x,t) = (u(x,t), n(x,t)) with
norm

1/2
Wi, = {lulz + Inlze } (14)
Similarly, we denote by ), the space of Y (x, t) with norm
1/2
IYly, = {lal; + 1613} (15)
Then system (2)~(5) can be considered as
QW = AW + 0 (1),
Wlt:T = (ur>nr) = Wr> (16)
WlBQ = 0$
where o(t) = Y(x, t) is the symbol of (16).

Assumption 1. Assume that the symbol o(t) comes from the
symbol space ) defined by

Y =W tas+n[reR,}, (17)

where Y, = (ay(x,1),by(x,1)) € Li(IR;EO) and the closure
is taken in the sense of local quadratic mean convergence
topology in the topological space L}, (R; Y,). Moreover, we
suppose that ay, (x,t) € Li([R;Hl).

Remark 6. By the conception of translation compact/bound-
edness we remark that

. 2 2 .
(i) VY, € ), Y, ”Li(R;Zo) < "YOIlLi(R;Zg)’

(i) T(t) Y = Y, Vt € R, where T(t)p(s) = (s + t) is an
translation operator.

3. Uniform a Priori Estimates in Time

In this section, we derive uniform a priori estimates in time
which enable us to show the existence of solutions and the
uniform attractor. First we recall the following interpolation
inequality (cf. [21]).

Lemma?7. Let j,m € NU{0}, g r € R, suchthat0 < j < m,
1 < g, r < 0o. Then one has

||Dfu||P < C|ID™"u||} lully ™, (18)

foru e W™ (Q) n LUQ), where @ ¢ R', j/m < a <1, and
1/p=j+a(ll/r-m)+1-alq.

Lemma 8. If u(x) € L2(Q) and Y(x,t) € 3, then for the
solutions of problem (2)~(5), one has
lu@®l <Cy,, Vtxt, (19)

where C; = C(a, ay), t, = C(a, ay, [lu, ).

Proof. Taking the inner product of (2) with u in H we get that

(iut + Uy, — MU+ o + g(|u|2)u, u) = (a(x,t),u).

(20)
Taking the imaginary part of (20), we obtain that
%%uunz +allull* = Im (a (x,t),u). (1)

By Young inequality and Remark 6 we have

d 2 2 1 2 1 2
Sl + adll™ < —llale Ol @y < ;IIao(x, B2 e
(22)

And then by Gronwall lemma we can complete the proof. [

In the following, we denote that I sdx = JQ - dx, which
will not cause confusions.

Lemma 9. Under assumptions of (6), (7) and Assumption 1, if
W(t) € H' x H, solutions of problem (2)~(5) satisfy

WO,y <Cy VE1y, (23)

where C, = C(a, B, f, g, Yy, ay) and t, = Cle, B, f, g, Yy, agy
IWell )

Proof. Taking the inner product of (2) with , in H and taking
the real part, we get that

1d 1( d
_ z&””"”z -3 Jnalulzdx + Re (iow, ;)
1 (24)

n 4, 2
+£Jg(|u| )alul dx =Re(a(x,t),u,).

By (3) we know that

d d, o,
o Jnalul dx

= % Jnlulzdx - J |u|2ntdx

= i J nlul*dx + J |u|2|u|idx +p J nlu)*dx
dt
(25)
[ () Pt~ [ b0
= i J nlulfdx + B J nlu*dx
dt

[ () Pt - [ bx0) P,



which shows that

d
- ‘_” AP - <d_ J-"|u|2dx+l3jn|u|2dx

2dt
j ul) |ul*dx - j b (x,t) |u|2dx)
1d
UER J (|u| )dx+Re iou, u,)
d _
T Re (a(x,t),u) + Rejat (x,t)udx =0,
(26)
where G(s) is introduced by
G- g 27)

Taking the inner product of (2) with u in H and taking the
real part, we get that

Re (itty, 1) — s |” - Jnlulzdx
(28)

+ Jg (|u|2) lul*dx — Re (a (x,£),u) = 0

Multiply (28) by «, and add the resulting identity to (26) to
get

R TN
24t 2 de

- % (B +2a) J nlul*dx — % Jf (1ul?) luldx

Jnlul dx

1 1d 2
+ 3 Jb(x, £) lul*dx + 23 JG (|u|2) dx - oc||ux||
+« J g (|u|2) lul*dx — aRe (a (x, 1), u)

- %Re(a(x,t),u)+ReJat(x,t)ﬁdx:0.

(29)
That is,

% (||ux||2+J nlul*dx — J G (|u|2) dx+2Re J a(x, t)ﬁdx)

v + j nlulfdx - J G (Juf*) dx
+2ReJaCnﬂﬁdx>+aW&W
__ j F (1) jufdx + Jb(x, ) [uldx
~a [ G(IuP)dx-

+2Re J a, (x,t)udx.

(a+p) J nlul*dx

(30)
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In the following, we denote by C any constants depending
only on the data («, 3, f, g), and C(:,-) means it depends not
only on («, 3, f, g) but also on parameters in the brackets.
Vp > 0, when ¢ is sufficiently large, by (6) and Lemmas 7 and
8, we have

= [ 7 () |
CJ [ulP*?dx + CJ [ul*dx

<C J (1ul®? + |ul*) dx + Cllull®
< Clully + C < CJluy| lul® +C

31
< plud’ +C(p), Gy

U b(x, 1) |ulfdx

< I6Ce, D172 g,y + 1l
< Yol sz, + C

< pllul’+C, ().

By (6) we deduce that

2
G (s)] < 50253/2 +os, Vs> 0. (32)

And then

—a| G(u*)d ‘
l (XL (|u|) X
<C J (1l + 1ul?) dx < Cllull} + Cllull (33)
< Clae| 1l + € < plue > + C ().
l— ((x+ﬁ)J n|u|2dx|
Q
< plinl® + C (p) lull} (34)
< plil’® + plue|* + C4 (p).
|2ReJ a, (x,t)ﬁdxl
Q

< oy Ol 2y, + I’ (35)

<C (”‘ZOt”ii(R;zo)’ ””"2) :
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By (30)~(35) we get that

% (||ux||2+J nlul*dx — J G (|u|2) dx+2Re J a(x, t)ﬁdx)
+a <||th||2 + J nlul*dx - J G (|u|2) dx
+2Re J a(x, t)ﬁdx) + oc||ux||2

< plill* + apliuy|* + C (p) + C (ol s, » 117 -
(36)

Similarly we can also deduce that

% <||ux||2+J nlul’dx - J G (|u|2) dx+2Re J a(x, t)ﬁdx)
+B <||ux||2 + J- nlul*dx - J G (Iulz) dx
+2Re J- a(x, t)ﬁdx) + (20— B) "”x“2

< plill + 4plus, | + € () + C (Jlao | iz, 11 ) -

(37)
Taking the inner product of (3) with n in H, we see that
1d 2 2 2
Sl + [l + Bl
(38)

+ Jf(|“|2)ndx— Jb(x,t)ndx =0.
By (2) we get that

J nlul>dx = I nu,udx + J nut, dx
=i J. (uu, —tyu,) dx +2Re J- ioun, dx  (39)

—2Re J b (x,t)udx,

% J (iuu, — iuu) dx
=i J- (u,tdy + vl — uu — U, t,) dx
(40)

=i | (wu, —uu, +uu, —uu,)dx

= ZiJ (uu, — v,u,) dx.

It comes from (38)~(40) that
%llnll2 + % Ji(uﬁx —u,u)dx

+2B0n)* + ia J (utt, — uu)dx
<ia J (uti, —u,u)dx — 4Re J ioun,dx  (41)
+4Re J a(x,t)udx

~2| () ndx+2 b omax

Deal with the right hand side of inequality (41), by Lemmas 7
and 8,

o [ (i, = ,7) | < 2l s | < p ] + €, (o).

(42)
|—4 Re J iocuﬁxdxl < Ada flull |lu,|| < plue] +C; (p),
(43)
l—2 J. f (|u|2) ndx|
SCJ |u|p|n|dx+CJ|n|dx
1 1
< zp||n||2 +C(p) J [ul*Pdx + Ep||n||2 +C(p)
< pliall® +C (p) | Nul”™ + C (p)
< pliall® + pllu|* + C5 (p),
(44)
|4 Re J a(x,t) ﬁxdx|
<dlla (oDl es, lud < plud (45
+Cy (P’ llag (x, ﬂ"L@(R;%)) >
|2 J b (x, t)ndx|
< 206 (%, )l 2 gz, Il < plinl® (46)
+Cs (P’ ||b0(x, t)”Li(R;EO)) :
So
% <||n||2 +i J (utt, — u,u) dx)
+ 2B|In||” + icx J (i, — uu)dx (47)

< 2pllnl” + dpu, |+ C (. Vo6 Ol 2,y )-



Analogously, we can also deduce that
jt (||n|| +i j (v, —u ) dx)
+2B|nl* +ip I (uti, — u, @) dx (48)
2
< 20"+ dpluc]* + € (P ¥l Oz )

Set y = min{«, B}, and
= uel” + Il + Jn|u|2dx

—JG(lu|2)dx+2ReJaﬁdx (49)

+i J (ur, — u,u) dx.
Then by (36), (47) and (37), (48) we can, respectively, get

d
EE + aE + oc||ux||2 + ﬁ||n||2

< 8p|u | + 3pllnl* + C (P, Yo, t)"Li(R;ZO)) ’
(50)

d
LE+BE+ aue| + Blnl®

< 8plu | + 3plal + C (p Yot O sy )

which shows that if we set p < min{«/8, /3}, we can deduce
that

d
SGETVESCy Vit (51)
where Cy = C(p, [IYo(x, )l 2 mys,)» laor (%, O)ll 2 ;s ) By
Gronwall lemma we see that
(= C
E(t) <E(ty)e """ 4+ 70 Vit > t,. (52)

Similar to (33), (34), (45), and (42), for t > t, we have
lj nlulPdx — J G (|u|2) dx

+2Re J audx +i J (utt, — u, i) dxl (53)

< plial? + pl |+ C (. e, Ol 3 s, )
And then
|E (t)] < st + e

#|[ 1o o) dx - [ 6 (o)) dx
+2Reja@@ﬁ@0dx (54)

i [ (0 (t0) e (1) = (1) 1)) ]

<C(R),
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where C(R) = Clp, [Yo(x, )l 12 myx,)» laor (% )l 2 sz R)
when [|[W_|;py < R. Then by (52) we infer that

iy C
E®)<CR) e ™ 4+ 20 vr>1q,
Y

(55)

2C
<=0 wt>t,,

Y

where t, = inf{t | t > t, and C(R)e "™ < C,/y}. By (49),
(53), and (55) we infer that

[ O + 11 < plinal + pllug| + Co. (56)
Choose p = min{«/8, 3/3, 1/2}; then we have
et |* + ()1

gmmmmmmﬂmmmmmﬂ,wz%
(57)

which concludes the proof by using Lemma 8. O

Lemma 10. Under assumptions of Lemma 9, if W(t) € E; =
H? x H', solutions of problem (2)~(5) satisfy
W@z, <Cp VE=t, (58)

where C, = C(a, B, f, g, Yy, ay,) and t; = Cle, B, f, g, Yy, agy
LATS)

Proof. Taking the real part of the inner product of (2) with
U, in H, we have

xxt

%“uxx"z —Re J nutl ., dx + Re (iou, )

+ Re J g (|u| ) Ul dx (59)
- Re J a(x,t) Uy,,dx = 0.
By (2) and (3), we have

- Re j nul,,,dx

= —% J Re (nuii,, ) dx + Re J n,uu, xdx

+Re | nu,u, dx

Re (nui, ) dx

J
i
Reju
Jr

&IQh

(luly + B+ f (lul*) - b) dx

ia) dx.
(60)

+ Re | nu mu—(xu+ig(|u|2)u—
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Since
Re (iau, u,,;) = Re I ioutl,.dx = —Re J iou i, dx, (61)
we see that
Re (o, t,,;) = oc||uxx||2 —aRe J nu,,, dx

+ocRng(|u|2)uﬁxxdx (62)
- aRe J au,,dx.

Multiplying (2) by & and taking the real part, we find that

|ul? = 2 Re (iu, 1) - 2alul’ - 2 Re (iati) , (63)

therefore,
Re J g (Jul*) vt dx
=~ [ (1) 2 Re (s dx
_j G )2dt|“ [z
== J ' (1ul*) lul? Re (uit,,) dx (64)
14
L [t

! J (1) | (Re (it it) - acluf®
—Re (iau)) dx.
Now we deal with (64) to get (70). Due to equalities
|u|fC =2Re (uu,),

(65)

% Re (uu,) = Re (u,u,) + Re (unt,,),

we deduce that
J g (|u|2) ul? Re (uiiy, ) dx
-4 Jg' (Il?) 2 Re (u,) Re (uii,) dx
dt x x
- [ 9" (1) 12 Re ui Re (uim) dx— (66)
- J g (|u|2) 2Re (uid,), Re (uii,) dx

_ Jg' (Iu?) 2 Re (uir,)) Re (u2,) dx.

We take care of terms in (66) as follows:

[/ " (1) btz Re (i) Re (ui) i

4 J g" (IuP) (Re (uii,))’

X (Re (i, ) — alul” - Re (iaﬁ)) dx

[ 4 (1) 2 Re un), Re (i, )
= [ ¢ (1) 2 Re (w7 Re (s ) dx

=2

g
+ J g |u| 2 Re (uti,,) Re (uui, ) dx
Jg |u| Re (un,)

x Re (iﬁx (uxx — U+ iou + g(|u|2)u - a))dx

+ Jg' (1) lul?, Re (uidy,) dx,
J g (|U|2) 2 Re (uu,) Re (u,u, ) dx
=2 o (1) Re (i)

x Re (iﬁx (uxx —nu + iou + g(|u|2)u - a))dx.

It follows from (66)~(67) that
- [ 9 () 2 Re ()
-4 Jg' (|u|2)2Re (um,) Re (uu,,) dx
dt X X

+4 [ g (1) (Re s, )

x (Re (iu, ) — alul* - Re (iaﬁ)) dx

+4 J g (|u|2) Re (uu,)

(67)

x Re (mx (uxx -nu+icu+g (|u|2) u- a)) dx

+ [ 9 (1)l Re u,) v
And then
_ jg’ (Iu?) lul? Re (uii,,) dx

= —% J g (|u|2) Re (uu,) Re (uu,) dx

(68)



‘2 J g" (1ul) (Re (uii,))?

X (Re (i, 1) — o jul” - Re (iaﬁ)) dx
+2 J g (lulz) Re (uu,,)

x Re (iﬁx (uxx —nu+iau+g (|u|2) u- a)) dx.
(69)

From (64) and (69) we have
Re J g (|u|2) Ul dx
= —% J g (|u|2) Re (uu,) Re (v, ) dx
-3 5 | o ()
+2 [ ¢ (1) (Re s, )

x (Re (iu, ) — alul” - Re (iaﬁ)) dx
+2 J g (|u|2) Re (uui,)

x Re (zﬁx (uxx -nu+icu+g (lulz) u- a)) dx

« [ o' (1) o

X (Re (iu, 1) — alul* - Re (iaﬁ)) dx.
(70)

By (59), (60), (62), and (70) we conclude that
4 ("u ||2 —2Re J nut,, — 2 j g (|u|2) (Re (uu ))2
dt XX XX X
_ J g (Jul’) lulz - 2Re J aﬁxx>
+2a (Huxxﬂz —2Re J- nui,,,
-2 ¢ (1) (Re i)
_ J (1) Ju]” - 2Re J aﬁxx>
+2a J nutl,, dx + 4o J g' (|u|2) (Re (uﬁx))zdx
+2a J g (|u|2) |ux|2dx + 2 Re J au,,dx

—2Re J Ul (|u|i +pn+ f (|u|2) - b) dx
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+2Re J ity (—inu — o + ig (Jul®) - ia) dx
+2aRe J g (1u?) T pdx
v 4] (1) (Re ()

x (Re (iu,, 1) — alu|* — Re (iati) ) dx
+4 j ' (Iul*) Re ()

x Re (ith, (1t — nu + o+ g (|u* ) u - a)) dx
+2 j g (1) Juy|” (Re (it ) — ol ~ Re (iam) ) dx

+2Re J au,dx =0,

(71)

where _[ = J-dx.
For later purpose, we let

F(u,n) = -2Re J nui,, dx

-2 J g (|u|2) Re (uﬁx)zdx - Jg (|u|2) |ux|2dx

—-2Re J‘ au, dx,
(72)
-G (u,n)

o j i, dx + 4o j g (1) (Re (uii,)dx
20 J g (1) Ju,[Pdx + 2 Re I aii_dx
~2Re [ ity (Il + B+ f (juP?) - b) dx
+2Re J ithy, (—inu — ot + ig (Jul®) - ia) dx
+2aRe J g (1ul) T dx
v 4] (1) (Re (s, )

x (Re (iu,, 1) — a|ul” - Re (iati) ) dx

+4 J g (Iulz) Re (uui,)
x Re (iﬁx (uxx —nu +iou

+g (|u|2) u-— a)) dx
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+2 [ g (1)

X (Re (iu, ) — alul* - Re (iaﬁ)) dx

+2Re J au, dx.
(73)
Then from (71) we have
d 2 )
= (Jual” + F) + 2 (Juge | + F) =G, (74)
or
d 2 2 2
E (”u"x" + F) T (“uxx" + F) + ‘x"uxx” =G-aF.

(75)
By Lemma 9 and Agmon inequality we have
lu@®lzp + lu@IZ, + In@l;, < 2C,, VE=t,.  (76)

In the following, we denote by C = C(«, 3, f, g, Yy, ay)- By
Lemma 7 and (76) we estimate the size of |G — «F| to get

d

E (||”xx||2 + F) T ("uxx”2 + F) + ““uxxllz

< CJ |n|* [tty| dx + CJ |ux|2 |t1,r| dx
+C J |1/lx|2 |nu|dx + C

< Clltel Il + C e s

(77
+ Cllulle Il o2 + C :
< C e e 200" + Cllin | |

+ Cllull o Il et Il + €

< C g I + Gl + €
a B
< S+ B 4

Taking the inner product of (3) with n,, in H, we see that

1d 2 2 2
-5l o [ - B
(78)
[ £ (1l ot~ [ n, =0,
Since
[ =2 [ Re (i) dx
(79)

=-2 J Re (uﬁxxnx + |ux|2nx) dx,

9
by (78) we can deduce that
d 2 _
% | + 4 J Re (vt 1, ) dx
4 | o + 28,
(80)
+2 J f (|u|2) (w0 + v, ) ndx
-2 J bn,dx = 0.
From (2) we know that
Upy + Uy — MU — NU, + iU,
(81)

+ g' (|u|2) |u|iu +9 (|u|2) u, —a, (x,t) =0.

Taking the real part of the inner product to (81) with u,, in
H, we have

Re J iu, U, —Re J n i, dx

- Re J nu, U,,dx + Re J iou, i, dx

(82)
+ Re J g' (|u|2) |u|iuﬁxxdx
+ Re J g (|u|2) uu,,.dx —Re J au,,dx = 0.
Because of
d - .
I Re J iu,u,,dx =2Re J i, U, dx, (83)
it holds that
1d
——Re J iu,u,,dx — Re I n Uil dx
2dt
- Re J nu,u,,dx + Re J o, U, dx
+ Re g' (|u|2) |u|iuﬁxxdx (84)



10
By (84) and (80), we find that
Sl + 25 Re [tz + 4 [ P + 260,
+2 J £ (1ul?) lulndx
2 J bon_dx — 4Re j T, dx
+daRe j i i dx +4Re I g (1) lulai, . dx

+4Re J g (|u|2) u, U, dx —4Re J a U, dx =0.

(85)
That is,
2 (Inal +2Re [t ax)
+2 <||nx||2 +2Re J- iuxﬁxxdx>
=4f3Re J iu i, dx —4 J |”x|2”xdx
-2 J f' (|u|2) |u|inxdx +2 J b, dx (86)

+4Re J nu, U, dx — 4aRe J iuu,, dx
—4Re J g' (|u|2) |u|iuﬁxxdx

—4Re J g (|u|2) u,u, dx +4Re J a i, dx.
Similar to (77), we estimate each term in (86), and then we
get

% (”nx“z +2Re J iuxﬁxxdx>
# B (Il + 2Re [ i) + Bl

< 2BRe [ i ydx + C ] + Cls [ I

+Cln (87)

|+ Cllulog Il v

N

< C gl + Cloae sl I

3/4
I

+C | + Cllul oa |l e

< Hu + B + .
Let y = min{w, 8}, and

E=fug |’ + |l +F +2Re J i dx.  (89)

Abstract and Applied Analysis

By (77) and (87) we deduce that
d
SGETVESC vz, (89)

which has the same form with (51) in the proof of Lemma 9.
Similar to the study of (51), we can derive that

2C
E(t;) <C(Ry), E(t)s7, Vt>t,,  (90)

where t,, = inf{t | t > t2*,C(R2)e_V(t2*_t°) < Cy/y} and
C(Ry) = Cle, B, f, 9, Yy ags» Ry) when W, izyn < R,. By
(72) we deduce that

lF +2Re J iuxﬁxxdx‘
< 2t gq W1l et | + CllulZy e |
oot + Nl g,y ot o)
+ 2o el + €
<l +C < Sl + C.
and then by (88), (90), and (91) we deduce that

lul? + 2’ <C V21, (92)

which concludes the proof by Lemma 9. O

4. Solutions for (2)~(5)

Theorem 11. Under assumptions of Lemma 10, for each W, €
E,, system (2)~(5) has a unique global solution W (x,t) €
L®(t1,T; Ey), VT > 7.

Proof. We prove this theorem briefly by two steps.
Step 1. The existence of the solution.

By Galérkin’s method, we apply the following approxi-
mate solution:

!
W (x,t) = Y wl ()7, (x), (93)
=1
to approach the solution of the problem (2)~(5), where {’7]‘};‘):1

is a orthogonal basis of H(Q) satisfying ~An; = A;n; (j =
1,2,...). And Wl(x, t) satisfies

1 1 11 . 112\ . 1 -0
zut+uxx—nu +1au +g u Ll—d,l’]j =0,

(ni + p + |ul|i +f (|ul|2) - b, ’7;') =0, (94)
W @o,n) = (Won),  Wla =0,
where j = 1,2,...,1. Then (94) becomes an initial boundary

value problem of ordinary differential equations. According
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to the standard existence theory for the ordinary differential
equations, there exists a unique solution of (94). Similar to
[4, 22], by the a priori estimates in Section 3 we know that

{Wl};f1 converges (weakly star) to a W (x, t) which solves (2)~
(5).

Step 2. The uniqueness of the solution.
Suppose W;, W, are two solutions of the problem (2)~(5).
Let W = W, — W,, then W(x, t) = (u(x,t), n(x,t)) satisfies

iU, + Uy, — MUy + MU, + idu

+ g(|u1|2)u1 - g(|u2|2)u2 =0,

ne+ Bt || = || (93)
+f(lml) - £ (j]) =0,
W, =0, Wl =0.
Similar to [4, 5, 22], we can deduce that |[W| = 0. ]

5. Uniform Absorbing Set and
Uniform Attractor

From Theorem 11 we know that {Ucy (£, 7)}, the family of
processes corresponding to (2)~(5), is well defined. And
assumption (13) is satisfied.

Theorem 12. Under assumptions of Theorem 11, {Uaez(t’ 7)}
possesses a bounded uniformly absorbing set B, in E,.

Proof. Let B, = {W € E,, | ||W||,250 < CUIW g, » 1Yol 2 sy, )3
From Theorem 11 we know that By is a bounded absorbing set
of the process U,_y, .

On the other hand, from Assumption 1 we know that
foreach Y € ¥, IYI%2 5,y < 1Yol g;g,) holds. Thus, the

solution of our system satisfies

IWllg, < C(IWelg o 1Y 1z ss,)

(96)

< C(IWels, Mol sy, ) -
So the set B, = (W € E;, | IIWIIéO < pg £
C(W-I Ep (Y5l © (R;Zg))} is a bounded uniformly absorbing
set of {Uyey (£, 7)1 O

Theorem 13. Under assumptions of Theorem 12, {Ugez(t, 7)}
admits a weakly compact uniform attractor oy.

Proof. To prove the existence of weakly compact uniform
attractor in E,, from Lemma 4 and Theorems 11 and 12,
the only thing we should do is to verify that {U,cy(f,7)} is
(Ex}., E)-continuous. Through the following proof, — means

*
weak converges, and — means “weak converges.
For any fixed t; > 7 € R, let

(W 03) = (Wp,0)  in Egx ). (97)

1

We will complete the proof if we deduce that
W, () = W, (t;) in E,, (98)

where W,, (£;) = (u(£,),m(£,)) = Up, (8, )Wy, Wi(t) =
(u(t,), and n(t,)) = U, (t,, T)W,.
From (97) and Theorem 11 we know that

Wellg, < €. (99)
sup [Wo, 0], <€ (100)
By Agmon inequality,
Vlloo < Cllvilgn- (101)
We see that
W, 0], <C vost<T (102)
Note that
iUy = —Upyy + Ml — i0UY — g (|uk|2) u + ag (x, 1),
(103)
e = 2 = B — f (Juil*) + b (1), (104)

and 0y, = (a(x,1),b(x,t)) € Y. By (100) and (102), we find
that o,W, (t) € L®(r,T;H) and

||BtW

Ol <€ 09

Due to Theorem 11 and (105), we know that there exist W (¢) 2
(w(t),at)) € L™(r,T;E,), and subsequences of {Wak "},
which are still denoted by {W,, (#)}, such that

W, () =W () inL®(r,T:E), (106)

QW, () =W () inL®(r,T;H).  (107)

Besides, for Vt, € [r,T], by (100) we know that there exists
W 2 u°,n°) € E,, such that

W, (t,) = W° inE,. (108)

By (106) and a compactness embedding theorem, we claim
that

u, (t) — % (t) strongly in L* (0, T; H). (109)

In the following, we shall show that W (t) is a solution of
the problem (2)~(5).
For Vv € H, Vy € C;°(t,T), by (103) we find that

T T
J (i, w (H) v) dt + J (U W (1) V) dt

T

T
- J (Mg w (1) v) dt + J (i, y () v) dt

T T

, (110)
+ L (g (|uk|2) U (1) v) dt

T
—J (a (x, 1),y (t) v)dt = 0.

T
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Since

T T
J (Mg w (t) v) dt — j (nw, y (t) v) dt
T
- | (- Doy )0 ()

T
+J (1 — 1) v (£) v) di,
by (102), (109), and (106),
T
| (a-mmey @y a

< sup ””k(t)"oo”‘/’(t)""LZ(o,T;H) s — a”LZ(o,T;H) — 0,
0<t<T
T
| @)y @y

= Jj ((nk —-7),w(t) vﬁ) dt — 0.
' (112)

Then we have

T T
_[ (e y () v) dt —»J (7w, v) y (t) dt. (113)

T T

By using the similar methods to the other terms of (110), we
have

T T
j (i1, v)  (£) dt + j (7, v) y (B dt

T T
—j (i, v) v (£) dt+J (ictdi, v) v (t) dt

. (114)
+ J (g (1) i, v)w () dt
T
- L (a(x,t),v)y(t)dt =0.
Therefore, we obtain
ity + i, — i+ ioddi + g (|]*) i = a (x,1), (115)

which shows that (#, 71, a(t)) satisfies (2).
For Vv € H,Vy € C°(z,T) with y(T) = 0, y(1) = 1, by
(103) we find that

T , T
[ )y Ode s | ) v 0 d
T

T
- J (Mg v) w () dt + J (o, v) v (t) dt

T

T 5 T
+L (9 (ll”) o v) w @ e - j (a (x,0),v) y () dt

=i(u (1),v).
(116)

Abstract and Applied Analysis

Assumption (97) implies that
(1) =uy —u, in H. (117)

Then by (116) and (117), we have

T T
- [ @@y ware | @y o

T T
—J (iti, v) v (1) dt+J (ietii, v) v (£) dt

T

T
+J (g(|a|2)a,v)w(t)dt—J (a(x,1),v)y(t)dt

T T

=i(u,v).
(118)

While from (115) we know that

T T
-J (i, v) v’ (t) dt+J (T v) W (t) dt

T

T
-J it v) v (t) dt+j (iocit, v) v () it

T

T
+| (o) mn)y@dt- [ @wnmyod

=i(u(r),v).
(119)
It come from (118) and (119) that
(u,,v) = (@ (r),v), VveH. (120)
And then
(1) =u,. (121)
By (115) and (121), we have
a(t)=ul(t). (122)

For Vv € H,Vy € C,°(1,t), with y(7) = 0, w(¢;) = 1, then
repeating the procedure of proofs of (116)~(119), by (108) we
deduce that

W =), (123)
It comes from (108), (122), and (123) that
u () —u(t,) in H (Q). (124)
Similarly, we can also deduce that
m (t,) = n(t,) in H (Q). (125)

By (124) and (125), we derive (98). We complete the proof of
Theorem 13. O
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