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This paper deals with the existence and iteration of positive solutions for nonlinear second-order impulsive integral boundary value
problems with p-Laplacian on infinite intervals. Our approach is based on the monotone iterative technique.

1. Introduction

The theory of impulsive differential equations has been
emerging as an important area of investigation in recent
years. It has been extensively applied to biology, biologic
medicine, optimum control in economics, chemical tech-
nology, population dynamics, and so on. It is much richer
because all the structure of its emergence has deep physical
background and realistic mathematical model and coin-
cides with many phenomena in nature. For an introduction
of the basic theory of impulsive differential equations in
R", the reader is referred to see Lakshmikantham et al.
[1, 2], Samoilenko and Perestyuk [3], and the references
therein.

Boundary value problems on infinite intervals arise quite
naturally in the study of radially symmetric solutions of
nonlinear elliptic equations and models of gas pressure in
a semi-infinite porous medium; see [4-7], for example. In
a recent paper [8], by means of a fixed-point theorem due
to Avery and Peterson, Li and Nieto obtained some new
results on the existence of multiple positive solutions for the
following multipoint boundary value problem with a finite
number of impulsive times on an infinite interval:

d () +qt) ftu®) =0,

VO<t<oo, t#t, k=12,...,p,

Au(tk)=1k(u(tk)), k=1,2,...,p,

m—2
u(0) = Zoc,»u (&), u' (c0)=0,
im1

¢y
where f € C([0,+00) x [0,+00),[0,+00)), I, € C([0,
+00), [0, +00)), u'(00) = lim, _, u'(t), 0 < & <& < - <

£, < 400,0 <t <t <
q € C([0, +c0), [0, +00)).

Boundary value problems with integral boundary con-
ditions for ordinary differential equations arise in different
fields of applied mathematics and physics such as heat
conduction, chemical engineering, underground water flow,
thermoelasticity, and plasma physics. Moreover, boundary
value problems with Riemann-Stieltjes integral conditions
constitute a very interesting and important class of problems.
They include two-point, three-point, and multipoint bound-
ary value problems as special cases; see [9-14]. For boundary
value problems with other integral boundary conditions and
comments on their importance, we refer the reader to the
papers [11-20] and the references therein.

< t, < +09, and

There are relatively few papers available for integral
boundary value problems for impulsive differential equations
on an infinite interval with an infinite number of impulsive
times up to now. In [21], Zhang et al. investigated the existence



of minimal nonnegative solution for the following second-
order impulsive differential equation

" (1) = f(tx(®),x' () =0, te] t#t,

Axliey, =1 (x (t))

A | =T (x (1),
t=t;

k=12,...,

k=12..., 2)

x(O):L g x(t)dt, x'(c0)=0,

where f €C(JxJx],]), I € C(J,]), I € C(J,]),] = [0, +c0),
0<t, <ty<---<t <+t — oo,and g(t) € L[], ]J] with
J;oo g(t)dt < 1. Ax|,_, denotes the jump of x(f) at t = ¢,
that is,

Al = x ()~ % (). ®)

where x(¢) and x(t; ) represent the right-hand limit and left-
hand limit of x(t) at t = t;, respectively. Ax’ l=¢, has a similar
meaning to x'(p).

In the past few years, the existence and the multiplicity
of bounded or unbounded positive solutions to nonlinear
differential equations on infinite intervals have been studied
by several different techniques; we refer the reader to [5-
8, 21-29] and the references therein. However, most of these
papers only considered the existence of positive solutions
under various boundary value conditions. Seeing such a fact,
a natural question which arises is “how can we find the
solutions when they are known to exist?” More recently, Ma
et al. [30] and Sun et al. [31, 32] established iterative schemes
for approximating the solutions for some boundary value
problems defined on finite intervals by virtue of the iterative
technique.

However, to the author’s knowledge, the corresponding
theory for impulsive integral boundary value problems with
p-Laplacian operator and infinite impulsive times on infinite
intervals has not been considered till now. Motivated by
previous papers, the purpose of this paper is to obtain the
existence of positive solutions and establish a corresponding
iterative scheme for the following impulsive integral bound-
ary value problem of second-order differential equation with
p-Laplacian on an infinite interval

(¢, (x' ) +q0) f(t.x 1), 5 ©) =0, te],

Axley, = L (x(t)), k=12,..., (4)

x(O)=L g x()dt, x'(00) = x4,

where ¢,,(s) = Is|P72s, p > 1, ] = [0, +00), ], = (0,+00), ]| =
Jo\{tity oot L0 <t <ty <o <t <oon ity — 00,
and g(t) € L[J,J] with [ g(Odt < 1, [ tg(t)dt < +oo,
and 0 < x'(00) = limt_,+oox'(t).
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It is clear that

@, (s+1)
3 277 (9, () +9,(1), p=2, 5t>0, (5)
e, +e,0, 1<p<2,st>0,

9, (s+1)

Y(p-1) (-1 =
§ 270 (9N ) + 9, (1), p=251>0,
@, () +9, (B, 1<p<2s5t>0.
(6)

Throughout this paper, we adopt the following assumptions.

(H)) f(t,u,v) € C(J xJ x J,]), f(t,0,0) # 0 on any
subinterval of J, and when u, v are bounded, f(t, (1 +
t)u, v) is bounded on J.

(H,) gq(t) is a nonnegative measurable function defined
in J, and q(t) does not identically vanish on any
subinterval of ], and

+00
0< J q (t) dt < +o0o,
0

+00 +00
0< J ¢;1<J q(T)dT>d5< +00.
0 s

(H;) I, € C(J,]), and there exist g, > 0, b > 0 such that
forxe] (k=1,2,3,...),

7)

0 < I (x) < g + bex,

00 0 (8)
a’ = Zak < +00, b* = Zbk (1+1;) < +o0,
k=1 k=1

+00

withb* < (1/3)(1 - [, g(t)dt).

Ifp=21=0(k=12,...)g(t) =0, x'(c0) = 0, then
BVP (4) reduces to the following two-point boundary value
problem:

") = f(tx®),x' (1)) =0, te],

x(0) =0,

which has been studied in [23].

Compared with [8, 21], the main features of the present
paper are as follows. Firstly, second-order differential oper-
ator is replaced by a more general p-Laplacian operator.
Secondly, in this paper, x, in boundary value conditions may
not be zero which will bring about computational difficul-
ties. Thirdly, by applying monotone iterative techniques, we
construct successive iterative schemes starting oft with simple
known functions. It is worth pointing out that the first terms
of our iterative schemes are simple functions. Therefore, the
iterative schemes are significant and feasible.

The rest of this paper is organized as follows. In Section 2,
we give some preliminaries and establish several lemmas. The
main theorems are formulated and proved in Section 3. Then,
in Section 4, an example is presented to illustrate the main
results.

€)

x' (00) =0,
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2. Preliminaries and Several Lemmas

Definition 1. Let E be a real Banach space. A nonempty closed
set P C E is said to be a cone provided that

(1) au+bv e Pforallu,v € Pandalla>0,b >0,
(2) u,—u € P implies that u = 0.

Definition 2. Amap o : P — [0, +00) is said to be concave
on P, if a(tu + (1 — t)v) > ta(u) + (1 — t)a(v) for all u,v € P
andt € [0,1].

Let PC[]J,R] = {x : x is a map from J into R such that
x(t) is continuous at ¢ # f;, left continous at t = f, and x(t])
exists for k = 1,2,...,}, PCY[J,R] = {x € PC[J,R] : x'(t)
exists and is continuous at ¢ # t;, left continous at t = t; and
x'(t]) exists for k = 1,2,...,}

FPC[],R]

B Lo x @)l
= {xePC[],R].stli}) Lot <oo]>,

E = DPC'[J,R]

= {x € PC'[J,R] : supM < 00, sup 'x' (t)| < oo}
te] 1+t te]

(10)

Obviously, DPC'[J,R] c FPC[],R]. 1tis clear that FPC[J, R]
is a Banach space with the norm

lx (@)
=S _—
lxl e tl;? - (11)

and DPC'[J, R] is also a Banach space with the norm
Il = max {Ixl ]} (12)

where ||x'||B = suptellx/(t)l. Let Jo=[0,t,], Ji = (o typy] (k=
1,2,3,...). Define a cone P C E by

P = {x € E: x is concave and nondecreasing on ],
, (13)
x(t) =0, x (t)z(),te]}.

Remark 3. If x satisfies (4), then ((pp(x'(t)))’ = —q(t) f(t,
x(t), x'(t)) < 0,and t € [0, +00) which implies that (pp(x'(t))
is nonincreasing on J; that is, x'(t) is also nonincreasing on J.
Thus, x is concave on [0, +00). Moreover, if x'(00) = x., > 0,
then x'(t) > 0, ¢ € [0, +00), and so x is monotone increasing
on [0, +00).

Lemma 4. Let conditions (H,)-(H;) hold. Then, x € P with
((pp(x'(t)))l € C(0,+00) is a solution of BVP (4) if and only

if x € C[0,+00) is a fixed point of the following operator
equation:

(Ax) (£)
v
1- [ g dt

X Lm g(t)

! -1
X
I

X (J+mq(r)f(1,x(r),x’ (T)) dr

(14)
+9, (%) > ds

+ZIk(x(tk))] dt

fe<t

+ Lt (p;1 <L+OO q() f (T,x (), (T)) dr

+9, (Xo0) > ds

+ ) L (x (1)) -
fo<t
Proof. Suppose that x € P with (gop(x'(t)))’ € C(0,+00) is a
solution of BVP (4). For t € ], integrating (4) from ¢ to +oo,
we have

J- Oo<pp(x' (T))IdT
t +00 as)
= L q@) f (‘r,x (1), x' (T)) dr.
That is
9p (+' (00)) -9, (+' )
(16)

=— L q(r) f (T,x (), (T)) dr,
which implies that
(1)

= ‘P;;l <J;+OO q(t) f (T, x(1),x' (T)) dr+¢, (xoo)> .
17)
Ift, <t <t,,integrating (17) from 0 to t,, we get that
x(t;) - x(0)

= Ltl (P; (J:oo q(0) f (T,X (1), x' (T)) dr +¢, (xoo)> ds.
(18)



Integrating (17) from ¢, to t, we obtain

x(t)—x(t])

= J:l (p; <L+OO q) f (T, x(1),x (T)) dr + ¢, (xoo)> ds.
(19)
Adding (18) and (19) together, we have
x (t)

= x(0)

+ J: ‘P;l <L+OO q(v) f (‘r,x (1),x' (T)) dr + ¢, (xoo)> ds

+1, (x(t))), t <t<t,.
(20)
Repeating previous process, we get that
x(t)
=x(0)

+ Jot o7 <L+OO 1@ f(tx(@),x @) dr+9, (xoo)> ds
+ ZIk (x (1))

fe<t

= L:Oo gt)x(t)dt

+ J: ‘P;l <L+OO q(v) f (‘r,x (1), x' (T)) dr + ¢, (xoo)> ds
+ ZIk (x (t)) -

fe<t

(21)
It follows that

J(:OO g(t)x(t)dt

1
1- [ gt

v
x <J Ooq(‘r)f(‘r,x(‘r),x' (r)dr
+¢, (Xeo) ) ds

+ I (x (tk))] dt.

t<t
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Substituting (22) into (21), we get that

x(t)
N S
1- [ g dt
X L g ()

aiss
X (Lm q() f (T,x (1), x' (T)) dr+g, (xoo)> ds

+Y I (x (tk))] dt

+ JO ‘P; <L q() f (T,x (), (r)) dr+g, (xoo)> ds
+ ZIk (2 (tx)) -

f<t

(23)

For x € P, there exists r, such that [|x|, < 7,. Set B, =
sup{f(t,(1 + Hu,v) | (t,u,v) € J x [0,7,] x [0,7,]}, and we
have by (H,) and (H;) that

+00

JO q(s)f(s,x(s),x' (s)) ds < L q(s) ds-BTU,

o (24)

Zlk (x () < Zlk (x(tp)) <a” +b'ry < +oo0.
k=1

t<t

By (6), (24), we have

x (t)
N
1- [ gt
X L g(t)

[
X (J:OO q(1) f (T, x(1),x (T)) dr
+9, (%) ) ds

+ I (x (tk))] dt

ti<t
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gid
X (J v q(v) f (T,x(r) ,x (T)) dr+¢, (xoo)> ds
+ ZIk (x (t))
f<t
1
S o
1-[ T g@ade

X L tg (t) dt - (p;)1
X (Lm @) f(r,x(1),x' (1)) dr + ¢, (xoo)>

+ tcp;1 (Lmo q() f (T, x (1), x' (T)) dr+¢, (xoo)>
1

t— e o
1- [ g(t)dt

B 1 +00
< 2l —I tg (t)dt +1
1- [ gmdt o

X [cp;l (Lmoq(r)f(r,x(‘r),x' (T)) dr) + xoo]

1- [ gmad

(a" +b"ry)

(@ +b'ry).
(25)

It follows from (24) and (25) that the right term in (23) is well
defined. Thus, we have proved that x is a fixed point of the
operator A defined by (14).

Conversely, suppose that x € C[0, +00) is a fixed point of
the operator equation (14). Evidently,

Axley, = L (x(t)) (k=1,2,..). (26)

Direct differentiation of (14) implies that, for t # ¢,

X (0) = g7 (j T4 £ (5x(5),x (9)ds + g, (xoo)),

Ax" =0 (k=1,2,...),

t=t,

(9, (' ®)) =-q ) f (x 0, x ®),
27)

which means that (gop (x'(t)))’ e C(J"). Itis easy to verify that

x(0) = [, g(t)x(t)dt, x'(00) = X, The proof of Lemma 4
is complete. O

To obtain the complete continuity of A, the following
lemma is still needed.

Lemma 5 (see [33,34]). Let W be a bounded subset of P. Then,
P is relatively compact in E if {(W(t)/(1 + t)} and {W'(t)} are
both equicontinuous on any finite subinterval J, N [0,T] (k =
1,2,...) forany T > 0, and for any € > 0, there exists N > 0
such that

x(t) =(t")

1+t 1+t"

<e§g |x' (t') -

x (t”)| <e, VLt =N,

(28)

uniformly with respect to x € W ast',t" > N, where W(t) =
{x(@®) | x e WLW' ) ={x' ()| x € W}, t € [0, +00).

This lemma is a simple improvement of the Corduneanu
theorem in [33, 34].

Lemma 6. Let (H,)-(H;) hold. Then A : P — P is completely
continuous.

Proof. For any x € P, by (14), we have
®p ((Ax)') ) = J-t q(s) f (s, x(s),x (s)) ds+¢, (xs)

/ ! !
(0p(4%) 1) = =q(0) f (t.x (1), ().
(29)
It follows from (14), (29), and (H, ) that (Ax)(¢) >0, (Ax) () >
Xoo 2 0, (Ax)"(t) < 0, thatis, A(P) c P.Now, we prove that A
is continuous and compact respectively. Let x,, € P, x,, — x
asn — 00, then there exists r, such that sup, . \p o1, [l < 7.

Let B, = sup{ f(t, (1 + H)u,v) | (t,u,v) € J x [0,7,] x [0,7,]}.
By (H,) and (H,), we have

Lm q@|f (1.5, 0, %, (@) - f (1. x(1),x ()| dr

+00
<2B, - J q(s)ds < +oo.
0
(30)

It follows from (30) and dominated convergence theorem that
+00
L a@|f (t.x,(0),x, () - f(r,x (1), 5" (1))| dr

— J(:OO q (1) 'f (T,x (1), x' (T)) - f (T,x (1), x' (T))| dr,
(1)

which implies that

(P;]l <L q(t) f (T, x, (1), x, (T)) dr +¢, (xoo)> ds

_%—]1 (J(:oo q(o) f (T, x(1),x (T)) dr+¢, (xoo)) ds

— 0, n-— o0o0.

(32)



By (30)-(32), (H;) and dominated convergence theorem, we
get that

lAx, - Ax],
B 1
T 1t
1
x (oe]
1- Io g(t)d
(e
! 1
|,
x(J q(r)f(rx , X, (T))
+9, (%) ) dsdt
- J g(t)
0

X J; qo;1 (Lm q(1) f (T,x(r) ,x (T)) dr
+9, (Xo) > dsdr
+ Lm g()

(I (e, () = I (x (tk)))] dr

’ L ["’; (Jm 90 f (1%, (1), %, (1) dr
9, () )
o ([ a@ s (rrm . @)
9p (¥co) )} ds

+z (I (%, (t)) = L (x () ”’
< 1

1= [Tgma

XJ tg (t)dt
0

) <P;,l (J: q(r)f(r x, (1), x, (T)) dr + ¢, (xq ))

¢, <L+OO q(@) f(r.x(1),x' (1)) dr + Pp (xoo))‘

Abstract and Applied Analysis

+ (p;l <L q() f (T, x, (1), %, (T)) dr+¢, (xoo)>

—(p;,l (L Ooq(r)f(r,x(r),x' (T)) dr+¢, (xoo)>l

1= [ g(t)dt

X j(: g()- Z [T (.0 (1) =

tr<t

(x (t))] dt

(n — 00),

+ 2 [ (x (1))

tp<t

~ I (x (1)) — 0

(%)’ - caxy],

= sup {
te]

(P;l <J:00 q(s) f (s, x, (s), %, (s)) ds+g, (xm)>

o ([Ta0r(sx

— 0 (n— ).

x'(s))ds+o, (xoo)>”

(33)

It follows from (33) that A is continuous.
Let Q) ¢ P beany bounded subset. Then, there existsr > 0

such that | x|, < r for any x € Q. Obviously,

| Axl| g
—apd
[E? 1+¢
1
oS mr=r—
1- [ g(6)dt
XJ g ()
0

X <L+OO q(1) f (T, x(1),x' (T)) dr
+¢, (%) ) ds
+ZI’<
{o

X (Jmoq(r)f(r,x(r) ,x (T)) dr

£(t) ]

+9, (%o0) > ds

|

+ZIk (x (t))

te<t
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1= [, gt . Or
+00 4 ., +00 ,
x L tg(t)dt - ¢, x <J q(T)f(T,x(T),X (T)) dr + ¢, (xoo)> ds
><<J+Ooq(1)f(1,x(f),x'(T))d‘r+<pp(xm)> l;_;|
0 L+t 1+t
+¢;1<J q(‘r)f(‘r,x(‘r),x'(T))d1+(pp(xoo)> +;
0 1+t"
l "
t (@ +b'r) o
1- [ g()de XL, ‘Pp1
ooy | 1L jmt (Hdt+1 x <J+OO (T)f(T x(1),x' (T)) dr+ ¢, (x )) ds
< 1_j0+00g(t)dt , 9 . q > » Pp Xeo
+00 t 1
-1 -1 —
@ ([ on] s
;( 4 b'r) e )
+1—j0+°°g(t)dt a +b'r), ><<L q(T)f(T,x(T),x (T))dr+gop(xoo)>ds
(4x) N
| £ 1+t 1+t
:Su?{(P‘_’l(L q(s)f(s,x(s),x’(s))d5+<pp(xoo)>‘} . 2+ by | | ] l
te . —
- 1-— J:OO g (t)dt 1+t" 1+t
2 e ([ a0s) e e
(34) ST e L
1-[ " g@adt
¢ ) +00 a1
From (34), (H,), and (H;), we know that AQ is bounded. x “tr <(PP (,[0 q(7) dT) "Pp (B,) + x°°> ds
Forany T > 0,x € Q,t',t" € [, n [0, T] with t' < t", by )
the absolute continuity of the integral, we have N J'Ot <¢;1 ( L+oo .6 dT> . (p;)l (B)+ xoo) “
1 1
(Aax) (f')  (Ax)(¢") ' th" B Tt'|
1+t 1+t" . s
L a+ b'r ' | 11 l
1 _ (™ L+t 1+t
< 1-f, g®dt
1+ (1- [ g de
( ) ( IO () ) — 0 uniformly as t' — t",
+00
| g0 o (49 (¢)) - 9, (14 ()|
¢ -1 = jt” q(S)f(s x(s),x (s)) ds
. jt’ ¢P t[ > >
+00 , t”
X <J q(T)f(T,x(T),x (T))d‘l’+ ®p (xoo)>ds <B,- J q(s)ds
N tl
+ + — 0 uniformly as t' — ¢,
1- [T gt (35)

+oo Thus, we have proved that AQ) is equicontinuous on any J, N
|, swa or ! -



Next, we prove that for any ¢ > 0,x € Q, there exits

sufficiently large N > 0 such that

(Ax) (')  (Ax (")
1+t 1+t

<é&,

|(Ax)" (¢') - (Ax)' (£")| < &
For any x € Q, we have

. 1
lim —
to+oo] + ¢t

1
[1— [7< g adt

vt', " > N.

<[ "9 Y1t ) e Y1 x(00)

t<t

1 a" +b'r

< lim . =0,
to+c0] + ¢t 1_IO+°°g(t)dt

. 1
lim —
to+oo] + ¢t

: ng(t)

0

f<t

. Hot (P;’l <Is+mq(7)f(f’x(f),x' (T)) dr

+9, (%oo) > ds] dt

1 _
< lim — YV
t—+400] + ¢

1 +00
—_— tg (t) dt
X(l— +mg(t)dtjo g(t) >

0

X [(P; (B,) -9, (Lm q(7) dT) + xoo] =0,

1

lim
t—o+oo]l + ¢t

(36)

. Lt (p;,l <L+Oo q(0) f (r, x(1),x' (T)) dr + ¢, (xoo)> ds

t — +00

= lim ¢ (Jtmq @ f (r.x(0),x' (1)) dr+g, (xoo)>

= Xgo-

(37)

Abstract and Applied Analysis

It follows from (37) that

y (Ax) (t)
im
tooo| 1+t
toool +¢
N D
1- [ g dt
oo
t
-1
L
X <J q(T)f(T,x(T),x' (T))dT
+9, (%) ) ds
+Zlk (x (tk)):| dt
te<t
oo
X (J q('r)f(r,x(r),x/ (T))dr
+9, (%) ) ds
+ZIk (x (tk))}
= Xpo

(38)
On the other hand, we arrive at
Jlim |(Ax)" (2)]
-1 +00 )
= lim ¢, (Jt q(@s) f (s,x(s),x (s)) ds+¢, (xoo)>

t— 0o

= Xoo-

(39)

Thus, (36) can be easily derived from (38) and (39). So, by
Lemma 5, we know that AQ) is relatively compact. Thus, we
have proved that A : P — P is completely continuous. [
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3. Main Results

For notational convenience, we denote that

B 1 +00
m = 21/ —I tg (t)dt + 1
1- [ g@dt o

(40)
. q);)l (JO q (T) dT) 5
, 1 +00
m = (TJ tg(t)dt+1>
1—j0 g(t)dt Jo (1)
9, <L q(r)dr),
=MD tg (t)dt +1 ,
" (1— (t)dtJO gdes >x°°
(42)

, 1 +00
| ———— | wgod+1)x,, 43
" <1—ngmde g()'+>x (:

A = max = a N,
1- |7 g()dt - 3b*

*
a ]

A’ = max N7
1- jo (t) dt — 3b*

Theorem 7. Assume that (H,)-(H,) hold, and there exists

3A, =2,
d> ) ap
3N, asl<p<?2

(44)

(45)

such that

(A) f(t,x, 3) < f(t, x5, 9,) for any 0
x, €£x,<d,0<y, <y, <d,

<t < 400,0 <
(A,)

@ i , as p=2,
P\ 3m

ft(0+Huv) < d
g

%>, as 1<p<2, (46)

(t,u,v) € [0, +00) x [0,d] x [0,d],

(A3) I(x)) < L (xy) (k=1,2,...,), forany 0 < x; < x,.

Then, the boundary value problem (4) admits positive,
nondecreasing on [0, +00) and concave solutions w* and v*
such that 0 < |w*|p < d, and lim,,_, Jw, = lim, _,  A"w, =
w”, where

wy(t)=d+dt, te], (47)

and 0 < [[v*||p < d, lim
U(t) =0,t € J.

no ooV = lim, _, A", = V", where

Proof. We only prove the case that p > 2. Another case can be
proved in a similar way. By Lemma 6, we know that A: P —
P is completely continuous. From the definition of A, (A,),
and (A;), we can easily get that Ax, < Ax, forany x;,x, € P
with x; < x,, x] < x,,. Denote that

P,={xeP||x|p<d}. (48)

In what follows, we first prove that A : P, — P,.If x € Py,
then |lx||p < d. By (6), (40), (42), (44), (H;), (A,), and (A;),
we get that

I Al

1

_Stli?{ut
ol
1- [ gmat

<[ a0

0

X (J OOq(T)f(T,x(T),XI (T))d‘l’

+9, (Xo0) > ds

X <J Ooq(r)f(‘r,x(‘r),x' (T))dr

+9, (%00) > ds

}

+zIk (te)

t<t

1-[ " g@dt

+00
X J tg (t)dt - (p;,1
0

x(f 9@ f (rx(r

,X (T))d‘r+(pp( ))
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+ (P; (L ” q() f (T,X (1), x' (T)) dr +¢, (xoo)>

1—]0 gt dt

B 1 +00
< 2V D —J tg () dt + 1
1- [ g@dt o

() o ([ o)

(a® +b°d)

(49)
],

= sup {
te]

< 21/(1)—1) |:§0;1 <J;)+DO q (S) d5> q);l <(Pp <%>>+X00]

<d.

o (Jm 96 f (5%, (9) ds+g, (X°°)>H

(50)

Thus, we get that |Ax||, < d. Hence, we have proved that
A: I_Dd — ﬁd.

Let wy(t) = d +dt, 0 < t < +00, then wy(t) € ﬁd. Let
w, = Aw,, w, = A’w,, then by Lemma 6, we have that w, €
P, and w, € P,. Denote that

w,,, = Aw, = A" wy, n=0,1,2,.... (51)
Since A : P; — P, we have that
w, € A(P;) c Py n=1,2,3,.... (52)

It follows from the complete continuity of A that {w,}>’,
is a sequentially compact set. We assert that {w,},”, has a
convergent subsequence {w,, },2,, and there exists w* € P,
such thatw, — w”.

By (51), (A;)-(A;), we get that

w (t)
R S
1- [ g(t)dt

| [
X <L+OO q(1) f (T, wy (1), w(') (T)) dr

+¢, (%) ) ds

Abstract and Applied Analysis

+ I (w, (tk))] dt

¢
L
X (J 00 q() f (T, w (1), wy (T)) dr+g, (xoo)> ds
+ Zlk (wo (t))
fi<t

S
1- [T gmde

X L tg (t) dt-(p;
X (L 00q(r)f(r,x(r) X' (1) dr+g, (xoo))

+ t(p;,l <L+OO q(r) f (T, x(1),x' (T)) dr+e, (xoo)>

1- [ g@dt

cven( L (" pa
<1—IJ°°g<t>dt e )
B +00 — d
(o (e )
+ 2D, [‘P‘;l <J+°"q(T) dT) (P;l <(PP <%)) +xm]
0

1—]0 g dt

(a® +b"d)

(a" +b"d)
<d+dt =w(t),

w; (t)

= (Awo)’ )
o +00 ,
=9, (L Q(S)f(s,wo (s),w, (s))ds+<pp (xoo)>

< VD [‘P;l <J0+°° q(1) dr) 9, <(pP <%>> + xm]

<d

=wy (t), 0<t < +oo.
(53)

So, by (53) (A;)-(A;) we have
w, () = (Aw,) (£) < (Aw,) () =w, (t), 0<t< 400,

w (1) = (Aw,)' (1) < (Awy) (@) = (w;) (), 0<t < +oo.
(54)
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By induction, we get that
W, (H) Sw, (1),
w),, () <w, (), (55)

0<t<+o00, n=0,12,....

Hence, we claim that w, — w" asn — ©o. Applying the
continuity of A and w,,,; = Aw,,, we get that Aw™ = w".

Let vy(t) = 0, 0 < t < +00, then vy(t) € P,. Letv, =
Avy, v, = A’v,. By Lemma 6, we have that v, € P; and v, €
P,. Denote

U = Av, = A"y, n=0,1,2,.... (56)

Since A : P, — P, we have thatv, € A(P;) C Psn =
1,2,3,.... It follows from the complete continuity of A that
{v,}72, is a sequentially compact set. And, we assert that
{v,},2, has a convergent subsequence {v,, };, and there exists

v* € P, such that v, — v
Since v, = Av, € P4, we have

vy (t) = (Avy) (t) = (A0) (£) 20, 0<t<+00,

vl (1) = (Avy) () = (A0) (1) > 0 =) (t), 0 <t < +00.

(57)
By (A;)-(A;), we have
v, (£) = (Avy) (1) = (A0) (1) = v, (t), 0<t<+o0,
(58)
vl (1) = (Avy) (t) = (A0) (1) =, (), 0 <t< +co.
By induction, we get that
Uypq (1) 20, (1),
v, )= (1), (59)

0<t<+o00, n=0,1,2,....

Hence, we claim that v, — v" asn — 0. Applying the
continuity of A and v,,,; = Av,, we get that Av™ = v".

Since f(t,0,0) # 0, 0 <t < 00, then the zero function is
not the solution of BVP (4). Thus, v* is a positive solution of
BVP (4). By Lemma 4 we know that w* and v* are positive,
nondecreasing on [0, +00) and concave solutions of the BVP
(4).

We can easily get that Theorem 7 holdsfor 1 < p < 2ina
similar manner. O

Remark 8. Theiterative schemesin Theorem 7 are w(t) = d+
dt,w,,, = Aw, = A" 'wy,n=0,1,2,...and v,(t) = 0,v,,, =
Av, = A"y, n = 0,1,2,.... They start off with a known
simple linear function and the zero function respectively. This
is convenient in application.

Theorem 9. Assume that (H,)-(H,) hold, and there exist

3A, asp=2,

60
3N, asl<p<2 (60)

d,,>dn_1>--->d1>1

such that

1

(A) f(tx1, 31) < f(txy,9,) forany 0 < t < +00, 0 <
X <%, 0y, <y,
(A
<ﬂ> as p=>2
Oo\3m) ®P=2

(pp(ﬂ>, asl<p<2
3m’

(t,u,0) € [0,+00) x [0,d; ] x [0,d] . k=1,2,...,n.
(61)

FtA+Duv) <

(A)) L(x)) < L(x,) (k=1,2,...,), forany 0 < x; < x,.

Then, the boundary value problem (4) admits positive nonde-
creasing on [0, +00) and concave solutions w;, and vy, such that
0 < lwill, < dy and lim wy, = lim Alwyy = wy,
where

n— 00

I

n— 00

wo (t) = dk + dkt, te ], (62)

and 0 < |ugllp < dp, lim
where v,(t) =0, t € J.

1 n ok
n—oolkn = 11mn—>ooA Uko = Vg

Remark 10. 1t is easy to see that w* and v* in Theorem 7 may
coincide, and then the boundary value problem (4) has only
one solution in P. Similarly, positive solutions w;, and v, may
also coincide.

4. An Example

Example 11. Consider the following impulsive integral
boundary value problem:

(|x"x')’ + efﬁtf (t,x(t),x' (t)) =0, tej,

Ml =5 [ 00+ S e x )]
x@=L H%EAﬂﬁ Mm»:?,

where

f(t,u,v)

1 1 3
— |sin (101¢ + 20)| + —<L> +
64 72\1+t

1, . 1/ 2\

—|sm(101t+20)|+—(—> +

64 72\1+t
(64)

It is clear that conditions (H,), (A,), and (A;) hold for p =
3,q(t) = e o, gt) =1/1 + t)*. By direct computation, we

obtain that
+00 71 +00 \/§
J, e (], amar)as= 55

(65)

+00 1
t)ydt = —,
L q(t) c

which implies that (H,) holds.
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Obviously, I, € C(J, ]). Using a simple inequality

(1+w)*<l+oau, Yu>20,0<a<l, (66)

we get that

I (x (k) < -l—xw)+—l-<1+1xm0]

2k+2 2k+1 6
(67)

1
9
5 L,2 1 w.

2k+1 + E ’ 2k+1

Thus, (H,) holds for a, = (1/9)-(1/2K1), b, = (2/27)-(1/2F).
Considering that

+00 +00
J g@&zj L a-1
0 0

(1+1)° 2
+00 +00 t 1
L mmw_L Tty (68)

o ([ ) ()%

we can obtain that

i 1
a’"=Ya =—,
& 18

b*_2°°1+k_2 vl <ok \_ 1 (69
- Ekz ok+l T E kszH + szﬂ - 5’
=1 =1

m:\/g, n=2, A=2.

Take d = 8. In this case, we have

NESEYERR

On the other hand, nonlinear term f satisfies

f(1+1)u,v)

1 1 2401
— +—=——, te[0,+00), u,v€[0,8],

S |
64 9 25 14400

(71)

which means that (A,) holds. Thus, we have checked that
all the conditions of Theorem 7 are satisfied. Therefore, the
conclusion of Theorem 7 holds.
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