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We study Jensen’s inequality for generalized Peng’s g-expectations and give four equivalent conditions on Jensens inequality
for generalized Peng’s g-expectations without the assumption that the generator g is continuous with respect to t. This result
includes and extends some existing results. Furthermore, we give some applications of Jensen’s inequality for generalized Peng’s

g-expectations.

1. Introduction

By Pardoux and Peng [1], we know that there exists a
unique adapted and square integrable solution to a backward
stochastic differential equation (BSDE for short) of the type

T T
yt:£+<[f g(s’ys’zs)ds_Jt Zs'd‘/vs’ té[O’T]’ (1)

provided that the function g is Lipschitz in both variables
y and z, and § and (g(t,0,0)),c(o 7 are square integrable.
g is said to be the generator of BSDE (1). We denote the

unique adapted and square integrable solution of BSDE (1)

(T,9:8) _(T.9:)
by (»; »Z )tE[O,T]‘

Based on such a BSDE, Peng [2] introduced the notion
of g-expectation. He proved that the g-expectation preserves
many of properties of the classical mathematical expectation,
but not the linearity property, and thus the g-expectation
is a type of nonlinear mathematical expectation. Indeed, g-
expectation is a kind of nonlinear expectation, which can
be considered as a nonlinear extension of the well-known
Girsanov transformations. The original motivation for study-
ing g-expectation comes from the theory of expected utility.
Since the notion of g-expectation was introduced, many
properties of g-expectation have been investigated by many
researchers. In 1997, Peng [3] introduced the notions of
conditional g-expectation and g-martingale. Later, Briand et
al. [4] studied Jensen’s inequality for g-expectations and gave

a counter example and a proposition to indicate that even
for a linear function, Jensen’s inequality might fail for some
g-expectations. This yields a natural question: under which
conditions on g in the g-expectation does Jensen’s inequality
hold for any convex function? Under the assumptions that g
does not depend on y and is convex, Chen et al. [5, 6] studied
Jensen’s inequality for g-expectations and gave a necessary
and sufficient condition on g under which Jensen’s inequality
holds for convex functions. Provided that g only does not
depend on y, Jiang [7] gave another necessary and sufficient
condition on g under which Jensen’s inequality holds for
convex functions. It was an improved result in comparison
with the result that Chen et al. yielded. Later, this result was
improved by Hu [8] and Jiang [9] showing that, in fact, g must
be independent of y. But these results need the assumption
that the generator g is continuous with respect to ¢.

In this paper, without the assumption that the generator
g is continuous with respect to t, we study Jensen’s inequality
for generalized Peng’s g-expectations and give four equivalent
conditions on Jensen’s inequality for generalized Peng’s g-
expectations, which generalize the known results on Jensen’s
inequality for g-expectations in Chen et al. [5, 6], Jiang [7,
9], and Hu [8]. Furthermore, we give some applications of
Jensen’s inequality for generalized Peng’s g-expectations.

This paper is organized as follows: in Section 2, we
introduce some notations, assumptions, notions, and lemmas



which will be useful in this paper; in Section 3, we give our
main results including the proofs and applications.

2. Preliminaries

Firstly, let us list some notations, assumptions, notions,
lemmas, and propositions that are used in this paper. Let
(Q, F,P) be a probability space and let (W,),., be a d-
dimensional standard Brownian motion with respect to
filtration (¥,),5, generated by Brownian motion and all P-
null subsets, that is,

F,=0{Wgs<thv o, (2)

where /" is the set of all P-null subsets. Fix a real number
T > 0. For any positive integer n and z € R", |z| denotes its
Euclidean norm.

We define the following usual spaces of processes (ran-
dom variables):

(i) Consider L?(Q, F;,P) = {& : & is F,-measurable
random variable such that E[|£|P] < co, p > 1};
(ii) Consider Z(Q, Fr, P) = U,y LP(Q, Fr, P);
(iii) Consider oS";(O, T;P;R) = {V : V is a continuous
process with E[sup,,.|V;|F] < 00, p > 1};
(iv) Consider (0, T; P;R) = s, $5.(0, T; P; R);
(v) Consider Z‘;(O, T;P;R") ={V:Visa progr/essively
/2
measurable process with E[(JOT IVSIst) ] <
0o, p =1}
(vi) Consider Z(0,T; P; R") = | -, L% (0, T; P; R").

Suppose the generator g(w, t, ¥,z) : O x [0, T] xRx R
R satisfies the following assumptions:

(A.1) there exists a constant ¢ > 0, such that P-a.s., we have:
vt € [0,T], Vy,, ¥, € R 2,2, € R, |g(t, y,,2,) -
9t y2, )l < pllyy = ol + 12y = 2,5

(A.2) P-as., Y(t, y) € [0,T] xR, g(t, y,0) = 0.

The following lemma is a special case of Theorem 4.2 in
Briand et al. [10].

Lemma 1. Suppose g satisfies (A.1) and (A.2). Then for each
given & € LP(Q,F, P), where 1 < p < 2, the BSDE (1)

has a unique pair of adapted processes ( yt(T’g 8 zﬁT’g B

$P(0,T; P;R) x I£.(0,T; P; RY).

Dejor] €

From Lemma 1, we have the following.

Remark 2. Suppose g satisfies (A.1) and (A.2). Then for each
given & € ZL(Q, F, P), the BSDE (1) has a unique pair of

adapted processes (yt(T’g’E),sz’g’E))tE[O’T] € 8§4(0,T;P;R) x
Z5(0,T; P;R%).
Now, we introduce the notions of generalized Peng’s

g-expectation and generalized conditional Pengs g-
expectation.
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Definition 3 (generalized Peng’s g-expectation [11]). Suppose
g satisfies (A.1) and (A.2). For any & € Z(Q,F,P), let
(99, sz’g’E))te[O’T] be the solution of BSDE (1). Consider
the mapping %g[~] : L(Q, Fr, P) — R, denoted by %g (€] =

yéT’g 8 One calls € 4[&] the generalized Peng’s g-expectation

of &.

Definition 4 (generalized Peng’s conditional g-expectation
[11]). Suppose g satisfies (A.1) and (A.2). The generalized
Peng’s conditional g-expectation of & with respect to &, is
defined by

€, (617, = 5", teloT]. (3)

Then, let us list some basic properties of generalized
Peng’s g-expectation.

Proposition 5 (see [11]). Consider &, (£ | &,] is the unique
random variable nj in £ (Q, F,, P) such that

%g [IAE] = gg [1Arl] , VAe gt' (4)

Proposition 6 (see [11]). Suppose g satisfies (A.1) and (A.2). If
g does not depend on y, that is, g(w, t, z) : Ox[0, TIxR? — R,
then

E 5+ F =&, 81 F ] +n, Ve Z(QFr,P),

Ve Z(Q,%,P).
(5)

Proposition 7 (see [11]). Suppose g satisfies (A.1) and (A.2).
For &1, € LP(Q, F1,P), wheren = 1,2,...and p > 1, if
E[lE-n,lP | #,] — 0,as.,t €[0,T], then

lim &, [n, | F,] = &,[E| Z,],

n— 00 g

as,t €[0,T]. (6)

Applying Proposition 7, one can immediately obtain the follow-
ing.

Remark 8. (i) Forany& € Z(Q, Fp, P),leté" = (EAn)v(-n),
n=1,2,...,then limnﬂm%g[fn | F,] = %g[f | .1, as.,
vt € [0,T].

(ii) For any &, € Z(Q, F 1, P), iflim,,_, &, = £ a.s.and
1E,| < nas. withy € L(Q, F,P), then limn_,oo%g[fn |
Fl =8, F,],as,Vt €[0,T].

Lemma 9. Suppose g satisfies (A.1) and (A.2). Let {A;}1", be
a F-measurable partition of Q (i.e, A; € F,, A;[1A; = 0
ifi#jand ", A; = Q), wheret < T. Then for each X, €
L, Fp,P),i=1,...,m, one has

i=1

ZlAi%g[X,.m‘t]:%g[ZlAixi|9~3] as.  (7)
i=1
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Proof. We consider the following BSDEs:

&, X

g zlgt]

T
=X, + L g(s, &, [Xi 1 74 ’ZiT’g’Xi)) ds (8)

m T m
= zlAiXi +J g <5’ &, [ Ly Xi 975] ’

i=

)
Z§T>9’Z:21 14, %) ) ds

W,

s*

T m
(T,9, 221 14, X;)
_J Zs S -d
t

By the fact that Y 1, g(s,&,[X; | F 1,210y =

g(s. X0 14 81X, | FLEE 14,209t < s < Tand
from (8), we have

ZlAi%g [Xi | gt]
i=1

™z

1, X,

i 1
i

1

1

T m m
+ J g(s,ZlAi%g [X; | 95],21Aiz§T’g’X"))ds
t i=1

i=1

m
ZlAiziT’g’Xi) -dW.,.

T
toi=1

(10)

Comparing this with (9), it follows that " 1, &/ [X; |
F,] = %g[zzl 1, X; | #,] as. The proof of Lemma 9 is
complete. O

Proposition 10. Suppose g satisfies (A.1) and (A.2). Then the
following two statements are equivalent:

(i) consider V(X, k) € Z(Q, F 1, P)XR, %g[X+k | #,] =
%g[X | #.]+kas.,

(ii) consider ¥Y(X,n) € ZL(Q,Fp,P) x L(Q,F,,P),
%g[X+11 | F,] = %g[X | #,]+nas.

Proof. It is obvious that (ii) implies (i). We only need to
prove that (i) implies (ii). Suppose (i) holds. Let {A;}",
be a &,-measurable partition of Q) and let A; € R (i =

1,2,...,m). From Lemma 9 and (i), we deduce that for each
X e Sf(Q,ngp)a

&, [X+ YAl | 9t] =&, [ZlAi (X+2)) | gt]
in

i=1

Il
.M§

Il
—

1,8, [X+ A | 7]

1]
.M§

Il
—

1, (&, [X | F,]+1,)

i

=&, X1 F,]+ ZAilAi a.s.
i=1
(11)

In other words, for any X € Z(Q, %, P) and any simple
function ny € Z(Q, #,, P),

Eo X+ F )=, [ X1 F ] +n as (12)

Let
n2"-1 i
fn = Z ?1{(1'/2")5;74(”1)/2")} + ”1{;72;1}
i=0
n2"—1_i (13)
+ 2 L src-rz)
i=0

+(—}’l) 1{’1<7n}, n= 1,2,....

Obviously, for each n, 17,, is a simple function in £(Q, %, P).
From (12), we have

g X+, | F] =&, [X | F]+n, as (14)

g

On the other hand, lim, , (X +1,) = X +n, | X +1,| <
|X| + Ix]. Thus, from Remark 8 (ii), it follows that (ii) is true.
The proof of Proposition 10 is complete. O

3. Main Results and Applications

Definition 11. Let g: Q x [0,T] x R x R? - R.The function
g is said to be superhomogeneous if for each (y, z) € R x R?
and any real number A, then g(t, Ay, Az) > Ag(t, y, z), dP xdt
a.s. The function g is said to be positively homogeneous if
for each (y,z) € R x R? and any real number A > 0, then
g(t, Ay, Az) = Ag(t, y,z), dP x dt a.s.

Before we give our main results, let us see an example.

Example 12. Fix T = 1andd = 1. Let & = f(W,), where

f(x) = exp((x*/2p1) = X)L (gnpys 1 < Py < 2.
Obviously, f is an increasing function. We can easily get

0 2 N
Bl - [ e (%5 - pur) e

V2
1 _P2 p
= ! , E =00, VYV .
4/27Tple <00 [|E| ] 0 p>pl
(15)

Hence, £ € Z(Q, %, P),but & ¢ L*(Q, F,, P).



Let &" = EAn,n = 1,2,.... Clearly, for each n, &" €
L*(Q, &, P). For simplicity, we will write &[] = &,4l] for
g = plz|. From Theorem 1 in Chen and Kulperger’s [12], we
know that &*[&"] = Eo[£"], where dQ/dP = e (/2K +#W:,

By Remark 8(i), we have &¥[£"] — &*[¢],asn — oo.
On the other hand, applying Hélder’s inequality and noting

that E[e_(l/z)"zﬂ‘wl] = 1 and E[e_(l/z)”2q2+“qm] = 1, we

obtain
EqlE] < (E[lEI”‘])l/P1<E [(%)qbl/q (16)

< LD E (")) < oo,

where (1/p;) + (1/q) = 1. It then follows from the monotonic
convergence theorem that

Eq[E"] — Eql¢], asn— oo. (17)

Thus
&' &l = Eq[E]. (18)

Let p(x) = (x — k)", where k € R. Obviously, ¢(x) is
a convex and increasing function. From this, we know that
@ o f is an increasing function. In a similar manner of the
above, we can deduce that

& [ ©)] =Eqle©®)]. (19)

From (18), (19), and the classical Jensen’s inequality, we
have

¢ (8" [¢]) = 9 (Eq[&]) < Eqe®)] = &' [p©)] . (20)

This problem yields a natural question: in general, under
which conditions on g do generalized Peng’s g-expectations
satisty Jensen’s inequality for convex functions?

The following theorem will answer this question.

Theorem 13. Let g satisfy (A.1) and (A.2). Then the following
four statements are equivalent.

(i) Jensen’s inequality for generalized Peng’s g-expectation
&yl | F4] holds in general, that is, for each convex
function ¢(x) : R — Rand each & € L(Q, Fp, P), if
(&) € L(Q, F 1, P), then one has

& e F ) 20(8,[E1F,]) as; (1)

(ii) consider V(&,a,b) € L*(Q, FrP) X R xR, %g[af +
bl > a¥& [§] + b;

(iif) consider ¥(§,a,b) € L*(Q, Fr, P)x Rx R, & [aE +b |
F,] 2 a%g[ﬁ | F]+bas;

(iv) consider g is independent of y, superhomogeneous, and
positively homogeneous with respect to z.
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Proof. (i)=(ii) is obvious.
(ii)=(iii): let # = & + b. By (ii), we have

gg [’7 - b] 2 %g [’1] -b (22)
That is,

&l +b=8,[E+0]. (23)
Thus, for each (£,b) € L*(Q, F, P) x R,

&,[E+b] =8,[&] +0. (24)

For each (X, t,k) € L*(Q, Fr,P) x [0,T] x R, by (24), we
know that for each A € &,,

€y [1a(X+K)] =&, [1,X + 1,k —k] +k
=&, [1aX + 1uc (k)] + &
LuX + 1ae (k) | Z,]] +k

G (X1 F ]+ Lye (k)] + k

1]
® 8 N K
«Q
=
® 8

=&, (1,8, [X | F,] + 1c (k) + K]
=&, (14 (&, [X | F,]+K)].
(25)
Thus,
& [X+k| F]=8,[X|F]+k as, Vte[0,T].
(26)

On the other hand, for each A # 0, define

%g [/\ | egt]

27
3 , Vtelo,T]. (27)

@t [|F,]=

It is easy to check that &l 1 F,] and &*[- | F,] are two F-

expectations on LX(O,F 1> P) (the notion of F-expectation
can be seen in [13]). From (ii), we have if A > 0, for each
£ e L*(Q, Fp, P)

g e =8, [E]. (28)
Hence, by Lemma 4.5 in [13], we have
E[E1F) 28,61 F,] as, VEe[0,T].  (29)
Similarly, if A < 0, for each & € L*(Q, F, P)
& e < &, (4. (30)
Hence, by Lemma 4.5 in [13] again, we have
EEIF) <&, [E1F,]  as.vVeelo,T]. ()
Thus from (29) and (31), we have Y(&, ) € L*(Q, %, P) X R,

& N1 F, ]2 A8, [E1 F,] as, Vte[0,T]. (32
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From (26) and (32), we have
V(& a,b) e L*(Q, %, P) x RXR,
Eylal+b| F,| 2a& [E| F,]+b as, (33)
Vvt € [0,T].

(iii)=(iv): Firstly, we prove that g is independent of y.
From (iii), we can obtain that for each (¢, y) € L*(Q, F 1, P)x
R)

%g[g_ylgt]:%g[glgt]_y’ a.s., vVt €[0,T].

(34)

For each (¢, y,z) € [0, T] X Rx R, let Y% be the solution of
the following SDE defined on [t, T]:

Yoy J g(rnY?%2)dr+z-(W,-W,).  (35)
From (34), we have
7y, [ 5]y, [V 1]
t<r<s<T.

(36)

LetY, = Y% — y,5s € [t,T] and Z be the corresponding part
of It6’s integrand. It then follows that

Y, =- Jsg(r,Yf’y’Z,z) dr + rz-dW,
t t

. . (37)
= —J- g(r.Y,, Z,)dr + J Z,-dw,.
t t

Thus, Z, = z and

g(r.Y,z)= g(r, YErE y,z) = g(r, Yf’y’z,z). (38)

Then, we can apply Lemma 4.4 in Peng [14] to obtain that for
each (y,z) € Rx R?,

g(t,y,z)=g(t,0,z), dPxdtas. (39)

Namely, g is independent of y.

Now we prove that g is superhomogeneous with respect
to z. From (iii), we can obtain that for each ({,1) €
L*(Q, F 1, P) xR,

A& [E1F, <&, AN F,], as, VE€[0,T]. (40)

For each (t,z) € [0,T] x R?, let Y** be the solution of the
following SDE defined on [¢, T']:

e[ godristn-wy. @

N

From (40), we have

&, [\ F, ) 248, [P | F,| =AY)%, t<r<s<T.
(42)

Thus, (AY}%)c(qp isan & g-submartingale. From the decom-
position theorem of & -supermartingale (see [15]), it follows
that there exists an increasing process (A )sc[; 7 such that

N N
AYE? =—J g(r,Z,)dr+As—At+j Z,-dw,,
¢ ¢ (43)

se[t,T].

Thcils with \Y?* = = [* Ag(r,2)dr + [ Az-dW, yields Z, = Az
an

Ag(r,z) < g(r,Az), dPxdt as. (44)

At last, we prove that g is positively homogeneous with
respect to z. From (iii), we can obtain that for each fixed A > 0
and & € L*(Q, %, P),

28,081 7,] <5, (617,

that is,

a.s., Vt€[0,T], (45)

& AN F )< A8, [E1 F,], as, VEe[0,T]. (46)

Thus, we have
%g (A | F,] = A%g [E1F,], as, Vte[0,T]. (47)
Obviously, if A = 0, (47) still holds. Thus, for each A > 0,

AN F ] =08, [E1 F,], as,Vte[0,T]. (48)

For each (t,z) € [0,T] x R?, let Y** be the solution of SDE
(34). From (48), for each A > 0, we have

&, [\ F, | =48, [P | F,| = AY)%, t<r<s<T
(49)

This implies that there exists a process Z_t’Z’A such that

s N
AV = ‘J a(r Zi’“)d”J 2t dw,,  se[nT).
t t
(50)

Comparing this with \Y?* = - [* Ag(r,2)dr + [ Az - dW,, it
follows that Z5** = Az and

Ag(r,z) = g(r,Az), dPxdtas. (51)
(iv)=(iii): By comparison theorem (for example, we can
see [3]), it is easy to obtain (iii).
(iii)=(i): Suppose (iii) holds. From (iii) and by Remark 8
(i), we have

V(X,k) € Z(Q, Fp P) xR,
(52)
o[ X+k|F]=6,[X|F]+k as,

V(X A) € Z(Q,Fp P) xR,
(53)
E,AX 1 F,| 248, [X | F,] as.



From (53), we can deduce that for each bounded variable { €
Fois

VX e Z(QFrP), EX|F,]208,[X|F,] as

(54)

In fact, let {A;}}"; be a #,-measurable partition of () and let
A; € R(i=1,2,...,m). By (53), we have

&, [Z)L,-lAiX | 9«3] =21,8,[LX|F]
i=1 i=1 (55)
m
> ZlA,-Aigg (X | F,] as.
i=1
In other words, for each X € Z(Q, F, P) and each simple
function { € X(Q, #,, P),
X1 F,] 20, [X | F,] as. (56)

Thus, thanks to Remark 8(ii), it follows that (54) is true.

The main idea of the following proof is derived from [7].
Given & € Z(Q, F [, P) and convex function ¢ such that
o&) € (O, Fp,P), wesetn, = (p'_(%g[ﬁ | #,]). Then 7,
is #,-measurable. Since ¢ is convex, we have

9)-9(y) 29 (»)(x-y), VxyeR  (57)
Take x = &, y = &,[¢ | F,]. Then we have

0@ -9(8, 51 F])2n (§-%,[E1F,]) as (59
For each n € N, we define

Q= {|&, [E1 F]| + el + |0 (8, [E1 74])| <n}. (59
so we have

&, (10,9 @ | 7]

> &, (10, 0(%, (61 F.]) - 10, 1.8, [E1 F,] (60)
+1o, €| F1]  as.

By the definition of 15, , we know

IQM,‘P(gg t4 ‘c;t]) —-1g, 18, [E1F,] e Z(Q, %, P).
(61)

Thus, in view of (52) and from Proposition 10, we can get
%9 [IQt,n(p (E) | 971‘] 2 10,,,‘(/)(%5 [E I ‘G/:t])
— 1o, &, [E 1 F4] (62)
+&, [IQM’%E | 9t] a.s.

Moreover, from (54), considering that 1, 7, € &, and is
bounded by #n, we can get

&y [l né | Fo| =10, 8, [E1 F,] as.  (63)
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Hence, we can deduce that for each n € N,
&y llo, 9@ 1 F] 210 ¢(&,[E1F,]) as.  (64)

Finally, thanks to Remark 8 (ii) again, we can get

Elo® 1 F]20(8,E1F]) as.  (65)

Hence, Jensen’s inequality for & g [- | #,]holdsin general. The
proof of Theorem 13 is complete. O

Example 14. Suppose H is a bounded, convex, and closed
subset of R? and D = the set of R?-valued continuous
processes (v;);¢[o.r7 Such that for each ¢, v, € H a.s.. Define
the probability measure Q" by

dQU _ 67(1/2) _[(;F |v5|2ds+foTvs-dW5' (66)
dpP

Thus, for any convex function ¢,

® (ess supEqy [ | 9t]) < ess supEqy [¢ (8) | #,],
veD

veD (67)

a.s.,Vt € [0,T],
whenever &, (§) € L(Q, F 1, P).

Proof. Let g(t,z) = ess sup,.pv; - z. Obviously, g(t,z)
is superhomogeneous and positively homogeneous with
respect to z. and satisfies (A.1) and (A.2).

From El Karoui and Quenez [16], we have
esssup, pEqplé | F,] = gg[i | F.], as, V& €
L*(Q, Fr,P). Now we prove esssup,.,Ex[§ | F,] =
%g[f | F,], as., Y& e Z(Q,F,P). Indeed, for any
& € ZL(Q,F,P), there exists 1 < p < 2 such that
e LP(Q, Fp, P). LetE" = (EAn)V(-n),n = 1,2,....Clearly,
for each n, £ € L*(Q, %, P), then

ess squEQu [£" 1 7] =&, [&" | 7], as.  (gg)
ve

Since

esssup Eqy [¢" | F,]

veD

= ess sug (EQV [£"-& F,] + Eq (&l Z.])

<ess supEqy [§" & | F,] +esssupEqy [£ | F,],
veD veD

(69)
we have

g, [£" | F,] —ess sugEQv (£ F,]
ve
(70)
<esssupEq [£" - & | F,].
veD

With an approach similar to the one above, we can get easily

that
g, (& | F,] - ess sup Ecp (€1 F,]

veD

Zessll)lélgEQU [§"-&1 7]

(71)
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Combining (42) with (43), we have

g, [£" | F,] —ess supEy (€1 F,]

veD
S (

eSSlI)IEIIf;EQv [£" - ¢ 9t]|

(72)
Vless supEq [£" - & | F,] )
veD
<esssupEq [|€"-¢| | 7,].
veD
By Holder’s inequality and noting
that (e 172 JotosPdsefy v DieoT) and

t 2 t
(e W2 [y lquildsefy qu-dws)te[O)T] are both martingales with
respect to (F,),¢[o,17> We can obtain

gn_fllgt]

_ B[[§" - ¢ (dQ"/dp) | 7]
E[(dQ'/dP) | 7]

Eo |

(elle" &1 7.])" (£ ] (@Q1apy | 7,])"
E[(dQ/dp) | 7]

< e(l/z)(q-l)ﬂzT(E [Iﬁ" -7 | gt])l/‘[)’

<

(73)

where (1/p) + (1/q) = 1. It then follows from Lebesgue’s
dominated convergence theorem that

esssupEqy [|§" - &| | #,] — 0, asn— oo. (74)
veD
Hence,
&, (8" | F,] —esssupEqp [£| F,]| — 0, as n — oo.
veD
(75)

On the other hand, from Remark 8(i), we have
& 8" F ) — &, 81 F], asn— oo (76)
Thus,

&, 181 F,] = esssupEq [§| F,],
veD
(77)

as, V& e L (Q,F,P).

Applying Theorem 13, we have

¢ (ess supEy [ | 93]) <ess supEqy [@ (§) | #,], as.

veD veD

Definition 15. Suppose g satisfies (A.1) and (A.2). A process
(Xptepory satistying that for each t, X, € ZL(Q,F,,P)
is called a generalized Peng’s g-martingale (resp., gen-
eralized Pengs g-supermartingale, generalized Peng’s g-
submartingale), if for any ¢, s satisfying t <s < T,

E X 1 F, ] =X, (resp. <X,,2X,),as. (79)

Applying Theorem 13, immediately we have the following.

Theorem 16. Suppose g is independent of y, superhomo-
geneous and positively homogeneous with respect to z and
satisfies (A.1) and (A.2). If (X,)se(o,r) is @ generalized Peng’s
g-martingale and ¢ is a convex function such that ¢(X,) €
ZL(Q, F, P), then (9(X,))ieoqy is @ generalized Pengs g-
submartingale.

Remark 17. Suppose g is independent of y, superhomoge-
neous and positively homogeneous with respect to z and
satisfies (A.1) and (A.2). Similarly, we can get the following.

() If (X,)sefor) is @ generalized Peng’s g-submartingale
and ¢ is a convex and increasing function such
that ¢(X,) € Z(Q,F,,P), then (9(X;));co1 is a
generalized Peng’s g-submartingale.

(ii) If (X,)se(o,77 is a generalized Peng’s g-supermartingale
and ¢ is a convex and decreasing function such
that p(X,) € Z(Q,F,,P), then (p(X,))sejor) is 2
generalized Peng’s g-submartingale.

Example18. (i) Let g = plz| and ¢(x) = (x—a)" wherea € R.
Obviously, g satisfies the assumptions of Remark 17 and ¢ is
a convex and increasing function. By Remark 17 (i), we have
the following: suppose (X,)¢[or) is a &-submartingale, then
((X; = @) )seqor) is @ &”-submartingale.

(ii)Let g = plz| and ¢(x) = (x — b)” where b € R.
With the similar argument, we have the following: suppose
(Y))se(or) is @ &¥-supermartingale, then ((Y; = b)"),c(or) is @
&"-submartingale.
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