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We study a generalized KdV equation of neglecting the highest order infinitesimal term, which is an important water wave model.
Some exact traveling wave solutions such as singular solitary wave solutions, semiloop soliton solutions, dark soliton solutions, dark
peakon solutions, dark loop-soliton solutions, broken loop-soliton solutions, broken wave solutions of U-form and C-form, periodic
wave solutions of singular type, and broken wave solution of semiparabola form are obtained. By using mathematical software
Maple, we show their profiles and discuss their dynamic properties. Investigating these properties, we find that the waveforms of

some traveling wave solutions vary with changes of certain parameters.

1. Introduction

In 1995, based on the physical and asymptotic considerations,
Fokas [1] derived the following generalized KdV equation:

My + My + 0Nty + Pl + PO e + OB (oM + Psllulcx)

+ P 1 + 0 B (P M + Pl + PTL) = 05
o)

which is an important water wave model, where & = 3A/2,
B = B/6,p = -1/6,p, = 5/3, p; = 23/6, p, = 1/8,
ps = 7/18, ps = 79/36, p, = 45/36. Regarding the
P> P2 P3 Pw Ps» Pg P as free parameters and using the
P, to replace the p,a® (i.e., p,a® + p,), (1) becomes the
following PDE:

2.2
ut+ux+“uux+ﬁuxxx+pl“ u MX+OC[; (pZMuxxx+p3uxuxx)

-~ 3 2 2 3
+ pot’u, + o fB (psu Uy T Pelilhy Uy, + p7ux) =0,
(2)

which is given by Tzirtzilakis et al. in [2]; they called it high-
order wave equation of KdV type. Just as Tzirtzilakis [2] said

these two equations are both water wave equations of KdV
type, which are more physically and practically meaning-ful.
The motion described by the model (1) or (2) is a 2-dimen-
sional, inviscid, incompressible fluid (water) lying above a
horizontal fiat bottom located at J = —h, (hj is a constant),
and letting the air above the water. It turns out that, for such
a system if the vorticity is zero initially, it remains zero. The
fluids (water) analyzed by Fokas are only irrotational flows.
In addition, this system is characterized by two parameters

a=3A/2, 3 =B/6with A = a/ﬁo, B= ﬁz/fz, where a and €
are two typical values of the amplitude and of the wavelength
of the waves. The parameters a, EO, ¢ satisty the condition
a < hy < € because the system is a model of short amplitude
and long wavelength. Therefore the parameters o and 3 satisfy
the condition0 < ¢ < 1,0 < S < 1.

Assuming that the waves are unidirectional and neglect-
ing terms of O(a?, o, «f3), (1) can be reduced to the classical
KdV equation:

Mo+ 1y + At + Pggy = 0. 3)

In [1], Fokas assumed that O(B) is less than O(A); this implies
O(P) < O(«). According to this assumption, we easily know



that O(oczﬁ) < O(a®) and O((xzﬂ) < O(af3). Neglecting two
high-order infinitesimal terms of O((x3,oc2,8), (1) can be
reduced to another high-order wave equation of KdV type
[2-5] as follows:

He+ My + 0Nty + Pl + PrOCT 1, W
+ (Xﬁ (P271’7xxx + P3rlx’7xx) =0.

Equation (4) is a special case of (1) for p, = p; = ps = p, = 0.
In [1], it was observed that (4) can be reduced by the local
transformation of coordinates

7 1
f7=v—<xplv2—ﬁ<3pl + P Eps)vxx ©)

to a completely integrable PDE as follows:

3 3
Uy — EﬁPZUxxt + ﬂ (1 - EPZ) Uyxx T OUU,
(6)

1
- E(xﬁPZ (vaxx + 2vaxx) .

Equation (6) was first derived in [6] by using the method
of bi-Hamiltonian systems, which based on the physical
considerations, its Lax Pair was also given in [7].

If only neglecting the highest order infinitesimal term of
o(a? B), then (1) can be reduced to a new generalized KdV
equation as follows:

My + e + O+ Pl + PN 1, -
+ 0‘:8 (P2’717xxx + p3}7x’7xx) + P40‘3’73’7x =0.

We call it a generalized KdV equation of neglecting the high-
est order infinitesimal term. In fact, (7) is another special case
of (1) for p; = ps = p; = 0; it is also third-order approximate
equation of KdV type. Of course, on describing dynamical
behaviors of water waves, (4) is only a rough approximative
model of (1) compared with (7); that is, the precision of model
(7) is better than that of model (4) on describing dynamical
behaviors of water waves. In other words, model (7) exhibits
much richer phenomenology than model (4). Therefore, the
investigation of exact traveling wave solutions for (7) are more
practically meaningful than that of (4).
On the other hand, under the local transformation

2 23
n=u+Aau" +A,fu, +A;au

(8)

+af (/\4uuxx + )Lsui) ,

(1) can be reduced to the following generalized Gardner
equation [1]:

3 3
U+, — EPZﬁuxxt + <1 - EPz) ﬁuxxx +auu,

1 2 2
- EPZ“ﬁ (uuxxx + zuxuxx) + 3#“ U Uy

3 )
2 2 3
- EMPZ(X ﬂ (u Uyxx TU T 4uuxuxx)

9 2 2m( 2 2
Tk B (uxuxxx +2u,u ): 0,

XXX
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where A; (i = 1,2,3,4,5) are certain expressions of p;.
Clearly, (9) is equivalent to the following generalization form
of the modified KdV equation [1, 8] under the transformation

-(3/2)p,B = v, (1-(3/2)p)B = B

Uy + Uy + Vi, + Pu

1
o UL+ gwx (Uthyy + 2u 1y, )

+ 3;4062u2ux + V[/LOCZ (uzuxxx + ui + 4uuxuxx)

2 2 2 2
+ Vv ux (uxuxxx + Zuxuxx) =0.

(10)

From the above references and the references cited there-
in, we can know that (1) and (2) are very important water
wave models. However, (1) and (2) are too complex to obtain
their exact solution under universal conditions. Only under
some special parametric conditions, their exact solutions
were obtained in the existing literature. Next, let us briefly
review the research backgrounds for the above equations.

In [2], Tzirtzilakis et al. only obtained two soliton-like
solutions of (2) in the two groups of special conditions p; =
2(p1 = P2)s s =0, ps = 2pi(py = 2p1)s ps = 6p1(2p1 = p2)s
p; = 3pi(py — 2p) and p, = 2py, p3 = =2p,p; = 3py
Ps = —6py p; = 3p,. In [9], by using the planar bifurcation
method of dynamical systems, under the four groups of
special conditions (A) p22 > 4ps > 0,p3 = 205,05 = 4ps»
pr = pss (A ps=2py ps = pr = (13, ps = (1/2)pipy
(B)) ps = Po Ps = 2p5:p7 = 05 (By) ps =y ps = (1/4)p5,
ps = 2ps = (1/2)p3, p, =0, Lietal. studied (2); the existence
of all kinds of traveling wave solutions were discussed
completely, but its exact solutions were not investigated
although some results of numerical simulation were obtained
in this literature. In [10], in order to answer what is the
dynamical behavior of one-loop soliton solution, Li studied
the special case of (1) for p, = p, = ps = 0, p3 = 2p,,
ps=p, =01 /4)p22. In [11], under different kinds of paramet-
ric conditions, Marinakis discussed two integrable cases for
the third-order approximation model (1). In [12], Marinakis
proved that (1) and some its of special cases are integrable.
In [13], Gandarias and Bruzon proved that (1) is self-adjoint
if and only if p; = 2p,, p, = ps — 3ps. In [14], by using
the method as in [9], Li et al. studied (10); the existence
of solitary wave, kink, and antikink wave solutions and
uncountably infinite many smooth and nonsmooth periodic
wave solutions was discussed except exact solutions. In [8], Bi
also obtained some results of numerical simulation of (10); it
is a pity that the exact traveling wave solutions of (10) were not
obtained yet. In [4, 5], we obtained some exact traveling wave
solutions of (4) under the parametric conditions p; = (p +
1)p, or p; = pp,. In [15], under a new ansétze, Khuri studied
(4); some exact solitary wave solutions and periodic wave
solutions were obtained. In [16], by using method of planar
dynamical system, Long et al. studied (6); the existence of
smooth solitary wave and uncountably infinite many smooth
and nonsmooth periodic wave solutions was proved in this
literature.

From the above research backgrounds of (1) and (2), we
can see that their exact solutions in universal conditions are
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hard to obtain because they are highly nonlinear equations
and most probably they are not integrable equations in
general. Thus, large numbers of research results are still con-
centrated in the classical KdV equation and some other
high-order equations with KdV type, such as KdV-Burgers
equation [17, 18] and KdV-Burgers-Kuramoto equation [19],
at present. Therefore, the investigation of the more exact
solutions for (1) is very important and necessary. However, by
using the current methods, we can not obtain exact solutions
of (1) in universal conditions; the next best thing is the
investigation of exact solutions of (7). In this paper, still
regarding the p; (i = 1,2, 3,4) as free parameters and by using
the integral bifurcation method [20, 21], we will investigate
exact traveling wave solutions and their properties of (7).

The rest of this paper is organized as follows. In Section 2,
we will derive two-dimensional planar system which is equiv-
alent to (7) and give its first integral equation. In Section 3,
by using the integral bifurcation method, we will obtain some
new traveling wave solutions and discuss their dynamic prop-
erties.

2. Two-Dimensional Planar Dynamical
System of (7) and Its First Integral and
Conservation of Energy

Making a transformation #(t, x) = ¢(§) with & = x — ct, (7)
can be reduced to the following ODE:

o+ ¢+ agg’ + B+ pral ey
+ap(pa9¢" + pst'9") + pia’d’’ = 0,
where c is wave velocity which moves along the direction of

x-axis and ¢ # 0. Integrating (11) once and setting the integral
constant as zero yields

(1)

(1-0)¢+ %o«/)z + o + %plocqus +af

no 1 , 1
X | ppg + 5 (ps = ps) (‘/5 )2] + ZP4“3¢4 =0.
(12)

Let ¢' = y. Thus (12) can be reduced to a planar system

¢
aE =
d 1 1 1
d_)E/ =- <ZP40¢3¢4 + §P10¢2¢3 + E“ﬁbz +(1-c¢ (13

1 -
+2aB(py - p2) 3 % (B(1+ apyg))
and a linear equation

B(1+ap,¢) = 0. (14)

Obviously, the solutions of (12) cover the solutions of (13)
and (14). We notice that the second equation in (13) is not
continuous when ¢ = —1/ap,; that is, the function ¢" () is

not defined by ¢ = —1/ap,. So (13) is a singular system; the
line ¢ = —1/ap, is called the singular line. Thus, we make the
following transformation:

dé = 128 (1 + ap,¢) dr, (15)

where 7 is a free parameter. Under the transformation (15),
(13) can be rewritten as the following system

d
d—f = 12B8(1 +ap,9) v,

;2 = — [3p4043</>4 + 4p1042(/>3 + 606(/)2 +12(1-¢)¢ (16)
T

+60B (ps = p) ]

Clearly, (16) is equivalent to (12). Except for the singular line
¢ = —1/ap,, (13) and (16) have the same first integral.

First, from the parametric conditions p; = 5/3, p, =
23/6 in the model (1), we easily know that p; = 2p,. Second,
from [9-11, 13], we know that (1) contains many good prop-
erties including loop soliton, integrability, and self-adjoint
property when p; = 2p,. In addition, in the condition p; =
2p,, it becomes easy when we solve (7). Therefore, we only
consider the special case of (7) for p, = 2p, in this paper.
Thus, by using this assumption, we obtain the first integral of
(13) and (16) as follows:

K= (3/5) &’ pyp° — aPp ¢t —2a¢” +6(c — 1) ¢* + C,

6B (1 +ap,¢)
(17)

where C, is an integral constant. For the convenience of
discussion, taking the integral constant C, = 0 in (17) yields

%Myz + %Mapzqﬁyz + 2“31)4?1’5 +o’pyg’
(18)

+20¢” —6(c—1)¢> =0,

where M = 12 denotes the particle’s mass of system. Let
E, = (1/2My* = (1/2)M(¢')*, E, = (1/2)Map,¢y* =
(1/2)Map,d(¢')*, T = (3/5)a’p,¢p° + a’p,¢* + 2a¢p® — 6(c —
1)¢2. Thus, (18) can be rewritten as the following equation of
conservation of energy:

E,+E, +T =0, (19)

where E; denotes kinetic energy, E, denotes external energy,
and T denotes potential energy. In (19), the kinetic energy E,
and potential energy T are not conserved because the external
energy E, # 0, but the global energy (E,, E,, T') are subject to
the energy conservation. E, = 0 if only if p, = 0. Obviously,
p; = 0once p, = 0; under this case, (7) becomes the following
equation:

Mo+ My + 0ty + Pl + PrOC 1, + pycn’ny, = 0. (20)



Similarly, (20) can be reduced to the following planar system:

d¢
ag =

d 1 1 1 _
d)’qj (Zp4a3¢4 + §P1062¢3 + anpz +(1- c)¢> x p

(21)

Obviously, the system (21) is a regular system; it has no
singular line. Taking the integral constant as zero, we obtain
(21)’s first integral as follows:

2 1

y = “5l10 o’p,p” + —a’py’ + a¢ ~(c-1)¢’

(22)

Equation (22) can be rewritten as the following equation of
conservation of energy:

E, +T=0, (23)

where E;,T are given above. The kinetic energy E, and
potential energy T are conserved in (23); in other words, the
particle motion satisfies the conservation of kinetic energy
and potential energy, which converts the kinetic energy from
the potential energy then it converts the potential energy
from the kinetic energy and go round and round. Therefore,
(20) only has nonsingular traveling wave solutions, and all
solutions are smooth; this is very different from (7).

In order to discuss singular or nonsingular traveling wave
solutions of (7), we will consider (17). When C, = 0, (17) can
be reduced to

y=i(\/ [Fapg-azpgi-20¢7+6 1) 97 (1+“P2¢))

«(oB (1 +ap9))

(24)

Equation (24) can be further simplified under the following
parametric conditions.

Casel. Onehasc=1+1/3p,, py =—(5/3)pp;-
Case 2. One has p, = -2p,, p, = (10/3)p;.
Case 3. Onehasc=1+1/3p,, p, = —2p,.
Case4. Onehasc =1, p, = -2p,.

Case 5. One has c#1 + 1/3p, or c#1,p, =
(5/3)pp, o1 p, # (10/3)p22.

Under the parametric conditions of Case 1, (24) can be
reduced to

2Py Pyt -

_ +¢\/¢x piprdt — o (py +2p,) ¢7 + 2/P2
rs V6B (1 +ap,¢)

(25)
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Under the parametric conditions of Case 2, (24) can be
reduced to

<p\/ 20t p3¢pt + 2a (3cp, —3p, — 1) P+ 6(c— 1)
’oE V6B (1 +ap,¢) .

(26)

Under the parametric conditions of Case 3, (24) can be
reduced to

y:

- GI5)atpipag'+(1/9) (1093 -3p,) §7+2/p,
- V6B (1 + apy¢) '

(27)

Under the parametric conditions of Case 4, (24) can be
reduced to

y:

_$\-G/5)atpipig+(1/5) a3(10p2 “3p) 9209
: V6B (1 +apy¢

(28)

Under the the parametric conditions of Case 5, (24) can be
reduced to

y:

+¢>\/[—(3/5) o’ p, 3 -2 —2a+6 c—1)] (1+ap,p)
B V6B (1 + ap,¢) '

(29)

3. Exact Traveling Wave Solutions of (7) and
Their Dynamic Properties

In this section, by using (25), (26), (27), (28), and (29), we will
derive many exact traveling wave solutions and discuss their
dynamic properties.

3.1. The Exact Solutions under the Parametric Conditions
of Case 1. Substituting (25) into the left expression (ie.,
d¢/dr = 123(1 + ap,¢p) y) of (16) yields

d¢
‘/’\/“ Pt —a (pr+2py) §7+2/p,

For the sake of convenience, in all the following discussions,
we only discuss the case where the right of equation is “+”
sign; the case of “~” sign can be similarly discussed. By
the way, the solutions obtained by taking “+” sign and the
solutions obtained by taking “~” sign are same when the ¢
is even function.

«  »

Taking “+” in (30), it can be reduced to
d¢’

a? (py +2p,) $* +2/p,

==2

= 4\/@&1’.

Fatpy p2(¢2)” -
(31



Abstract and Applied Analysis

Let v = ¢*. Equation (31) can be rewritten as
dy
Y3y — o (py +2p,) v+ 2/ps

Taking the (0, ,) as initial values, respectively, integrating
(32) we obtain

I, -
& l/’\/0‘4/31/322‘/’2 — o (p +2p,) v +2/p

=j 6B,
0

J, L
v ynJadppdy? — @ (py + 2p,) v + 2/,

(33)

=j mfopdr,
0

where v, = (p; +2p, +1/(p; + 2p,)* - 8p,)/2p, pya* are two

roots of equation &’ p, p2y* — &*(p; + 2p,)y + 2/p, = 0.
(i) When p, > 0, A = (p, +2p,)* — 8p, > 0, completing
the integrals (33) yields

4R,
v = ,
Q, - P, cosh (8\&(3[3//)2)1)
(34)
4R,

. P, cosh (8\&(3[5/;)2)1) -Q, ,

where R, = (p; +2p, + VA)[(p; + 2p,) VA £ Al/2p} p50?,
Quz = (o1 + 2p)[VA  (py + 2p)]((py + 2p) VA = (pf +
4p22)]/2p12p22, and P, = A[VA £ (p + 2/)2)]2/4pfp22 with A =

(p1 +2p2)" = 8py.
By using (34) and the transformation ¢* = v, we obtain
four exact solutions of (31) as follows:

2R,
\/Q1 - P, cosh (8\/(3,3/,02)7)’ )
o=+ all ’
\/P2 cosh (8 \/(3ﬁ/P2)T> -Q, ©

where the constants R ,, P, »,Q, , are given above.
Substituting (35) into (15) yields

§ =12+ ap,g,\3p, PR,
Q,-P, cosh(8\1(3ﬁ/p2)r> \]ﬁ

Q-h Q;+P,

==

X F| arcsin

>

(37)

where F(¢, k) is a normal elliptic integral of the first kind and

g1 = 2/\JQ+P, Q > P >0,0< 1 < (1/8)(p,/35)
cosh™(Q,/P,).
Substituting (36) into (15) yields

§=12B+ap,g, \/3P2ﬁR2

P2<cosh<8\/(3ﬁ/p2)r>—l> \]P2+Q2
P, cosh <8w/(3/3/p2)r>—Q2 "\ 2P,

X F| arcsin

>

(38)

where g, = /2/p,, P, > Q, > 0,and 0 < T < +00.
Combining (35) with (37), we obtain (7)’s two exact
solutions of parametric type as follows:

2+/R; )
\le — P, cosh (8\&(3ﬂ/p2)1>

§=12Bt t ap,g,\3p. PR,
Q,-P, cosh<8\/(3[3/p2)'r> \/ﬁ

Q —-P Q,+P

n=¢==

x F| arcsin

(39)

Combining (36) with (38), we obtain (7)’s another two
exact solutions of parametric type as follows:

2E,

n:¢:+ S

) \/P2 cosh (8\/(3[3/;)2)1') -Q,
§=12f7 tap,g,\3pPR,

P, (cosh (S\l(.’)ﬁ/pz)r)—l) \/P2+Q2
P, cosh (Sﬂ(_%ﬁ/pz)'r)—Q2 N o2p

x F| arcsin
(40)

(ii) When p, < 0, A = (p, +2p,)* — 8p, > 0, completing
the integrals (33) yields

4

~a2p, VA [—062 (p1 +2p,) = cos <8\/WT)] |

4

~a?p, VA [‘0‘2 (p1 +2p,) + cos (8 V-~ (3ﬁ/P2)T)] .

(41)

1[/:




Similarly, by using (41) and the transformation ¢* = v, we
obtain four periodic solutions of (31) as follows:

2
b=1 ’
V-op, \/Z\/_(xz (p1 +2p,) = cos <8 N~ (3ﬁ/P2)T>
(42)
4=+ :
V-op, \/Z\/_“z (p1 +2p,) + cos <8 N~ (3/;/132)7)
(43)

where p; < —(2p, + 1/a?); that is, —ocz(p1 +2p,) >1>0.
Respectively, substituting (42) and (43) into (15) yields

!7/)2@

E=12pr+ 20

o
[1-cos (83[(3B/p)7) | 102 (py+202)-1] )
22 (py+2p:) + cos (8- GB/p)r )|

x F| arcsin

(44)
E=12pr+ gpﬁF(ﬁl\j—Zﬂr,k), (45)

where 7 = 2/y/1 - o(p, +2p,), k = 2/(1 - a2(p, +2p,)).
Combining (42) with (44), we obtain (7)s two exact
solutions of parametric type as follows:

n=¢

=+ 2 >
W\/‘“Z (p1+2p,)—cos (BMT)

P, \/ﬁ

E=12pr+ 220

o
[1-cos (8:G3B/p.)7) | [ (o +20)-1]
202 (py + 2p,)+cos (8- (3817 )

X F| arcsin

(46)

where 0 < T < 1/=p,/8+/3p.

Combining (43) with (45), we obtain (7)’s another two
exact solutions of parametric type as follows:

n=¢
2

~a’p, \/Z\/‘“z (p1+2p,)+cos (8 \/_(3/5/P2)T>
E=12p7+ MF (4\/—%1#().

>

VA P2
(47)
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Among the above traveling wave solutions, it is very
worthy to mention solutions (40), (46), and (47); they have
some peculiar dynamical properties and their traveling wave
phenomena are very interesting. Solution (40) denotes a sin-
gular solitary wave; its shape is very similar to bright soliton,
but it is not a normal soliton; the left parts of waveform
degenerate into a crook. Solution (46) denotes a bounded
wave with level asymptote; its shape is a half of a whole
loop soliton; we call it semiloop soliton. In order to describe
the dynamic properties of these two traveling wave solutions
intuitively, we, respectively, plot profile of solutions (40)
and (46) by using software Maple, which are shown in
Figure 1.

Figure 1(a) shows a shape of singular solitary wave under
the fixed parameters &« = 0.5, § = 0.4, p, = 300, p, = 1.3.
Figure 1(b) shows a shape of semiloop soliton under the fixed
parameters « = 0.5, $ = 0.4, p; = 0.5, p, = —4.

It is very interesting that the solution (47) has six kinds
of waveforms. Solution (47) with “+”, respectively, denotes
a dark peakon, a dark loop soliton, and a broken loop
soliton when the parameter p; decreases from 1.55 to —8.25,
which are shown in Figures 2(a)-2(d). Solution (47) with
“~7 respectively, denotes a bright soliton and a singular
compacton when the parameter p; decreases from 1.65 to
—6.25, which are shown in Figures 2(e) and 2(f). In other
words, its waveforms depend on parameter p, extremity.
Similar traveling wave phenomena that one solution contains
multiwaveform first appeared in the investigation of the
Degasperis-Procesi equation [22].

Figure 2(a) shows a shape of dark soliton under the fixed
parameters « = 04, f§ = 0.1, p, = —4, and p, = 1.55.
Figure 2(b) shows a shape of dark peakon under the fixed
parameters o« = 0.4, [3 =01,p, = —4, and pr = 0.479.
Figure 2(c) shows a shape of dark loop soliton under the
fixed parameters « = 04, 8 = 0.1, p, = —4,and p; =
0.05. Similar traveling wave phenomena also appear in [5],
in “Concluding remarks” of this literature; by using these
phenomena, we successfully explain the movement of water
waves. Figure 2(d) shows a shape of broken wave of C-form
(upward hatch C) under the fixed parameters &« = 0.4, 8 =
0.1, p, = =4, and p; = —8.25; we also call it broken loop
soliton or open-orbicular wave. Figure 2(e) shows a shape of
bright soliton under the fixed parameters « = 0.4, § = 0.1,
p, = —4,and p; = 1.65. Figure 2(f) shows a shape of singular
compacton under the fixed parameters « = 0.4, § = 0.1,
p, = —4,and p; = —6.25; we call it singular compacton
because it is not a normal compacton. Specifically, both sides
of compacton wave become upward crook; it very much likes
solitary waves but it is not a solitary wave after all because the
left and right parts of waveform do not extend as { — oo.

3.2. The Exact Solutions under the Parametric Conditions of
Case 2. Notice that the characters of (26)-(29) are quite dif-
ferent from (25). Therefore, by using the expression d¢p/d& =
y and (26)-(29), we will investigate the implicit solutions of
(7) next.
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-04-02 0 02 04 06 08 1

3

(a) Singular solitary wave

FIGURE 1: Profiles of solutions (40) and (46) for the fixed parameters.

Substituting (26) into the expression d¢/dé = y of (13)
yields

d_</> _ +¢\/_2“4P23¢4 +2a(3cp, —3p,—1)p+6(c—1)
@ V6B (1 +ap,¢) '
(48)

«  »

Taking “+7, (48) can be reduced to

(1 +ap,¢)d¢
¢\/—2<x4p23q54 +20a(3cp, —3p,—1)p+6(c—1)
(49)
- L
V6B

(i) When p, < 0, (49) can be reduced to

-1
3cp, — 3p, — 1 -
(1+ap,d) dp| ¢|¢* - P2 3 /3)2 ¢_3(C4 31)
apy ap
(50)

By the Ferrari method or the Descartes method, it is easy to
know that the equation

¢4_3cp2—3p2—1 _3(-1

=0
o’p; a'p; o

7
F0.32
r g.31
3 ¢
£ 0.29
r 0.28
-0.6 -0.4 -0.2 0
¢
(b) Semiloop soliton
has four roots as follows:
1 (1/6) /A, —4/35/A, +1/3
ap,’ &P, ’
—(1/12) /A +2/3~/A+1/3 (52)
P>
. i(V3/2) ((1/6) /A, +4/3/A})
- ap, ’

where A} = —28 — 324p,(c — 1) + 36+/A, with A, = 81(1 -
)’p? +14(1 - ¢)p, + 1. Especially, when ¢ = 1, these four
roots can be reduced to —1/ap,,0,(1 + \/§i)/2(xp2. For the
convenience of discussion, we denote the above two real roots
by the signs v,y and always assume that the biggest root is
denoted by v. We also denote the above two complex roots
by the signs s,s. Thus (50) can be rewritten as

d¢
(@ =) (9-7) ($-5)(¢-3)
ap,dé (53)
¢<¢ ) ($-7)($-35)(¢-3)

= PZ\/__ﬁ dg,

where v > y. Taking (v, 0) as the initial values and integrating
(53), we obtain implicit solution of (7) as follows:

N an )

Bv + yA
(54)

+ gap,F (¢,k) = _OCZPZ\j_g)_Z;E’
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-0.03 -0.02 -0.01 0 0.01 0.02 0.03
3

(c) Dark loop soliton

2 3 -0.06-0.04-0.02 0 0.2 004 0.06
4

(b) Dark peakon

-03 -02 -01 0 01 02 03 2 4 -2 -1 0 1 2
¢ ¢ ¢
(d) Broken loop soliton (broken wave of C- (e) Bright soliton (f) Singular compacton

form)
FIGURE 2: Different kinds of waveforms on solution (47) under different parametric conditions.

where A2 = (v — (s +3)/2)*=(s - 5)*/4,B* = (y-(s+ 5)/2)*-

(s—3)%/4, g = 1/NAB, k* = (A + B)’ - (v - y)?)/44B, N .
N B <
1’4'—1§)</>+v1§—y51T _2\jk2+k’2[42
¢ = arccos (K E)qﬁ 5 oAl
+ -vB-y
| \/(k2+k’2y2)(1—kz(p2)+go\/y2—l
X In >
RESSTA. o (e
vB - yA B-A P
if £ > 12
u—-1
1- 2 k2 k12 2
fi= —ﬂzarctan (p\j 2+ Plz THE 53
K+ k' u? (1-p?)(1-K¢?) (ii) When p, > 0, (49) can be reduced to
(1 +ap,¢)d¢
T V-9 + ((3ep, =3p, — 1)/ (3p})) $ + 3 (c - 1) Jatp]
u = —
2 P2
5 =« pz\j3— dé.

L if =K% P

(56)
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Similarly, (56) can be rewritten as

d¢
$\(v =) (9-7) ($-35)(¢-3)
apd¢ 57)
wv ) (9-7)(-35)(¢-3)
=“2P2\j§ dg,

where v, ys, 5 are four roots of (51) and v > ¢ > y. Taking
(y,0) as the initial values then integrating (56), we obtain
another implicit solution of (7) as follows:

(X+B)

U—H
e IO -
( (%ﬁf ,m ) #fz>]+angF(¢‘»M)
_“P2\j3ﬁf

(58)

where the constants A, B, g are given above, the ¢
arccos[(B(v ¢) — A(¢ Y)/(BK - ¢) + A($ - y))], m*
(v-y)* = (A-B)")/44B, i = (yA-vB)/(yA+VB), , =
(A-B)/(A+B),and

1- 2 m2+m'2ﬁ2
= arctan | @
: Jm2+m2ﬁ2 “"J(l— S
2
if ~2‘M <m2;
i -
= 9 if ﬁz = m’;
\1-m?p? -1
1| @-1
2\ 2 4! .“2

3.3. The Exact Solutions under the Parametric Conditions of
Case 3. As in Section 3.2, substituting (27) into the expres-
sion d¢p/d& = y of (13) yields

d¢
dg

2

3 1
=+t <¢\/_§“4P4P2¢4 + 3“3 (10p3 -

< (6B (1 +ap9))

« »

Taking “+7, (60) can be rewritten as

(1+ap,¢p)de
- (3/5) apuppt + (1/5) @ (1003 — 3p,) ¢ + 2/,

3p,) ¢* + I%)

(60)

(61)
1
= —di.
V6B
When p, p, < 0, (61) can be reduced to
(1 +ap,¢)d¢
0" — (1003 - 3p,) 3apyps) ¢ — (10/3a*pyp3)
ol |- PaP2
= d
o
When p, # 10p; /3, the equation
10p; - 3
41Uy =Opy 5 410 =0 (63)
3apysp, 307 pypy
has four roots as follows:
1 (1/9p,) /B 5+10p, (10p3-9p,) /93/B5+10p,/9
ap,’ Py ’
1 5p,(10p3 - 9p)  10p,
(( 18p, \/;3 9YA; ’ 9
31, 10p, (10P§ —9p4) -1
il?(?pz\/g_ 9’\3/A73 X(OCP‘I) >
(64)

where A ; = p2(~1350p,p2 + 1215p7 + 1000p5 + 135p,/A,)
with A, = ~140p,p2 +100p; + 81p;. When p, = 10p2/3, (63)
has another four roots +1/ap,, +(1/ap,)i.

(i) Particularly, when p, < 0 and p, = 10p2/3, (62) can be
reduced to

(1+ap,¢)
9" — (1 p})

According to the above cases, we find that (63) still has
two real roots and two complex roots; this case is very similar
to that in (51) except their especial cases are different. There-
fore, the types of their solutions are the same when p,p, < 0

dg = ~o’p, \/—5—; dé. (65
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and p, # 10p; /3. Thus, we omit these parts of discussions. The
especial case of (62) (i.e., (65)) can be reduced to

l d¢2 n ap,dd
2g2(¢2) ~(1/ep2)’ \(#+1/0203) ($-1/2p3)
= _“zpz \/—5_; dg,

(66)
where ¢ > 1/a’ps > 0. Taking the (1/ap,, 0) as initial values

and integrating (66), we obtain (7)’s periodic wave solution of
implicit function as follows:

o p2 ¢ = sec [é\j—g—gf—ﬁF <arccos<“p12¢> , \/_5)] .
(67)

(ii) Especially, when p, > 0 and p, = 10p3/3, (61) can be
reduced to

l d¢2 n “Pzd‘/’
202\ (1/a2p2)~(¢2) (24 1/0%pd) (1/a2p3 — ¢2)
= (xzpz \j:f_z} dﬁ,

(68)

where 1/a’p; > ¢ > 0. Taking the (1/ap,,0) as initial values
and integrating (68), we obtain (7)’s implicit solitary wave
solution as follows:

oc2p22¢2 = sech [\/EF (arccos (apy¢b) s g) _ 5\/5_‘25] .
)

(69)

3.4. The Exact Solutions under the Parametric Conditions of
Case 4. Substituting (28) into the expression d¢/dé = y of
(13) yields

d¢
G-

-G pprgt+(1/5) o0 (10p3-3p,) §7- 204
- V6B (1 +ap,¢) .

(70)

« »

Taking “+7, (70) can be rewritten as

(1+ap,p)de
o[- (3/5) atpypat + (1/5) @ (10p3 - 3p,) * — 2a¢

(71)

dt.

1
&p

Abstract and Applied Analysis

(i) When p,p, < 0, (71) can be reduced to

(1+ap,¢)dg
0" — (1093 = 3p,) 3apyps) §° + (10/300pyp,)

J&ds

108
Next, we discuss the roots of the following equation:

4_10/’;_3/)4 3,10
3opyp, 30 p,p)

¢=0. (73)

(a) When p, < 5p22 /6, (73) has four real roots as follows:

1 5p2 * \/25/)22 - 30P4 (74)

0, -——
3otpy

>
ap;

(b) When p, = 5p22 /6, (73) has still four real roots as fol-
lows:

0o, -——, =, = (75)
b b > p b

where 2/ap, is a double root.
(c) When p, > 5p22 /6, (73) has two real roots and two
complex roots as follows:

1 5p, ti \/30P4 - 25P22 (76)

0) )
ap, 3oepy

Thus, by using the above parametric conditions, we can
obtain three kinds of exact solutions of implicit function type;
see the following discussions.

(1) Under the conditions 0 < p, < 5p3/6 and p, < 0, (72)
can be reduced to

d¢
o\(¢-a)(@-0)(¢-c)(¢-dy)
+ ap,d¢ 77
V@ -a)($-0)(p-c)(p-d)
2| PsP2
= \/—m dE,

where a; = —1/ap,, ¢, = (5p, + \[25p% — 30p,)/30p,, d; =

(5p,—\[25p5 —30p,)/3apy, and ¢ > a; > 0 > ¢; > d,. Taking
(a;,0) as initial values and integrating (77), we obtain (7)’s
periodic wave solution of implicit function type as follows:

37 [(R =) F (@) + iPE(9.)] + gapaF (9.1)

(78)
_ 2 | PaP>
- \j 108 &
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where ¢ = arcsin \/d,(a; — ¢)/(a; —d})¢p, p = /1 -a,/d,,
g =2/d\(c, —a), k= (d, —a,)/d\(c; —a).

(2) Under the conditions p, = 5p2/6 and p, < 0, (72) can
be reduced to

Uropdldd —azpz\/ L ag (79)
$ (6 —2/ap,) ¢ (¢ +1/atp,) 12p

Equation (79) can be rewritten as

—ap,d¢ 4 3ap,d¢
20\¢ (¢ + 1/ap,)  2(¢ —2/ap,) \/¢(¢+ 1/ap,)
= —a’p, \/% dt.

Taking (—1/ap,,0) as initial values and integrating (80), we
obtain (7)’s solitary wave solution of implicit function type as
follows:

¢ 246

y |:1n 2/apy +5¢+2+/6¢ (¢+1/ap,)

app -2
S )
N \le[)’E'

(3) Under the conditions p, > 5p2/6 and p, < 0, (72) can
be reduced to

+1/a 3
Pz\/¢ P> P2

+In |zxp2| ] (81)

d¢
o\(@-a)(p-0)(p-c)(®-7)
+ ap,d¢
V(@ -a)(9-0)(¢-c)(p-c)

2 | PaP2
= ——d 5
“\j 108 %

where a, = —1/ap,, ¢; = (5p, +i/30p, — 25p3)/3ap,, €; =

(5p, — i\/30p, — 25p3)/3atpy, and 0 < a; < ¢ < +00. Taking

(a;,0) as initial values and integrating (82), we obtain (7)’s
periodic wave solution of implicit function type as follows:

(B-4)3
Bay

(82)

x | F(g.k)+(1-ay) E (. k)+

(1-a,) p\1-K%¢
9

1+vi-g

= 2 | _PaP2
+ gap,F ((p, k) =« \/_WE’

(83)

1

where ¢ = arccos[((A — 1§)¢ + alﬁ)/((g + 1§)¢ - a11§)],
A = o+ 5pDlapdpd + (B0p, ~ 250D 60p, B =
\25p2 /907 + (30p, — 25p)f6ap,, § = 1/VAB, k =
V(A + By - a?)/42B.

(ii) When p,p, > 0, (72) can be rewritten as

(1 +ap,¢) dp
¢\/‘¢4 +((10p3 +3py) [3apspy) ¢° — (10/3%pyp,) ¢

— 2| PP
—a\/loﬂdf.

(84)

(1) Under the conditions 0 < p, < sz2 /6 and p, > 0, (84)
can be reduced to

d¢
o\(@ —9) (9~ b,) (- 0) (¢ — dy)
+ ap,d¢ (85)
V(@ =) (¢-b,) (¢-0) (¢ - d)
2 |PsP2
= \/m df,

where a, = (5p, + \[25p% —30p,)/3ap,, b, = (5p, -
\25p7 —30py)/3apy, d, = —1/apy, and a, > ¢ > b, >

0 > d,. Taking (b,, 0) as initial values and integrating (85), we
obtain (7)’s periodic wave solution of implicit function type
as follows:

b b
2 2Fgk)+ (1- 2 ) B0k | + gaoniF (9.k)
2 2 2

_ oo
_“\/10/35’

where @ =arcsin \a, (¢ — b,)(a, - b)), g, = 2/\a,(b, — d,),
k, = \=d,(a, - b))/a,(b, - d,).

(2) Under the conditions p, = 5/)22 /6 and p, > 0, (84) can
be reduced to

(86)

—apd¢ + 3ap,d¢
207\-¢ (¢ +1/ap,)  2(¢—2/ap,) \-¢(d+1/ap,)
= (xzpz\/lz—zﬁ dg.

(87)
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Respectively, taking (-1/ap,,0) and (0,0) as initial values,
integrating (87), we obtain (7)’s periodic wave solution of
implicit function type as follows:

2+ 5ap,¢ ap,\[~6¢ (¢+1/ap,) \j P,
—————== =cos + &l.
2-pyo ¢ 2

(88)

(3) Under the conditions p, > 5p7/6 and p, > 0, (84) can
be reduced to

d¢
$(0-9)(¢-B) (¢-)(¢-c))
apd¢
+ (89)

VO -8)(¢-b) (¢-a)(p-7)
Papr
-« \/ 108 4,

where b, = —1/ap,, ¢, = (5p, +i1/30p, — 25p2)/3ap,, ¢, =

(5p, — i[30ps — 25p2)/3atp,, and a; < ¢ < 0. Taking (a;,0)
as initial values and integrating (89), we obtain (7)’s periodic
wave solution of implicit function type as follows:

— ~ ﬁz m ) -
i (n(egm) s

+ap,gF (§,m) = \]p“pzﬁ
(90)

) [P‘zF (gm)+ &

108

where constants A, B, § are given above, the @ = arccos|(B(v-

¢) ~ A¢ - y)/(E(v ¢) + Al )], m* = (v~ P’ - (A-

B)*)/4AB, fi = (yA-vB)/(yA+vB), u, = (A~ B)/(Z+ B),
and
1- i _ m +m'*
= \|——— arctan
& Jmtuwwz ¢J( 7)1 n5)
)
if ﬁ2‘u_ <m

Abstract and Applied Analysis

\/(m +m’2y2) (1-m?@?) +(75\/ﬁ2 -1

\/( +m' y) (p\/y—l

>

(o1

3.5. The Exact Solutions under the Parametric Conditions of
Case 5. Under different parameters, (29) can be reduced dif-
ferent types. As an example, here we only discuss one reduced
to type under the parametric conditions p; > 0, p, > 0,
ps < 0 for (29); the others can be similarly discussed.

Especially, when p; > 0, p, > 0and p, < 0, (29) can be
reduced to

108

G | )

x (1+ “P2¢)_1-

ye +“2J‘P2P4

(92)

Also, we only consider one case where the equation ¢* +
(5p1/3ocp4)</52 + (10/3042/)4)((5 - (10(c — 1)/oc3p4) = 0 has
three real roots here. The other two cases (i.e., two real roots
and one real root) can be similarly discussed. Because the
expressions of these three roots are very complex, we use
the symbols ¢, ¢,, ¢ instead of them. In fact, once the
parameters are fixed, these three roots can be solved by the
above equation. For example, if « = 0.5, 5 = 0.6,¢c = 2,p; =
6,p, = -2, then ¢, = 1.843, ¢, = 10.270, ¢, = —2.113.In
addition, if p, = 5, then —1/ap, = —0.4 > ¢;;if p, = 1/5,
then —1/ap, = —10 < ¢;. Thus, under the above parametric
conditions, (92) can be rewritten as

108 1+ap,¢

(¢ > ¢ >8> ¢3),
(93)

y=mzJ_%ww—mw—@)(¢—¢3)(</>—6)

>

. 2J‘%Nw_¢1)(¢_¢2)(¢_5)(¢_¢3)
re 108 1+ ap,¢

(s <8<, <¢y),
(94)

where § = —1/ap,.
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FIGURE 3: The profiles of solutions (81), (88), (96), and (97) for the fixed parameters.

. o . . 2
d¢/§§SI:)e;té¥e(1¥é )st;,liaesltétsutlng (93) and (94) into the equation ﬁ [( oc;::ﬁz ~ “§> - (92’ oé, Kz) . (ng (9, Kz)]
(97)
P2P.
(1+ap,¢)de -t \/_% i, + grap, F (9,,%,) = o’ \j‘ﬁf,
o\(3-6) (- ) (6 ¢5) (- 0) 08

. where g, = 2//(¢; — $3)(¢, — 8), g, = 2//(§, — 6) (¢, — ¢3)
(1+ ap,) d¢ _ iazJ_% g 0= (-0 -0) > Lad = (g~ )/~ 6) > 1,
$V(@ 1) (9~ 62) (9-0) (¢~ ¢3) 108 9, = arcsin \/(g, =@ = )/ ~ (¢~ $y)
(95) 9, = arcsin (¢, — ¢3)( — ¢1)/(d1 — $3)($ — ),
K = V(P = $3)(¢y — /(¢ — $3)(§, - D),
Ky = \($y = 0)($ = $3)/ (¢ — 8)(, — bs).
Taking (¢4, 0) as initial values and integrating (95), respec- Among the above traveling wave solutions, it is also
tively,. we obtain (7)’s two groups of exact solutions of implicit worthy to mention solutions (81), (88), (96), and (97); they
function type as follows: have some peculiar dynamical properties, too. Solution (81)
denotes a bounded wave with level asymptote under the fixed
o2 parameters & = 0.7, § = 0.4, p, = —2. Solution (88) denotes
£2Jl [( 192 ocf) I ( 9, (xf, Kl) " ocf F(9,, K1)] a periodic wave of singular type under the fixed parameters
xip, ol a = 0.8, = 0.6, p, = 4. Solution (96) denotes a broken wave
(96)  of U-form (leftward fallen U) under the fixed parameters

+ grap,F (9, %)) = +a’ ——p2p4f, a =05p =04p =5¢c=2p =6p = -2
103 ¢, ~ 1026989443, ¢, ~ 1.843205997, ¢, ~ —2.113100425,
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6 = —0.40. Solution (97) denotes a broken wave of semi-
parabola form under the fixed parameters &« = 0.5, § = 0.4,
P, = 02,¢c=2,p = 6p, = -2, ¢ =~ 1026989443,
¢, ~ 1.843205997, ¢ ~ —2.113100425, § = —10. In order to
describe the dynamic properties of the above traveling wave
solutions intuitively, similarly, we, respectively, draw profile
of solutions (81), (88), (96), and (97) by using software Maple,
which are shown in Figure 3.

4. Conclusion

In this work, by using the integral bifurcation method, we
studied a generalized KdV equation of neglecting the highest
order infinitesimal term. Some singular and nonsingular
traveling wave solutions including singular solitary wave
solutions, semiloop soliton solutions, dark soliton solutions,
dark peakon solutions, dark loop-soliton solutions, broken
wave solutions of C-form and U-form, periodic wave solu-
tions of singular type, and broken wave solution of semi-
parabola form were obtained. Among these traveling wave
solutions, the solutions such as (40), (46), (47), (81), (88),
(96), and (97) have some peculiar dynamical properties and
very interesting traveling wave phenomena. It is very worthy
to mention solution (47); it denotes a dark peakon, a dark
loop soliton, a broken loop soliton, a bright soliton, and a sin-
gular compacton when the parameter p, varies. This course of
changes of waveform shows that solution (47) is a continuous
solution. Indeed, the loop soliton which contains (47) is also
continuous; this case has proved again that the loop soliton
solution of some nonlinear traveling wave equation is one
continuous solution, not three breaking solutions; see the
arguments in [23, 24]. However, the phenomenon of half
loop soliton exists in troth. For example, the semiloop soliton
and broken loop soliton show that their waveforms are only
a part of a whole loop soliton. Maybe, a loop soliton can
be divided into two parts or three parts like the semiloop
soliton or three breaking waves which appeared in [24],
but every part of them is still continuous, and then joining
them together, they come into being a continuous loop
soliton again. Indeed, in 2006, Vakhnenko and Parkes’s work
[25] successfully explained similar phenomena. In [25], the
graphical interpretation of the solution for gDPE is presented.
In this analysis, the 3D-spiral (whether one loop from a spiral
or a half loop of a spiral) has the different projections that is
the essence of the possible solutions.

The results obtained in this work are very different from
those in other literatures because this special case of (1) for
ps = ps = p; = 0, p; = 2p, is not studied in other refe-
rences. Especially, the results of (7) are different from those
of (4) because of p, # 0. In addition, we hope more and more
researchers pay attention to investigations of exact solutions
for (7) under general conditions in the future work.
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