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This paper is a counterpart of Bi et al., 2011. For a locally optimal solution to the nonlinear second-order cone programming
(SOCP), specifically, under Robinson’s constraint qualification, we establish the equivalence among the following three conditions:
the nonsingularity of Clarke’s Jacobian of Fischer-Burmeister (FB) nonsmooth system for the Karush-Kuhn-Tucker conditions,
the strong second-order sufficient condition and constraint nondegeneracy, and the strong regularity of the Karush-Kuhn-Tucker

point.

1. Introduction

The nonlinear second-order cone programming (SOCP)
problem can be stated as

min f@©
st. h(() =0, 1
g) e #,

where f: R" - R,h:R" - R™ andg: R" — R"are
given twice continuously differentiable functions, and % is
the Cartesian product of some second-order cones, that is,

Ho=F" X H" XX K (2)

withn, + -+ + n, = nand #" being the second-order cone
(SOC) in R" defined by

H" = {(le,sz) ERXRY™| Xj 2 “xj2|'}. (3)

By introducing a slack variable to the second constraint, the
SOCP (1) is equivalent to

g}geiﬂgn f©
st. h(0) =0, (4)
gi)-x=0, xeXH.

In this paper, we will concentrate on this equivalent formula-
tion of problem (1).

Let L: R"xR"x R"” xR" x # — R be the Lagrangian
function of problem (4)

LG xpsy)=f)+wh@Q)+(g@Q)-xs) - (x,p),
(5)

and denote by // o (x) the normal cone of # at x in the sense
of convex analysis [1]:

_[{deR":{dz-x)<0Vze XK}, ifxeFH,
/V%(x)‘{e, if x ¢ K.
(6)



Then the Karush-Kuhn-Tucker (KKT) conditions for (4) take
the following form:

Tl (§xu5,y) =0,
g)-x=0,

h(C)=0,
—yeNg(x),

7)

where 7 . L((, x, 4, s, y) is the derivative of L at ({, x, . s, y)
with respect to ({, x). Recall that ¢*°“ is an SOC complemen-
tarity function associated with the cone % if

¢ (0, y)=0c=xeH, ye X,

(8)
(x,y) =0 = -y € N4 (x).
With an SOC complementarity function ¢*°“ associated with
F , we may reformulate the KKT optimality conditions in (7)
as the following nonsmooth system:

FexL(C 25 ws,y)
h($) _
g -x =0 0O
¢ (x, )

The most popular SOC complementarity functions in-
clude the vector-valued natural residual (NR) function and
Fischer-Burmeister (FB) function, respectively, defined as

E({x.u.5y) =

np (%, y) =x -y (x-y), Vx,yeR",

brp (x,y) = (x +y) - \/xz +y% Vx,yeR",

where I (-) is the projection operator onto the closed convex
cone K, x> = x o x means the Jordan product of x and itself,
and +/x denotes the unique square root of x € #. It turns out
that the FB SOC complementarity function ¢ enjoys almost
all favorable properties of the NR SOC complementarity
function @y (see [2]). Also, the squared norm of ¢ induces
a continuously differentiable merit function with globally
Lipschitz continuous derivative [3, 4]. This greatly facilitates
the globalization of the semismooth Newton method [5, 6]
for solving the FB nonsmooth system of KKT conditions:

(10)

FexL (G :g s, y)
h(©) _
g)-x =0
s (x,y)

Recently, with the help of [7, Theorem 30] and [8, Lemma
11], Wang and Zhang [9] gave a characterization for the
strong regularity of the KKT point of the SOCP (1) via
the nonsingularity study of Clarke’s Jacobian of the NR
nonsmooth system

Epg (%5, y) =

f(,xL(CJCC)%SJ’)

h(Q) _
gO-x |7% @
bar (%, )

They showed that the strong regularity of the KKT point,
the nonsingularity of Clarke’s Jacobian of Eyy at the KKT

Exg (C) X @S, J’) =
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point, and the strong second-order sufficient condition and
constraint nondegeneracy [7] are all equivalent. These non-
singularity conditions are better structured than those of
[10] for the nonsingularity of the B-subdifferential of the NR
system. Then, it is natural to ask the following; is it possible to
obtain a characterization for the strong regularity of the KKT
point by studying the nonsingularity of Clarke’s Jacobian of
Erg. Note that up till now one even does not know whether
the B-subdifferential of the FB system is nonsingular or not
without the strict complementarity assumption.

In this work, for a locally optimal solution to the nonlin-
ear SOCP (4), under Robinson’s constraint qualification, we
show that the strong second-order sufficient condition and
constraint nondegeneracy introduced in [7], the nonsingular-
ity of Clarke’s Jacobian of Egy at the KKT point, and the strong
regularity of the KKT point are equivalent to each other. This,
on the one hand, gives a new characterization for the strong
regularity of the KKT point and, on the other hand, provides
amild condition to guarantee the quadratic convergence rate
of the semismooth Newton method [5, 6] for the FB system.
Note that parallel results are obtained recently for the FB
system of the nonlinear semidefinite programming (see [11]);
however, we do not duplicate them. As will be seen in Sections
3 and 4, the analysis techniques here are totally different from
those in [11]. It seems hard to put them together in a unified
framework under the Euclidean Jordan algebra. The main
reason causing this is due to completely different analysis
when dealing with the Clarke Jacobians associated with FB
SOC complementarity function and FB semidefinite cone
complementarity function.

Throughout this paper, I denotes an identity matrix of
appropriate dimension, R” (n > 1) denotes the space of n-
dimensional real column vectors, and R™ x --- x R™ is
identified with R™*** Thus, (x;,...,x,) € R™ x---xR™ is
viewed as a column vector in R™**" The notations int %",
bd #",and bd" %" denote the interior, the boundary, and the
boundary excluding the origin of %", respectively. For any
x € R”, we write x >4 0 (resp., x > 0) if x € F" (resp.,
x € int ™). For any given real symmetric matrix A, we write
A > 0 (resp., A > 0) if A is positive semidefinite (resp.,
positive definite). In addition, .7, f(w) and jfvw f(w) denote
the derivative and the second-order derivative, respectively,
of a twice differentiable function f with respect to the
variable w.

2. Preliminary Results

First we recall from [12] the definition of Jordan product and
spectral factorization.

Definition 1. 'The Jordan product of x = (x;,%,), ¥ = (¥,
y,) € R x R"" is given by

xoy:=({xy), %0+ y1%,). (13)

Unlike scalar or matrix multiplication, the Jordan product is
not associative in general. The identity element under this

product is e := (1,0,...,0)" € R”, thatis, e o x = x for all



Abstract and Applied Analysis

x € R™ For each x = (x,,%,) € R x R"", we define the
associated arrow matrix by

T
— | %1 X
Ly [xz x11:| ’ (14)

Then it is easy to verify that L,y = x o y for any x, y € R".
Recall that each x = (x;,x,) € R x R""! admits a spectral
factorization, associated with %", of the form

x=A (@) ul + 1, (x)u?, (15)

where A,(x),A,(x) € R and ufcl), ufcz) € R” are the spectral
values and the associated spectral vectors of x, respectively,
with respect to the Jordan product, defined by

L (x) = x, + (1) x5y,

16
W._1 (s)

1 .
u, : E((—l)i@)’ fori=1,2,

with X, = x, /x| if x, # 0 and otherwise being any vector in
R™! satisfying || %,] = 1.

Definition 2. The determinant of a vector x € R” is defined
as det(x) := A, (x)A,(x), and a vector x is said to be invertible
if its determinant det(x) is nonzero.

By the formula of spectral factorization, it is easy to
compute that the projection of x € R” onto the closed convex
cone Z", denoted by 1. (x), has the expression

I (x) = max (0,4, (x)) ul” + max (0,1, (x)) ul?. (17)

Define |x| := 2IIgm(x) — x. Then, using the expression of
15 (x), it follows that

Il = A, )]l + A, ()] uf. (18)

The spectral factorization of the vectors x, x>, v/x and the
matrix L, have various interesting properties (see [13]). We
list several properties that we will use later.

Property 3. For any x = (x;,x,) € R x R" with spectral
factorization (15), we have the following.

(@) x* = ()l + A2 (0u? e F".
(b)If x € #" then0 < A;(x) < Ay(x) and Vx =
VAL @u + VAL,

(0 If x € intF", then 0 < A;(x) < A,(x) and L, is
invertible with

X, —xg
-1 T
= det X%, |. 19
* det(x) | —x, € (x)I+ =22 9)
X1 X1

(d) L, = 0 (resp., L, > 0) ifand only if x € F" (resp.,
x € int#").

The following lemma states a result for the arrow matrices

associated with x, y € R” and z > 4= /x? + y?, which will be

used in the next section to characterize an important property
for the elements of Clarke’s Jacobian of ¢y at a general point.

Lemma 4. Forany given x, y € R" and z > 5n0, if 2° = g x> +
y?, then

J[22'e. L], <1, (20)

where ||All, means the spectral norm of a real matrix A.
Consequently, it holds that

|2 LA+ L)L A < VIAul? + |Av]?,  VAu, Av € R™.

(21)

Proof. Let A = [L;le L;IL},]. From [13, Proposition 3.4], it
follows that

AAT= LN+ D) L < L2 =T (22)

This shows that [ A, < 1, and the first part follows. Note that,
for any & € R*,

|Ag)” = E"ATAE < A, (ATA) JEIP < €. @3)

By letting & = (Au, Av) € R” xR", we immediately obtain the
second part. O

The following two lemmas state the properties of x, y with
x* + y* € bd X" which are often used in the subsequent
sections. The proof of Lemma 5 is given in [3, Lemma 2].

Lemma 5. For any x = (x,%,), ¥ = (y, ;) € R x R"!
with x* + y* € bd X", one has

x=lel’ =l

(24)

_ T _
X1 = X% )2 X1)2 = V1%

Lemma 6. Forany x = (x,,%,), ¥ = (¥, ¥,) € Rx R"™, let
w = (w,w,) = x> + y~.

(a) Ifw € bd F", then forany g = (g1, g,), h = (hy,h,) €
R x R""", it holds that

T
(%1% + 3195)" (X195 + g1 + y1hy + By yy)

= (xf + yf) (ng + yTh).

(25)

(b) Ifw € bd* F", then the following four equalities hold

T

W, _ XW, _

P o6
T

A Y2 $oa Y

] ]



and consequently the expression of ¢pg(x,y) can be

simplified as
Xty - \,x% + 77
Gpp (%, ) = X%+t |, (27)

X+ )~
VX

Proof. (a) The result is direct by the equalities of Lemma 5
since x> + y* € bd %"

(b) Since w € bd"#", we must have w, = 2(x;x, +
¥1¥,) #0. Using Lemma 5, w, = 2(x;x, + ¥,¥,) and ||lw,| =
w, = 2(x] + y}), we easily obtain the first part. Note that
¢pp(x, ¥) = (x + y) — v/w. Using Property 3(b) and Lemma 5
yields (27). O

When x, y € bd %" satisfies the complementary condi-
tion, we have the following result.

Lemma 7. For any given x = (x1,%,), ¥ = (¥, ;) € R x
R™, ifx,y € bd X" and (x,y) = 0, then there exists a
constant « > 0 such that x, = ay, and x, = —ay,.

Proof. Since x, y € bd #", we have that x; = |x,|| and y, =
|, and consequently,

0=(xy) =xn+50; = oyl + x5y ©8)

This means that there exists & > 0 such that x, = —ay,, and
then x; = ay,.

Next we recall from [14] the strong regularity for a solu-
tion of generalized equation

0ed(z)+Mp(2), (29)

where ¢ is a continuously differentiable mapping from a finite
dimensional real vector space Z to itself, D is a closed convex
set in Z, and /' (2) is the normal cone of D at z. As will be
shown in Section 4, the KKT condition (7) can be written in
the form of (29).

Definition 8. We say that z is a strongly regular solution of
the generalized equation (29) if there exist neighborhood %
of the origin 0 € Z and 7" of z such that for every § € %, the
linearized generalized equation 8 € ¢(z) + 7,¢(z)(z — z) +
W p(z) has a unique solution in 7, denoted by zo,(6), and the
mapping zy- : B — 7 is Lipschitz continuous.

To close this section, we recall from [15] Clarke’s (gen-
eralized) Jacobian of a locally Lipschitz mapping. Let S ¢
R" be an open set and E : § — R” a locally Lipschitz
continuous function on S. By Rademacher’s theorem, E is
almost everywhere F(réchet)-differentiable in S. We denote
by Sz the set of points in S where E is F-differentiable.
Then Clarke’s Jacobian of E at y is defined by 02(y) :=
conv{dzE(y)}, where “conv” means the convex hull, and B-
subdifferential 0zE(y), a name coined in [16], has the form

%500;{V1V=kﬁafﬁﬂyw,yk—%ytfeSJ.
(30)

Abstract and Applied Analysis

For the concept of (strong) semismoothness, please refer to
the literature [5, 6].

Unless otherwise stated, in the rest of this paper, for any
x € R" (n > 1), we write x = (x,x,), where x, is the
first component of x and x, is a column vector consisting of
the remaining n — 1 entries of x. For any x = (x,x,), ¥ =
(y» y,) € R x R, et

w=w(xy)=x"+y",

ifw,#0, z=z(x,y)=Jw(xy).

3. Directional Derivative and B-Subdifferential

@y = 2
el

The function ¢pp is directionally differentiable everywhere
by [2, Corollary 3.3]. But, to the best of our knowledge, the
expression of its directional derivative is not given in the
literature. In this section, we derive its expression and then
prove that the B-subdifferential of ¢y at a general point
coincides with that of its directional derivative function at the
origin. Throughout this section, we assume that % = #".

Proposition 9. For any given x = (x,x,), ¥ = (1, ) €
R xR", the directional derivative ¢y5((x, y); (g, h)) of by at
(x, y) with the direction (g, h) has the following form.

(a) If (x, y) = (0,0), then ¢y ((x, ); (g, h) = bg(gs h).

(b) If x> + y* € int K", then py((x, y); (g, b)) = (I -
L'L)g+(I-L]'L)h

() Ifx* + y* € bd" H", then
Sis (% 7); (9, 1)

~(gem) -G (LY,

xfgz+}§hz< 0)
2

w-

24/x2 + y? 2
~ 1 < xTg+yTh )
2 /xf +? 2%19, + 1%, + 2y1hy + hyy, )7

(32)

where g = (g1, 9,)> h = (h,hy) € R x R"™, and
¢ :R"xR" - Ris defined by

¢ (g.h)

\/(xlgl —x§g2+y1h1 _)/;th)z+”x1h2_h1x2+91)’2_)’192"2

[2, 2
X1+t

(33)

Proof. Part (a) is immediate by noting that ¢y is a positively
homogeneous function. Part (b) is due to [13, Proposition
5.2]. We next prove part (c) by two subcases as shown in the
following. In the rest of proof, we let A,,A, with A, < A,
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denote the spectral values of w. Since w = x* + y* € bd" %",
we have w, # 0, and from Lemma 6(b) it follows that

wy = ||w2|| =2 ||x1x2 + )’1)’2"
=2|xw, + yiw,| = 2(x7 + 57),

A =w; - |w,| =0, Ay = wy + |w, :4(xf+yf).

(34)

(c.D): (x+ tg)2 +(y+ th)? € bd*F" for sufficiently small
t > 0. In this case, from Lemma 6(b), we know that ¢pg(x +
tg, y + th) has the following expression:

(x1+ 1) +t(gy +hy) - \/(xl + tgl)z +(y + thl)z
(x, + 32) +t (g, + hy)
() +tg,) (x5 +tg,) + (3 + thy) (y, + thy)

\/(xl + tgl)z +(y + thl)z

(35)

Let [¢pp(x, ¥)]; be the first element of ¢pp(x,y) and
[¢pg (x, )], the vector consisting of the rest n— 1 components
of ¢pp(x, ¥). By the above expression of ¢pp(x + tg, ¥ + th),

lim [fp (x +tg, y + th)]l — [ (x, J’)]l

t10 t

VG +t9,) + (i +thy)E =\ y?

t

= (g1 +h) - ltlfg

= (g, +hy) - X191 + il
VX

lim (B (x +tg, y +th)], — [des (x, ¥)],
t10 t

= (g +h)

| (xi+tgy) (xy+tg,) + (y +thy ) (, +th,)
—lim
o t\/(xl + t91)2 +(n + thl)z

X%t V)

[2, 2
X1+

5
_ Xt X g, t yihy +hiy,
= (g, +hy) —
X1+ N
—1lim X1%+ V1) X%t ),
He t\/(x1+tg1)2 + (J’1+th1)2 t\/"%*’)’%
_ DXt X g, yihy +hiy,
= (g, +hy) —
X1+tnN
+ (X125 + y192) (%191 + y11)
(e + y7) \x1 + 0t
x19, + y1h,
— (g, +h) - 192t N
(92 +hy) —
X1+tn
(36)

where the last equality is using x; ¥, = y,x, by Lemma 5. The
above two limits imply

O (%) (9.)) = (9 + 1) - —— A

) oL
\/x1+y1 \/x1+yl
(37)

(c.2): (x + l‘g)2 +(y+ th)? € int #" for sufficiently small
t>0.Letu = (u,u,) == (x+ tg)2 + (y+th)2 with the spectral
values y;, 4. An elementary calculation gives

u; = ||x + l‘g"2 + ||y + l‘h"2 =w; +2t (ng + yTh)

s (38)
+ £ (gl + 1m17).
uy = 2 (%, +tgy) (x5 +tg,) + 2 (yy +thy) (3, + thy)
=w, +2t (x1g2 +g1%, + yihy + hl)’z) (39)

+2t7 (g1, + hihy).

Also, since w, # 0, applying the Taylor formula of || - || at w,
and Lemma 6(a) yields

w, (“2 — wz)

"”2" = ”wz“ + 2 “w2” +ol(t)

(40)
= ||w,|| + 2t (ng + yTh) +o(t).

Now using the definition of ¢y and noting that A, = 0 and
w, # 0, we have that

bes (x +1g, y + th) — g (x, )
=(x+tg+y+th)—Vu-(x+y)+Vw

_ _ 2
SO vm v VG w |
2w 2w

(41)



which in turn implies that

¢ (. ) (9, h))
i VP VP2 =\,
B B th 2t
=(g+h) hm(vz Vi 1y VTL)
t10 2t ||u2|| 2t lw,|

(42)

We first calculate lim, (/¢ - VA,)/). Using (38) and (40),
it is easy to see that

("”2” - ”wzll)

= Ay = (u —wy) +

(43)
=4t (ng + yTh) +o(t),
and consequently,
-2 -
lim\/E \/—2 = limM2 Az . !
t10 t 10 t W, + \/A—z
(44)
xTg+yTh B xTg+yTh

2\,

[2 . >
X7+

We next calculate lim, o(+/¢11/t). Since w; —
(38)-(39) and Lemma 6(a),

= (]| = ]}

2 2
Juall” = s

szl + e

lw,|l = 0, using

o= (u -
= (’41 _wl)_

=2t(x"g+y'h) - £ (192 + 916 + iy 4 iy,

ez + |
£ (lgl + I1nl?)
4 ”919‘2 +x19, + yihy + hl)’Z"2
ez + s |

T
_ 422 (919, + hihy) 2
Tl + o] )
(x1+37) (x"g+y"h)

ez ]| + [l |
£ (|gl” + 111*) + o (£)

2 “919‘2 + X1, + by + hl)’2"2
leea| + [l

=2t (ng + yTh) -8t

— 4t

T
2 (X120 + 11 35) (919, + hyhy)

o ool + ]

(45)
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Using |lw, |l = 2(xf + yf) and (40), we simplify the sum of the
first two terms in (45) as

at | (x"g + y"h)

24 (x g+ vTh) -
(o) - el
TN
SR A0S v e B

4t* (ng + yTh)z 5
= Tl fel 0

Then, from (45) and |w, || = 2(xf + yf ), we obtain that

(x% + J’f) ("9“2 + ||h||2> - "glxz +X19, + yihy + hl)’2”2

2., 2
X1+

2 T
. (ng + J’Th) =2(x, %5 + 1132)” (9195 + ihy)

2, 2
X1+

(47)

We next make simplification for the numerator of the right
hand side of (47). Note that

(xf + )’f) (”9”2 + ”h"2) - ”gle +x19, + )iy + h1y2"2
= (xf + yf) ("9"2 + "hnz) = [lgix, + x192||2
- ”)’1hz + hl)’2"2 -2(g1x, + xlgz)T (y1hy + hyy,y)

= xi[|hl)* + )’3"9“2 - 2x191x2ng - 2J’1h1J’2Th2
- 2(gyx, + xng)T (nhy +hyy,)s
(ng + J’Th)z = 2(x 2, + J’l)’z)T (919, + )
= (xlg1 + xfgz)2 + (ylhl + y2Th2)2 + 2ngyTh
=2y % + )’1J’2)T (919, + hy)
= (xlgl)z + (xggz)z + (ylhl)z + ()’;th)z

+2ng)’Th 2x1h1x2h 291)’192)’2

(48)
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Therefore, adding the last two equalities and using Lemma 5
yield that

(7 +27) (gl + 1107) = |l g126, + %19, + iy + oy
+(xTg+yTh) =202, + y90)" (919, + i)
= (18I - 22,131y ) + (39l - 291193 92)

(g + (x1g.) - 219,579 )
() + (k) = 290hyyyhy ) + 24" gy
=2(g1x, + x192)T (yihy + hyy,)

= |lxih, ~ h1x2||2 + 91y, - )’192“2 + (xlgl - ’ngz)2

+ (ylh1 - y2Th2)2 +2 (glx1 + ngxz) (ylh1 + szhz)

T
=2(g1%, + x195) (11l + Iy y,)

= |lx;h, ~ h1x2"2 + 91y, ~ )’192“2 + (xlgl - xggz)z
+(yihy = yi )" + 200k, = 1ix,)” (919 - 6:1)
+2 (%91 - %,80) (1 = y3 hy)
= |xihy =y, + g1y - J’lfh”z
+ (xlgl - xggz + yhy - szhz)z.
(49)

Combining this equality with (47) and using the definition of
@ in (33), we readily get

limﬂ =

tlo ¢ L4 (g’ h) ’ (50)

We next calculate lim,o[((\p, — +E)/20)wy/lu,l) -
((\A,/2t)(w,/|lw, [1))]. To this end, we also need to take a look
at |w, llu, — llu,llw,. From (38)-(39) and (40), it follows that

lwal [l w
= 2t |lw,| [ (%19, + g1%2 + Y1y +hyy,)  (51)

- (ng + yTh) wz] +o(t).

Together with (44) and (50), we have that

lim \/Z\/_“z \/A_2w2:|

t10 2t [us| 2t [ws

o VB Uy hnol[\@ u

o 2t iy 2 u]

el

2t

\/m +1 Vi — \/_2”2

—lim 1m
tlo 2t ||u2 l 2t ||u2 l

+ lim Y22 (||w2|| U — ||“2|| w,)
t10 2t [jus || s, |

_ e(g.h) _
= — 2 w,

+ X19, + 1% + yihy + hy y,
X+
ng+ yTh~
-l T,
20X+
T+ 2x,9, + g1%, + 2y hy + hy y,

[2. 2
24/x7 + ¥

T T
B xzﬂz‘*)’zhzm

2>
2\ + 91

where the last equality is using x,w, = x, and y,W, = ¥,.
Combining with (42), (44), and (50), a suitable rearrange-
ment shows that gb;B((x, ¥); (g, h)) has the expression (32).

Finally, we show that, when (x +tg)* + (y+th)* € bd* %"
for sufficiently small t > 0, the formula in (32) reduces to the
one in (37). Indeed, an elementary calculation yields

(52)

A ((x+19)* + (y +th)?)
=[x+ gl + [+ enP]’
—4)(x, + tg,) (x, + tg) + (3, + thy) (3, + thy)|°
= 489 (g.h) \x3 + 37
+4* (x"g+ y'h) (|l + 1n17)
—8t%(x,9, + g1 %, + Y11y + hlyZ)T (9195 + hihy)

2
(Lol + 7Y =2l g1, + bl

= 4t2<p (g-h) \x3+ y? + o(tz)

This implies that if (x+tg)2+( y+th)2 € bd" #" for sufficiently
small ¢ > 0, thatis, A, ((x + l‘g)2 +(y+ th)?) = 0 for suﬁ’ic1ent1y
smallt > 0, then (g, h) = 0, and hence x, g, + y; 1, — (x] g, +

(53)



szhz) = 0. Thus, (/)léB((x, ¥); (g, h)) in (32) can be simplified
as

(g+h)+xlgl+ylhl<0>_ 1
2

2(xd+y N 2yt g

2x,9: + 21y ) (54)
X
<2x192 +g1%, +2y1hy + hy y,

=(g+h)-

X1 g- N h
VA
where the equality is using g,x, = g,x,W,, h; ¥, = hy,W,.
The proof is complete.

As a consequence of Proposition 9, we have the following
sufficient and necessary characterizations for the (continu-
ously) differentiable points of ¢y and 9(x) := |x|.

Corollary 10. (a) The function ¢py is (continuously) differen-
tiable at (x, y) € R"xR" ifand only ifz(x, y) € int Z", where
z(x, y) is defined in (31). Also, when z(x, y) € int K", one has

I (%, 9) = [[-LpLe T-Lii)L,]. (55

(b) The function 9(x) := |x| is (continuously) differentiable

atx € R" ifand only if x is invertible. Also, when x is invertible,
I(x) = LyL,.
Proof. (a) The “if” part is direct by [13, Proposition 5.2]. We
next prove the “only if” part. If ¢y is differentiable at (x, y),
then qbl':B((x, ¥); (g, h)) is a linear function of (g, h), which by
Proposition 9 holds only if z(x, y) € int %". The formula of
Jbpgp(x, y) is given in [13].

(b) Since 9(x) = Vx2, by part (a) 9 is (continuously)
differentiable at x € R” if and only if |x| € int %", which
is equivalent to requiring that x is invertible since |x| € Z"
always holds. When x is invertible, the formula of J79(x)
follows from part (a). O

For any given x = (x;,%,), ¥ = (¥, ;) € R x R"" with
x* + y* e bd* H", define

0, (g-h) = x,9, - X;gz +y1hy - J’;hz’
(56)

0, (g.h) = x,hy =X, + g1y, = 119,

forany g = (g,,9,)-h = (h;,h,) € RxR" ', andlet (g, h) :=
(0,(g, h),0,(g, h)). Then, comparing with (33), we can rewrite
the function ¢ as

e(g’ h) n
¢(g.h) = ﬂ_;___g, Vg.h e R (57)
VX1 T
Note that the Euclidean norm | - | is globally Lipschitz

continuous and strongly semismooth everywhere in R”, and
0(-,-) is a linear function. Then, (57) implies that ¢ is globally
Lipschitz continuous and strongly semismooth everywhere
in R” x R"” by [17, Theorem 19]. Also, the function ¢ is
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differentiable at (g, h) if and only if ¢(g, h) > 0. The following
lemma characterizes the B-subdifferential of the function ¢ at
the origin.

Lemma 11. For any given (x, y) with x* + y* € bd*&", let ¢
be defined by (33). Then, the B-subdifferential of the function ¢
at (0, 0) takes the following form:

EzTJ’z +&1x _J’lsz - Elsz

aB(P (0) 0) = >
Vi +y g+ x

_ngxz +&y xlsz ~ Elsz

bl
[ L2 .2 [2, .2
X1+ N X1 +tn

(&,8,) e Rx R™! satisfies Ef+||€2||2=1

(58)

Proof. Let wh,07) € 03¢(0,0). By the definition of the ele-
ments in 0zp(0, 0), there exists a sequence {(gk, 1)} in R” x
R" converging to (0, 0) with ¢(g, K*) > 0 such that

(' 07) = Jim 7 (", 1). (59)
By (57), a simple computation shows that such ", 0")

belongs to the set on the right hand side of (58). Thus,
059(0,0) is included in the set on the right hand side of
(58). In fact, & and &, in (58) are the limit points of
6:(g", K)/16(g", K1} and {6,(g", H)/16(g", KV)I}, respec-
tively.

Conversely, let (u”, v”) be an arbitrary element of the set
on the right hand side of (58). Then, there exists a (§;,&,) €
R x R"" with & + [|&,||* = 1 such that

Eg)’z +&x, -1& - &x,
Vi +y o xd g

(60)
—szxz +&n 6 -8y
Vet R
Take the sequence {(gk, W)} ¢ R" x R” with gk = (x,&/

k,=y&,/k) and H* = (3,&,/k, x,&,/k). Clearly, (6%, h*) —
(0,0) ask — 0. Also, by Lemma 5, it is easy to verify that

6, (¢".1) = 1 (x4 77) &

) (61)
6, (gk’ hk) % (xf + )/f)gz‘

This shows that go(gk,hk) > 0 and f(p(gk,hk) = (ul,oh).
Hence, (u”,v") € 05¢(0,0). Thus, the set on the right hand
side of (58) is included in dz¢(0, 0). O
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Now we may prove the equivalence between the B-
subdifferential of ¢y at a general point (x, y) and that of its
directional derivative function gb;B((x, ¥); (+,+)) at (0,0). This
result corresponds to that of [18, Lemma 14] established for
the NR SOC function ¢yy.

Lemma 12. For any given (x,y) € R" x R", let ygg(-,-) =
(x5, ); (). Then,

Opdes (%, ¥) = Opys (0,0). (62)
Proof. The result is direct by Proposition 9(a)-(b) and
Lemma A.lin the Appendix. O

Using Lemma 12, we may present an upper estimation for
Clarke’s Jacobian of ¢y at the point (x, y) with x* + y* €
bd" %", which will be used in the next section.

Proposition 13. For any given x = (x1,%,), ¥ = (yy, ¥,) with
x* + y* e bd* K", one has

g (%, ¥)

cflx i) ()

for u=(uy,u,),

v = (v,,v,) satisfying the inequalities

| < ]| < 1, fon] < o] < 1,

(ty = 0)) < [ty ~ vl iy +0)) < iy + v, &
(uy - v1)2 +|u, + v2||2 <2,

(u; + U1)2 + “”2 - UZH2 <2

(Lwy )u=0, (L@, )v=0,
(1,—@;)11 =2u,, (1,—1’172T)v = 2v1},

where X and Y are n x n real symmetric matrices defined as
follows:

X = — T >
V2w, \x; 2x,1 - w,x,

(64)

Y = 1 (yl y2~ T>'
2w, \y, 2y 1 -y,

Proof. We first make simplifications for the last two terms in
(32) by X, Y. Note that

X309, + 3 hy ( 0 )_ 1
2\ + 1 2+ 91

< ng+ yTh )
X
2x19, + g1%, + 210y + hy y,

w,

9
1 0
= - ; <52><0 xg)g
2x7 + )
1 0 r
r— 2(@)(0 )
2% + )
1 x;  x!
- 2 2 <x; 2x211>g
24/x7 + )7
o1 <y1 2 )h
24/x2 + 32 Y2 2l
=-Xg-Yh,
(65)

where the last equality is using w, = 2(x} + y?). Therefore,
from (32), we have

! h
1a (G ) (o) = (g +1) - PO (1) xg v,
Vg, h e R".
(66)

Now, applying Lemma 12, we immediately obtain that

Ogp (x, y)

{3 (L) 2

for u = (ul,uz),v = (U1>U2)

(67)
with (uT, vT) € 09 (0,0) } R
where, by Lemma 11 and the definition of Clarke’s Jacobian,

sz)’2 +&x ‘}’1ng - Elsz

b
2.2 2 .2
\/x1 P4 \/x1 N

>

a(P (0) 0) =

—Esz2+51)’1 xlsz—fU’zT
N R N R

(£,,&,) e Rx R"" satisfies & + ||52||2 <1

(68)

Let (u”,07) € 09(0,0) with u = (uy,u,),v = (v;,0,) €
R x R™. Then, it suffices to prove that such u and v satisfy
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all inequalities and equalities in (63). By (68), there exists a
vector (£,,&,) € R x R" with Ef + ||§2||2 < 1 such that

CHmtéix & -dix
N eI N e
xX1tn X1+t
. (69)
_Sx b & =&
o= 2, 2 i 2, .2
xX1+tn X1+tn

Using Lemma 5, it is immediate to obtain that
67+ 6 = (&) + Ex)” + 26387,
< [Blyt + g+ 28,
= [-»& - Ellelz (70)
&al77 + &t + &0 + &l

(Il + &) (7 +27) < xf + 51
This means that |u, | < [lu,|| < 1. Similarly, we also have |v;| <

lv,|l < 1. We next prove that (1, — 01)2 —lu, —v, I> < o. By
Lemma 5, it is easy to verify that

IN

(22 = 5) (1 + 1) = (362 + 32) (% = 31).»

2 2 )
(x1=21)" =[x = 2
Using the two equalities, it is not hard to calculate that
(u—v,)" - e, - Uz"2
2
B (E;F)’z +&x; + Eszz - 51)’1)
) X+t
72
B |=y18 = &30 — %165 + 51)’2”2 (72)
X+
2
_ (EzT)’z + £2Tx2) - ||52“2()’1 + x1)2 <0
) X+t )

Similarly, we also have (1, + v1)2 < lu, + v2||2. In addition,
we have that

(u; - vl)2 + |, + v2||2

2
(sz)b +&x; + Eszz - 51)’1)
X+

+ "_)’152 = &%y +x16, - El)ﬁ”z

X2+ y? (73)
(ff + "52"2) [()’1 - x1)2 + ||x2 + J’z"z]
B X+t
2@ ) ()
X+t o
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A similar argument also yields (u; + vl)2 + luy — v, I* < 2.
The last four equalities in (63) are direct by Lemma 5 and the
expression of u;, u,, vy, and v,. O

To close this section, we establish a relation between the
B-subdifferential of ¢y at a complementarity point pair and
that of ¢y at the corresponding point pair.

Lemmal4. Let (X,y) € R"xR" satisfyx € X",y € X" and
(x,y) = 0. Then,

Opdr (% 7) S Oprp (%, 7). (74)

Proof. Since (x,) satisfiesx € Z",y € #" and (x,y) = 0,
there exist spectral vectors u”,u” ¢ R" and nonnegative
real numbers A, A, and v;, v, such that

X = /\lu(l) + /\zu(z), Y= vlu(l) + vzu(z). (75)

Indeed, if X = 0 or y = 0, then the statement clearly holds.
If x#0 and y # 0, then the condition that X € #",y € &,
and (x,y) = 0 implies X,y € bd #". From Lemma 7, there
exists &« > 0 such that X, = —«y, and x, = «y,. Together
with the spectral factorizations of x and 7, the conclusion in
(75) follows. Since (u,u®®) = 0and [u™] = [u®] = 1/v2,
using (75) and (X, y) = 0 yields that A,v, = A,v, = 0. This,
along with the nonnegativity of A,, A, and v;, v,, implies

I R Gt R
x—f, y=

By the definition of ¢yg, we have ¢y (x, ) = (x+y)—y(x, y)
for x, y € R", where

[((x+y)+]x-y]] VxyeR"  (77)

0| =

v (% y) =

Comparing with the definition of ¢yp, we only need to prove
the following inclusion:

Opy (X, 7) € 0z (%, 7). (78)

For this purpose, let [U V] € 0zy(x,y). By the definition
of the elements in dzy(X, ¥) and Corollary 10(b), there exists
a sequence {(, yk)} c R" x R" converging to (x,y) with

¥ = xF — y* invertible such that

[U V] = lim fy (xk,yk)
k— o0
1 1 (79)
1 1 -1 Ly 4
= lim [2 (I+L|Ck|Lck) 5 (1 Llcleck)].
For each k, let & = (Ic"| + ¢)/2 and 7* = (Ic*| - M)/
2. Then, using ¢ = x* — y* and (76), we have that X* — x

and ¥ — Jask — oo. Also, z(Z5,75) = () =
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Ick|> 0. By Corollary 10(a), the function z(-,-) is continu-
ously differentiable at (x*, 7*) with

k k -1 -1
I2(25) = [Laemle Laesls]
(80)
-1 -1
= [T Laettcyz Lk Lact-coe] -

Together with (79), we have that [U V] = limk_)oofz(fck,
7). This shows that [U V] € 932(X, ¥), and the inclusion in
(78) follows. The proof is complete. O

4. Nonsingularity Conditions

This section studies the nonsingularity of Clarke’s Jacobian of
Epg ata KKT point. Let ({, X, 14,5, y) € R"X I xR xR"x F
be a KKT point of the SOCP (4), that is,

j(,xL (Z:Eﬁj)g,?) = 0, h (Z) = 0’

g(0)-%=0 Fehy®.

(81)

Taking into account that —y € /5 (x) if and only if x and y
satisfy

X eHh, yexh, (%,7,)=0, j=12..r
(82)

we introduce the following index sets associated with X and

y:
Tio:=1{jlx; eint. %™, 3, =0},

Jor=1{j1%;=0, 3; e int %"},

Jop:=1{j 1%, 7; ebd" "},
(83)
Too = {j 1 X; ebd" %™, ¥, =0},

Jop = 1{j 1% =0, ¥ ebd "},

]00:={j|§j=0’ 7]':0}-

From [19], we learn that the above six index sets form a
partition of {1,2,...,r}.

First of all, let us take a careful look at the properties of
the elements in d¢pp(X;, ;) for j € Jpy U Jop, as stated in the
following. The proof of Lemma 15 is given in the Appendix.

Lemma 15. For (X,y) satisfying (82), let [U; V;] € 0¢pg(x;,
¥;) for each j. Then,

(a) when j € Jp, there exists an n; X n; orthogonal matrix
~ ! .
Qj=lg; Q; q;] with
x
~ j2
'2>’ T
x|

(84)

BN
<

1]
5l
\9)
~—
\.}.“ —_
~
N——
B
~ ~

1]
Sl-
3]

|
K=
.

1
— T _ T
such that U; = QijQj, Vi = QjAjQ]., where D;
and A ; take one of the forms
D;=0, A;=I, Q=1
Dj=diag(0,0,...,0,1), Aj=diag(1,1,...,1,0);

D; = diag(0,0,...,0,1 ~uj),

1 0 0
A= 0 X I TA 0
0 _EU]Q] 1_U]'1

(85)

: n;—1
Wlth u.j = (ujl,uj'z), Uj = (Ujl,vjz) € R X R 7
satisfying u;;,v;; < 1,

(b) when j € Jop, there exists an n; x n; orthogonal matrix
Q= [q]' 6;’ ‘J;] with

B N A
TR\, TR T
(86)

such that U; = Q;D;Q}, V; = Q;A;Q}, where D;
and A ; take one of the forms

D,=1, A;=0, Q;j=I

Dj:diag(l,l,...,l,O), Aj:diag(0,0,...,O,l);

(87)
1 0 0
Dj _ 0 . I TA 0 ’
0 —$Mj Q; l-uy (88)

A = diag (0,0,...,0,1 - v;,)

with u; = (uj,up), v

— n;—1
hu i = (V) € RxRY
satisfying u;;,v;; < 1.

The following proposition plays a key role in achieving
the main result of this section.

Proposition 16. For (X,y) satisfying (82), let [Uj Vj] €
Oppp(X;, ;) for j = 1,...,r. Then, for any (Au);, (Av); € R,
it holds that

Uj(Au)j + Vj(Av)j

(Av)j =0, if j €l
(Au); =0, if j€Jop
=0 = { (Aw);,7,) = 0,((Av),X;) =0, if j € Jpp
(Au); € R(?jp_yjz)’ if j€Jop
(Av); € R(Ejh_sz)’ if j € Jgo-
(89)
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Particularly, for each j € Jgg, the following implication also
holds:
U;(Au); + V;(Av);
7]’1 2 2
(A, (av);) = ;_,1 (@} - Jaw,l),
=0 > !

(w; (Bv);) = = ((Awﬂ [av),[).
(90)

Proof. Throughout the proof, let w; = ?3 + }i and z; = \/5

j
for j = 1,2,...,r. We prove the conclusion by discussing five

cases as shown in the following arguments.

Case 1 (j € Jp). In this case z; = X; € intF".
From Corollary 10(a), it follows that the function ¢pp is
continuously differentiable at (x;, y ;). Therefore,

Oges (%5,7;) = {79 (3,7}

([ 1k 1120 )

{lo 1}

(o1

Then, Uj=0 and V=1 Together with Uj(Au)j + Vj(Av)j =
0, we get (Av); = 0.

Case2(j € Jy;)- Using the same arguments as in Case 1readily
yields (Au)j =0.

Case 3 (j € Jpp). Nowx; € bd" %" and y; € bd"Z™. By
(82) and Lemma 7, there exists p; > 0 such that X;; = p;y
and xj, = —p;¥ ;,, and consequently,

_ 2(1+p0) 7,
w; = (

€ int %",
1- P?)7jl712>
z:((“PJ‘)El) %47,
PN(-p)75

From Corollary 10(a), ¢ is continuously differentiable at
(Ej,ij), and hence

(92)

-1 -1 -1
Up=I-LZLg = L7 Lz 5 = L7L;,
1 1 (93)
Vi=I-L Ly =L L 5 = L7 Ly

L;}_(Av) j = 0, and consequently,

0 implies that L;,(Au)j +
J

(x;(Av), + xfz(Au) )+ (v 1 (Bu) ;) + 7}2(Au) ) =0,
(94)

(Xp(80);, +%;,(A0) ) + (7o (Aw)jy + 5y (Aw) ) = 0.
(95)
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Making an inner product with 7]‘2/ ||7j2||, we have from
Xpy; € bd* %" and Lemma 5 that

- (%ju(80);; + %, (M) ) + (7, (Aw);, + Ty (Aw) ) = 0
(96)

Together with (94), we have ((Au)]-j].) =0and ((Av)j,Ej) =
0.

We next prove the implication in (90). By the expressions
ofz;,Uj, and V),

Uj(Au); + V;(Av); = 0

— =T — —T
— [Zﬂ yfz](Au) [xﬂ ](Av) -0
Vi ¥V I 437 ]11

- T
:»[Zﬂ yﬂ](Au) 2 [yﬂ _yfz](Av)]-:O
Vi Yl Y L7V il

[ y]Z y]l ](AU)]ZO
j1

(Av) (A \ |
[ yJZ yJII] [y . ((Av)ﬂ) * ( (A”)j; ):| =0

(97)

= [7]‘2 i ](A”) +y

where the second equivalence is due to X;; = p;y i and X, =
—p;j¥j-Sincetherankof [y,  ¥;;I]isn;—1, the dimension
of the solution space for the system [y, ;1 1¢ = 0 equals
1. Note that y; is a nonzero solution of this linear system.
Therefore,

(Av) —(Au); -~
<(AU)]2> + < (Au)jil) =cY; for some c € R. (98)

Making an inner product with (Au); for the equality and
using ((Au)j,yj) =0, we get

E 2
== ((Aw)j, (M) ;) = (Awy = Aw) o] (99)
Vi

Using the similar arguments as above and noting that
<(Av)j,§j> = 0, we may obtain

(0 a0),) = @0y - o' a00)
j1

The last two equalities show that the implication in (90) holds.

Case 4 (j € Jyp)- By Lemma 15(b), there exists an n; X n;

= _ T
[q]- Q; qj] such that U; = QijQj
andV; = QjAjQ]T, where q; and q} are given by (86), and Q;
and A j take one of the form in (87)-(88). Thus, we have

orthogonal matrix Q; =

Uj(Au); + V(Av); = 0 < D,Q; (Au); + A ;Q; (Av); = 0.
(101)
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When D;=1 and Aj=0,we have Q]T(Au)j = 0, and then
(Au)j = 0. When D, and A take the form in (87), we have

T
[é{l"] (Au)j = 0. Consequently,
j

0
l4; Q 4}] 0

(Au); = Q;Q; (Au); =
J A ] (q;)T(Au)j

(102)

NT
(@) @, 7]

\/57].1 -y 2

where the last equality is using the definition of q;.. When D;
] (Aw); = 0.

Using the same arguments as above, we have that (Au); has
the form of (102). Thus, we prove that (Au)j € R(yﬂ, _71'2)'

T
and A j take the form in (88), we also have [ éﬁr

Case 5 (j € Jgy). Using Lemma 15(a) and following the same
arguments as in Case 4, the result can be checked routinely.
So, we omit the proof. OJ

The following lemma states an important property for the
elements of Clarke’s Jacobian of ¢y at a general point, which
will be used to prove Proposition 18.

Lemma 17. For any given (x,y) € R" x R", let [U V] €

O¢ppp(x, ). Then,

UAu+VAv =0 = (Au,Av) <0, VAu,AveR". (103)

Proof. Since [U V] € 0¢pg(x, y), by Carathéodory’s theo-
rem, there exist a positive integer x and [U" V'] € Opdrg(x, ¥)
fori = 1,...,x such that [U V] = Y, ,[U’ V'] where
7,20,i=1,.. Kanlel 7; = 1. For each i € {1,...,x},
by Corollary 10(a) and the definition of the elements in
OpdPrp(x, ¥), there exists a sequence {(xik,yik)} in R" x R"
converging to (x, y) with z'* = z(x, y*) > 0 such that

(U V] = Jim 7 en (%)

(104)
= lim [I-LLa I-L L.
Consequently, for any Au, Av € R”, we have that
(I-U)Au+(I-V)Av
(105)

K
:lengO; ( i L i Au+L,kLyxkAv).
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From the continuity and convexity of the Euclidean norm |- |
and Lemma 4, we get
I-U)Au+I-V)Av|
< lim Zr (L LaAu+ L L sa0)|  (106)

lAul? + [ Av],

Now assume that UAu+V Av = 0. Then, by the last inequality,
we get the result. O

Proposition 18. For (x,y) satisfying (82), let [U V] ¢
O¢ep (X, ). Then it holds that

Ulu + VAv = 0 = (Au, Av)

< iY@ (7]., (Aw);) VAu,Av e R", (107)
j=1

where, for any given ® € R", Yo, : R" x R" — R is the

linear-quadratic function:

Ejl 1 0
_ ] = ( )q,zf(D e bdtx",
Yo, (&) =1 @ 7 !

0, otherwise.
(108)

Proof. Fix any Au, Av € R". Since U = diag(Uy,...,U,) and
V= diag(Vy,...,V,) with [U; Vj] € 0¢gp(x;, ;) for j =
1,2,...,r, we may rewrite UAu + VAv = 0 as

Uj(Au)j + Vj(Av)j =0, j=12,...,r (109)

From Lemma 17 and (90) of Proposition 16, it then follows
that

(Au, Avy < Y ((Au);, (Av);)
j€lB

5 (10)
= ¥ i - Jewel ']

j€lpg 1

In addition, by the definition of Yo, Yz, (y;») =0forall j e
Jio U Jor U Jo U Joo since X; ¢ bd" ™, and Y5 (¥;,) = 0
for j € Jpy since y;; = 0. This means that

Y (5pw);) = Y X5 (7 (Aw);)
j=1

j€le

(111)
-y iﬂ [, ~ 2w,

j€lps 71

From the above two equations, we immediately obtain the
desired result. O
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Before stating the main result of this section, we also need
to recall several concepts, including constraint nondegener-
acy, Robinson’s constraint qualification (CQ) (see [20]), and
the strong second-order sufficient condition introduced in [7,
Theorem 30]. To this end, let w = ({,x) € R*" and define
fiR™ - RA:R™ - R™, 5:R" — R"by

h(0) )

F@=1©, hw:= <g(0—x 5@ =x.

(112)

Then, we may rewrite the nonlinear SOCP (4) succinctly as
follows:

min f(w)
st. h(w)=0, (113)
G(w) e X.

Definition 19. A feasible vector w = (Z, x) of (4) is called
constraint nondegenerate if

jw;l (w) 2n {0} > _ <Rm+n>
<fw§ (@) R <lin (T % (X)) N L)

where lin(7 4(x)) is the largest linear space of I 4 (%), that
is, in(7 (%)) = T (%) N =T ().

Definition 20. Robinson’s CQ is said to hold at a feasible
solution w = ({, x) to (4) if

oem|(5@)+ (Faw) - (%)} o

which, since # is a closed convex set in R", can be
equivalently written as

(R (%))

Clearly, the constraint nondegenerate condition (114)
implies Robinson’s CQ (116). If w = ({, X) is a locally optimal
solution to (4) and Robinson’s CQ holds at w, then there exists
a Lagrange multiplier (14,5, ¥), together with w, satisfying the
KKT conditions:

T L(GEBST) =0, h(C)=0,

g(Q)-x=0 Fesy®.

In the sequel, we let A(w) denote the set of Lagrange
multipliers satisfying (117).

Let ((,%, 1,5, Y) € R" x # x R™ x R" x % be a KKT
point of the SOCP (4). From [7, Lemma 25], it follows that
the tangent cone of # at x takes the form of

117)

Tq @ ={deR"|d; e X" for j € Jo; UJop U Joos

dJT (Ejl,—ijz) >0 for j e JggU ]BO} ,

(118)
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which implies that the largest linear space in 7 4 (x) has the
following form:

lin (7 o (%))
={deR"|d;=0for je ], UJopU Ty s (119)
d; (%;1,—%5) = 0 for j € Jpp U Jpo} -

We next recall the critical cone of problem (4) at a feasible «°
which is defined as

‘g(wo) = {d eR™| 7,h (a)o)d =0,
TG (@) d € T (3(<")),

77 (@) d <0},

(120)

The critical cone €(w") represents those directions for which
the linearization of (4) does not provide any information
about optimality of w” and is very important in studying
second-order optimality conditions. Particularly, if the set of
Lagrange multipliers A(w”) at the point w° is nonempty, then
% (w®) can be rewritten as

€ (wo)
={deR" | g,h(0")d =0, (121)
_ — 1
Fog(0%)d € T (3 ()0 ()},
where yo € Aw®) and ( yo)l means the orthogonal comple-
mentarity space of y°. Now let (1,5, y) € A(@). Then, using
g(w) = X and the expression of I 4 (x), we have that
€ @)= {deR™| 7,5;@)d=0for jeJy,
JoG; @d R, (¥,-7;)
for j € Jyp
(Fod;@)d,y;) =0 for j € Jpp,

Jodj(@)d e Z" for j € Jy,

(122)

(703 @d) (Xj.-%) 2 0
for j € Jgys
Jh@)d =0}

Definition 21 Let @ = ({,%) be a stationary point of the
SOCP (4) such that A(w) = {(#, s, ¥)}. We say that the strong
second-order sufficient condition holds at w if

(470, L ((XR5T)d) + (d.H(@5)d) >0,
vd € aff ( (@) \ {0},

(123)
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where H@,7) = Y., Hj(@,7) € R*™ with H;(@,7) €
R¥>?" defined by

H;(w,)
Yo _ (10 I
—E—ﬂfng(w)T <0 _I>fng (@), if j € Jgg U Jpos
j1
0, otherwise,
(124)

and aff(¢(w)) denotes the affine hull of €(w) and is now
equivalent to the span of €(w):

aff (€ ()
={deR™| F,h(@)d=0;7,5@d=0for jeJ,,
(Fu3; @ d,y;) =0 for j € Jgp,

Jo9; (@)d € R(yjl,—yjz) for j e JOB},
(125)

Now we are in a position to prove the nonsingularity
of Clarke’s Jacobian of Ep under the strong second-order
sufficient condition and constraint nondegeneracy.

Proposition 22. Let ({,X,[,5,7) be a KKT point of the
nonlinear SOCP (4). Suppose that the strong second-order
sufficient condition (123) holds at w = (Z, X) and w is con-
straint nondegenerate, then any element in 0Eys((, %, 1,5, 7)
is nonsingular.

Proof. Since the nondegeneracy condition (114) is assumed

to hold at ({,x), from [21, Proposition 4.75], we know that
Aw) = {5, y)}. Then, by the definition of L and g,
the strong second-order sufficient condition (123) takes the
following form:

(&7 Cm9)E) - (A ET) >0,
VY (&7) € aff (€ (@)) \ {(0,0)},

(126)

where I, ¢ 5) == f(§) + (@, h(D) + (g(0), ) and H(x, ) =
Yo Hi(%,7) € R™" with

Yi <1 0) .
IT (— — —— > f u 5
Hj(%7) =1 X, \0 -I £ €TV (197
0, otherwise.

Let W be an arbitrary element in 0Epy((, X, %, 5, ). To prove
that W is nonsingular, let (A, Ax, Ay, As,Ay) € R" x R” x
R™ x R" x R" such that

W (AL, Ax, Ay, As,Ay) = 0. (128)
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From the expression of Epg, we know that there exists a
[U V] € 0¢pg(x, y) such that

el (LRI AT+ 7ch(D) au+ Fg(0) s

—As— Ay
Feh ()AL =0, (129)
79 (0) AL - Ax
UAx +VAy
where U = diag(U;,...,U,) and V = diag(V,,...,V,) with

[U; V;] € 0¢pp(x;,y)) forall j = 1,2,...,7. The last system
can be simplified as

(T E5) AL+ 7h(D) A~ 7,9(T) Ay
Tch(C) A =0.
UZ:9(0) AL +VAy
(130)

By the second and the third equations of (130) and (89), we
get

Jh(Q)A =0,

(jfg (Z) A()j =R (7]‘1’_71'2) , for j € Jop,
- (131)
(o @), -0, o€
<(j(g (Z) AC)]77]> = 0) fOr ] € IBB.

Comparing with the definition of aff(¢(w)) in Definition 21,
it follows that
(AL, 709 (D) AY) € aff (% (@) (132)

From the first and the second equations of (130), it is not hard
to verify

0= (80731 (T535) 80+ 7h(T) - 709(2) )
= (80751 (G3) A0) = (Feg (§) A%, y),

(133)
which, together with the third equation of (130) and
Proposition 18, implies that

02 (88, 75 (G5) A0) = X ¥s, (7 g (£) A2).
=1
] (134)

This, together with (132) and (126), yields that A = 0. Thus,
(130) reduces to

fch(f)TA# -7 cg(Z)TAy = 0.

135
" (135)

From the second equation of (135), we have Vj(Ay) i =0
for j € Jgg. In addition, by the arguments for Case 3 of



16

Proposition 16, V; = L;ng for j € Jzp, and so sz(Ay)j =0
)

j
single eigenvalues 0 and 2x;; as well as the eigenvalues X,
with multiplicity n; - 2, and (1, =X ,/x ;) is the eigenvector

corresponding to eigenvalue 0. Thus, from Lz (Ay); = 0, we

for j € Jgg. Since x; € bd" #" for j € Jgp, Ly, has the two

deduce

(Ay); € R(xj,=Xj,), for j € Jgp, (136)
By the second equation of (135), we use Proposition 16 with
Au =0, Av = Ay to yield

(Ay); =0, for j€Jy,
(137)
(Ay); € R(Ejl,—sz), for j € Jg,.

Using the constraint nondegeneracy condition (114), we know
that there exist a vector (d;,d,) € R" x R" and a vector v €
lin(7 5 (x)) such that

Fh(Q)dy =0 Frg(Q)dy —dy =-Ay,

(138)
d, +v=-Ay.
Since v € lin(J (X)), from (119), it follows that
v; =0, for j € Jo; U Jog U Joo»
(139)

T~  — .
v (le’_ij) =0, for je€ JpgUJp.

Combining the last four equations with the first equation of
(135), we obtain

(Aw, Ap) +2 (Ay,Ay)

= (Zh(§)ddu) - (Frg () d - dan By)

~(d, +v,Ay) (140)
= (dy, 7h(D) d - 79(Z) By - (w.)
=-(v,Ay) =0.
Thus, A = 0 and Ay = 0. Along with A{ = 0, we show that
W is nonsingular. O

Note that —y € W 4(x) if and only if —x € W 4(y).
The KKT conditions in (7) can be equivalently written as the
following generalized equation

jC,xL (C X5 U S, }’) N gosgen (€, %)

h(0) N (1)
R TS R B O T K
x N (¥)

which is clear in the form of the generalized equation given
by (29). Now using Proposition 22 and [9, Theorem 3.1], we
may establish the main result of this paper, which states that
Clarke’s Jacobian of Epy at a KKT point is nonsingular if and
only if the KKT point is a strongly regular solution to the
generalized equation (141).
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Theorem 23. Let ({,X) be a locally optimal solution to the
nonlinear SOCP (4). Suppose that Robinson’s CQ holds at this

KKT point of (4). Then the following statements are equivalent.

(a) The strong second-order sufficient condition in

Definition 21 holds at (Z,E) and (Z,E) is constraint
nondegenerate.

(b) Any element in 0Ezg((, X, U,s,y) is nonsingular.

(c) Any element in BENR(E, X, i, s, ¥) is nonsingular.

(d) (, %, 15, 7) is a strongly regular solution of the gener-
alized equation (141).

Proof. First, Lemma 14 and the definition of Epy and Eyy
imply the following inclusion:

OEywr (Z’ X, s 5, ?) C OEpy (Z) X, U, S, ?) . (142)

Using this inclusion and Proposition 22, we have that (a)
= (b) = (c). Since the SOCP (4) is obtained from (1) by
introducing a slack variable, we know from [9, Theorem 3.1]
that (a) © (c) & (d). Thus, we complete the proof of this
theorem. O

5. Conclusions

In this paper, for a locally optimal solution of the nonlinear
SOCP, we established the equivalence between the nonsin-
gularity of Clarke’s Jacobian of the FB system and the strong
regularity of the corresponding KKT point. This provides a
new characterization for the strong regularity of the nonlin-
ear SOCPs and extends the result of [22, Corollary 3.7] for
the FB system of variational inequalities with the polyhedral
cone R} constraints to the setting of SOCs. Also, this result
implies that the semismooth Newton method [5, 6] applied
to the FB system is locally quadratically convergent to a KKT
point under the strong second-order sufficient condition and
constraint nondegeneracy. We point it out that we have also
established parallel (not exactly the same) results for SDP case
in [11] recently. However, it seems hard to put them together
in a unified framework under Euclidean Jordan algebra. The
main reason causing this is due to that the analysis and
techniques are totally different when dealing with the Clarke
Jacobians associated with FB SOC complementarity function
and FB SDP complementarity function.

Appendix

Lemma A.l. For any given x = (x,,%,), ¥ = (¥, y,) with
x* + y* e bd* H", it holds that

Opbep (X, ¥) = Oy (0,0)
with Yg () = ¢ (5, )5 (57)).

Proof. We first prove that 0gyp(0,0) <€ Ogpp(x, y). Let
[U V] € 05ygp(0,0). By the formula (32) and Lemma 11,

(A1)
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there exists a vector (§;,&,) € R x R"! with Ef + ||£2||2 =1
such that u and v defined by (60) satisfy

U:I—X—1< 1~>uT, V:I—Y—l( }.>UT,
2 \~Ww, 2 \~Ww,
(A.2)

where X and Y are defined by (64). Take the sequences {x*}
and {y*} with

1 1
X+ Exlfl Nt E)’lfl
x = ] , y = (A.3)
Xy = E)’lfz Nt Exl‘fz

Let w* = (wlf,wlg) = (xk)2 + (yk)z. By Lemma 5, a simple
computation yields that

wI; = <1 + Ek—1>w2,

A, (wk) =1, (w) +O<%).

2 2
A, (wk) _ x1;)’1’

(A4)

Clearly, 25 = Vwk € int #". From Corollary 10(a), it then
follows that

Jim 7 gy (x5 yF) =1~ Jim LiL,
(A.5)

. ko kY _ -l
klgréojy(/)FB (x , Y ) =1- lel’I;OLZkLyk.

Let E’Z( = wlz‘ / ||w12‘ |. Using the formula (19), we have that L;,} =
L(w’f) + L(w];), where

ne) - ——( L <(>))

244, (wk) W, W, (W,
L, (wk)
1
2 \Mz (wh)
! ()"

| g @)
SR N s

(A.6)

Since A, (W) — 0, 4,w®) — 2w, > Oand@’zc — 1, as
k — 00, it follows that

—T
! (i ) ~T)L,C=X,
22w, \ W, 41 - 3w,w,
T

1 1 w
lim L, (W)L x = 2 L. =Y,
Jim L (w) L s 220, (wz 41—3&7@5) y

Jim 1, (W)L =

(A7)
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where the last two equalities are using Lemma 5. In addition,
we compute that

Ly (W) Ly = % ( Lik JEIZ(,()T) = <_;§) (uk)T,

U W, Wy \U,
k |3
k 1 U U, (1 T
L, (w )Lyk = 5 (_U,fw]; —LAJI;(U];)T> = (_w}2c> (U ) N
(A.8)

where uf = (u’f,u;‘),vk = (U’f,v’;) € R x R" are defined as
follows:

T_
M-(k) @ A-ddab
ul = 5 uz = >
Ay (wf) Ay (W)
. (A9)
W -04) @ ¥ - T,
Ul = N ’Uz =
Ay (wf) Ay (W)

Together with the definition of x* and yk and (A.4), we can
verify that

. k ok . ko k
kll»n;o (ul,uz) =u, kl:rrgo (vl,vz) =0. (A.10)
Thus, the above arguments show that
lim 7. ¢ (xkyk):I—X—l ! u's
L Prp \ X 2\—w, )%
(A1)

. kK k 1/ 1 T
klirréojy¢FB(x >y ) =I-Y- 5(—&72)1) .
Comparing this with (A.2), we have [U V] € Og¢pp(x, ¥).

S0, Op¥gp(0,0) < Opppp (%, ¥).
In what follows, we show that dgdpg(x, ¥) € Ogye(0,0).

Note that x* + y2 € bd" #" is equivalent to (x, y) # (0,0) and
llxl? + ||y||2 = 2|lx;x, + ¥, ¥, |, which is equivalent to

(eal = 2l + (I = al)®
2 (bl [l + [l 2l = Ixaxz + 71320 = 0.
(A.12)

Hence, x* + y2 € bd" #" is equivalent to saying that x =
(x1,%5), ¥ = (1, y,) satisfy

bl =l Inl =1l

- (A.13)
XXy Yo = |x1| |)’1| ||x2|| "J’ZH’ (%, y) #(0,0).

This means that x, y must satisfy one of the following cases:
(i) x = ay for some & € R and y* € bd"#"; (ii) y = x
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for some f € R and x* € bd*#". Since ¢y and yyp are
symmetric with respect to two arguments, we only need to
prove one of the two cases. In the following arguments, we
assume that x = ay for some & € R and y* € bd*%". Noting
that y, # 0 since y* € bd" %", we without loss of generality
assume that y; > 0. From (32) and Lemma 11, it is not hard to
see that

9V (0,0)

(e 2]

_“51)72)
V1 + a2

52T)72 +ag, ¢,
V1 + a2

for some u = (

v:(_“EZTyz”LEl 0‘52—51}72)
Vitez  Vi+a?

with & = (£,&,) satisfying &;

(A.14)
el =1,

where ¥, = “;—2" and
2

the n x n symmetric matrices X and Y

are defined by (64) } .

Let [U V] € 0g¢pp(x, ¥). By the definition of the elements
in Ogpp(x, ), there exists a sequence {(xk, yk)} with wf =
(xk)2 + (yk)2 € int %" converging to (x, y) such that [U V]
lim, , o, bep(x", ). From the arguments for the first part,
we know that

(A.15)
V=I-Y- lim - (_L > <v’f,(vlzf)T> )
— 00 )
with u* = (u’f, u];) and v* = (v’f, v’zc) defined by (A.9). Thus, in

order to prove that [U V] € 0gypg(0,0), it suffices to argue
that the following limits:

T _ _ _ _
lim (uk uk) _ & rady & - k7,
koot U2 Vit T Vit a?
. (A.16)
ko [ eE T +E aE -E
li)m (vl,v2)= 222 5 L =2 122
k—oo V1+a V1+a
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hold for somef = (21,22) with Ef + IIZZII2 = 1. We proceed the
arguments by two steps.

Stepl Toprovehmkqoo((((xu v ) +||ocv2 —M2|| Y/ (1+a?)) =
1 (taking a subsequence if necessary) For each k, by the

. ko k ko koo
expressions of u7, u,, and v}, v, it is easy to see that

ko k)2 k k||%
(ocu1+vl) +||ocv2—u2||

1+a?

i [(ocxlf + yic) - ("‘xlzc + yi()T@JZC] (A.17)
(1 + 062)/11 (wk)

2

[ R Rl |
rad)h (W)

where 5’2‘ = w’;/llwzll and w]; =
elementary computation yields that

[(vcx’fw’f)—(ocx’z‘wi‘)Tﬂ)?]Z

+ a0y = 5) ~ (

2||x x2 + )’1)/2” An

“)’1 —x ”

= (1 + (xz) A (wk - "y2 + (xx2|| (A18)

2
[(ands + y8)" (it + y0%)]
(BRESS +y1y2||

From the last two equations, we immediately obtain that

(o + 0F) + ok — ol
1+ a?
DAl
T T Urad)n, (W) (A.19)

. [(ouch + 5% )" (k + ylyk )]

(1+a?)A, (wh) ||x x2+y1y§|| '

This shows that, in order to achieve the result, it suffices to
prove that

e’ (ot + o) (sbat - /)]

lim = 0)

koo |4y (wf) Ay (w*) [t +)’1)/k”
(A.20)
which is equivalent to arguing that
ko k
Q) (A.21)

k=oo) ) (wk) ”x’fxz + )’1 V2 ”
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with
Q.5 = ok + i b + oA

(A.22)

2
(s ) (s 8]

An elementary computation yields that
Q (xk’ yk)
Ay () ks + A1
2
[T - ()4 ]
Ay () g + i1
(s =) [T - (G554 ] 22 o)

ek + yEAT [ (k) = k)]

(xlf - 0‘)’1

(A.23)

By the expressions of w]f and w’zc , we compute that

T = (G 4+ (O AT
#2 () + =) (02 + A

k k( K\T &k
—8x1y1(x2) Y2
(A.24)

Substep 1.1 (e > 0). Since y; > 0 and x; = ay; > 0, we have

x¥y* > 0 for sufficiently large k. In addition, from (A.24), it
is not difficult to obtain that

2
() =il = (G- 1) +(00)
# 2yt = sl A1)

+ 2'|x1y2 ylxz"

- A)

et 1A - ()]

> 8x,y) [lezll 5] - ( ]
(A.25)
Together with (A.23) and x’f yf > 0, we have that
Q( ")
A () b+ I
(A.26)

_ G- o) [ AT + () 4] 22 ()

8xl)’l ”x xz + )’1)’12(”
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Taking the limitk — oo to the inequality, we obtain the limit
in (A.21).

Substep 1.2 (« < 0). Since y; > 0 and x; = «ay, < 0, we have
xFyk < 0 for sufficiently large k. Now, from (A.24), it is easy
to obtain that

)+ (01)

(o) - ekl = (<))

# 2yt + s Al

)

+ 2||x1y2 + ylxz ”
- by sl 4] + (+4) 58]

2 syl [P A+ ()54

(A.27)
Together with (A.23) and x*y¥ < 0, it follows that
ko k
X
0< Q( 4 )
Ay () g + il
(A.28)

(xlf —06)/1
<

(A - G5 4] % ()

2
leyl ||x x2 + J’1J’§"

Taking the limit k — oo to this inequality, we readily obtain
the limit in (A.21).

Substep 1.3 (o = 0). Now we must have x]f > 0 or x]f <0

for sufficiently large k. Then, using the same arguments as in
Substepss 1.1 and 1.2, we get the limit in (A.21).

Let u = (u,u,) = limk%muk and v = (v,0,) =
limy _, o, v* with «* and v* defined by (A.9).
Step 2. To prove that ocu2 + au, y, + vy + vy, = 0. By the
expressmn of u and o, it is easy to verify that (u’;)Twlz‘ —ull‘
and (vz) w2 —v1 which implies that
(A.29)

T- _ T-
Uy Yy, = —Uy, U, ), =~V

By (A.29), we can verify that [lou, + au, ¥, + v, + v, 75| = 0is
equivalent to [, + v,]|* = (au, +v,)*. From Step 1, we have
that (au, + vl)2 + v, - uzll2 = 1 + &*. This implies that, to
prove that au, + au, J, + v, +v, ¥, = 0, it suffices to argue that

] + o] = 1. (A.30)

2 2
Indeed, noting that ||x12‘ - x’fﬁzn + ||y§ - yffﬁgll = /\l(wk),

we readily have that

"J’z )’1 w, "
A (wk)

k k~ ||
| - xi@|

X (@) b

ol + ool = lim
[e¢]

(A31)
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Now let &, = (au; +v)/V1+aZ and &, = (aw, — u,)/

-2 = 3
V1 +a? Clearly, & + [&,] = 1. Also, using the results of
Steps 1 and 2 and (A.29), we can verify that

T _ — -

" = &, 7, +ad, " = & —adyy,

e T ik -
T _ = - :

v = -, ¥, + &, v, = o) - &7,

e T Vire

This, along with (A.15), implied that [U V] € 0gypg(0, 0)
The result then follows.

I'Jroo{ofLemma 15. Letw; = Ej/IIE]-II with w; =
j=1...,r

(a) Since X; € bd" %™ and y; = 0, we have @, = X 5. By
up) € Rx R

(7 +773) for

Proposition 13, there exist some uj; = (u
andv; = (vj;,v;,) € R x R"~" such that

jr

1/ 1 % 1
U =I1--|_ 12~>——’.uT,
/ 2 (sz ZI—szx]T2 \/qu J

(A.33)
Vi=1I- %q}v}{
where
pl < fupl <1 Jon] < o] < 1
(= v31) < Jue = vz
(e + ;) < Juj + 01
(5~ v32) + [ +vp <2, (A34)
(0 +00) + [ —va <2,
qfuj =0, q]Tuj =0,

(‘l;)T”j = Vau, (q;)T"j = Vau.

ZT
It is not hard to verify that the matrix I — (1/2) < 2 )

21-x sz
has eigenvalue 0 of multiplicity n; — 1 and a smgle elgenvalue

= (9
- ( Y )
© Unj—z
are any unit vectors that span the linear subspace {0 € R |
BTTCJ-Z = 0}. Let Q; = [4; & ~ @ 4; |. Then such Q; is an
n; x n; orthogonal matrix satisfying

1, with the corresponding eigenvectors being q;, g;

forj=1,...,n; -2, and q;, respectively, where 7, ..

7

1/ 1 %
1——(~ e ~T)=Qjcliag(o,o,...,o,1)Q;F.

2\Xj, 2I- XX,
(A.35)
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Together with (A.33), we obtain U; = QijQ]T and V; =
Q;A jQ]T, where

D; = diag (0,0,...,0,1) - 7QTq;u]TQ],
(A.36)
Aj=1- _QTq;”JTQ

V2
Using the equalities in (A.34) yields u]TQj = (0, u;.r(jj, \/iujl),
and quj = (0, ujT(’jj, V2v,) with Q; = [@ = d,2] €
R"*"72), Along with Q]Tq; =(0,0,...,0,1)T, we have that

0 0 0
Dj _ 0 X 0 TA 0 ’
0 —$Mj QJ 1- ”]1
(A.37)
1 0 0
Aj _ 0 1 0
0 —TU]Q 1-
Since |”j1| < ||u]-2|| < 1, |Uj1| < ||vj2|| < 1and |M]-1 +

;| < V2, there are exactly three cases for the vectors u jand
v; satistying (A.34): () uj; = Lvy <L Q) uy <Ly =1
(3) uj; < 1,v;; < 1. We next proceed the arguments by the
three cases.
Case 1 (uj1 =L < 1). Now we have ||u | = V2. From the
equality (g j) uj= \/f in (A.34) and ||lq jII = 1, we deduce that
= \/Eq;., and hence u]T/Q\j = 0. In addition, from the last
two inequalities of (A.34), IIuj||2 + ||vj||2 < 2, which together
with ||uj||2 = 2 implies v; = 0. Now plugging u?aj =0,uj;
L,v; = 0 into (A.37) yields D;=0 and Aj=1 Therefore, Q;
can be taken as an identity matrix.

Case 2 (uj; < 1,v;; = 1). Under this case, since (q;.)ij =
V2, o] =
in Ease (1) then yields vjr(jj = 0 and u; = 0. Now plugging
vaQj =0,v;; = L,u; = 0into (A.37), D, and A become the
one given by (85).

V2 and ||q;|| = 1, using the same arguments as

Case 3 (uj < Lv

i1 < 1). By the expressions of D; and A ;,
we calculate that

D;A’ + A ;Dj
0 0 0
_| 0 _%GJT”J
0 G 2(1-uy) (1-0) + wIQQ,

(A.38)

Since [U; V] € Obpp (x;y j), the definition of the elements
in aquB(}j,yj) and the proof of [3, Lemma 6(b)] imply that
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UjVjT+VjU].T > 0,and hence DjA§+A jD]T > 0. Thus, the zero
diagonals imply uJT@ ; =0,and D;and A ; have the expression
of (86).

(b) In view of the symmetry of x and y in U; and V, the
results readily follow by using similar arguments as in part
(a). Thus, we complete the proof. O
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