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This paper deals with the extinction and nonextinction properties of the fast diffusion equation of homogeneous Dirichlet boundary
condition in a bounded domain of RN with N > 2. For 0 < m < 1, under appropriate hypotheses, we show that m = p is the critical
exponent of extinction for the weak solution. Furthermore, we prove that the solution either extinct or nonextinct in finite time
depends strongly on the initial data and the first eigenvalue of —A with homogeneous Dirichlet boundary.

1. Introduction

In this paper, we deal with the following fast diffusion equa-
tion with gradient absorption terms:

u, = A" + AVulf,  (x,t) € Q% (0,00),

u(x,0)=uy(x), xe€Q, (1)

u(x,t) =0, x€09Qx(0,00),

where 0 < m < 1,p > 0,1 > 0,Q ¢ RN with N > 2'is
an open bounded domain with smooth boundary, and u, €
L®(Q) N WOI’P (Q) is a nonzero positive function.

Equation (1) appears in a lot of applications to describe the
evolution of diffusion processes, in particular, fast diffusion
for 0 < m < 1. In combustion theory, for instance, the
function u(x,t) represents the temperature, the term Au™
represents the thermal diffusion, and A|Vu|? is a source.

Extinction and nonextinction are important properties
for solutions of many evolutionary equations, especially for
fast diffusion equations. In 1974, Kalashnikov [1] considered
the Cauchy problem of equation u, = Au — u and firstly
introduced the definition of extinction for its solution; that
is, there exists a finite time T > 0 such that the solution is
nontrivial for 0 < ¢t < T, but u(x,t) = 0 for all (x,t) €
Q x (T, 00). In this case, T is called the extinction time.

Since then, many authors became interested in the extinc-
tion and nonextinction of all kinds of evolutionary equations.
For the following homogeneous Dirichlet boundary value
problem:

u,=Au—-ul, (x1t)€Qx(0,00),

u(x,0)=uy(x), xeQ, 2)

u(x,t) =0, x€0Qx(0,00).

Gu [2] obtained that the nontrivial solutions of the problem
(2) vanish identically in a finite time if and only if 0 < g < 1,
which implies that strong absorption will cause extinction in
a finite time. More results on the extinction for the problem
(2) have also been obtained by many researchers, and we
can refer to [3-7] and the references therein. Because of the
occurrence of such a phenomenon for a diffusion equation
with a different absorption term, that is, the absorption term
is anonnegative function of Vu instead of being a nonnegative
function of u, Benachour et al. [8, 9] considered the following
Cauchy problem for the viscous Hamilton-Jacobi equation:

u, = Au—|Vull, (x,t) € RY x(0,00),
3)

u(x,0)=uy(x), xc¢€ RN.

They proved that the nonnegative classical solutions to the
problem (3) are extinct in finite time and have noncompact
supportif 0 < g < 1.



Generally, in the problems (2) and (3), there is a com-
parison between the diffusion term and the absorption term,
and the absorption is sufficiently strong to lead any bounded
nonnegative solution to zero in finite time. However, while
both the source —u? in problem (2) and the source —|Vu|? in
problem (3) are called the “cool source,” the nonlinear source
+|Vu|? in problem (1) is physically called the “hot source.
As far as we know, the type of “hot source” has complicated
influences on the properties of solutions compared with the
case of “cool source” [10]. Thus, few works are concerned
with extinction property for solutions to the evolutionary
equations with “hot source” In 2005, Li and Wu [10] gave
some necessary and sufficient conditions of extinction for the
solutions to the following problem with “hot source™:

u, = A" + P, (x,t) € Qx(0,00),

u(x,0)=u,(x) >0, xeQ, (4)

u(x,t) =0, x€0Qx(0,00),

where 0 < m < 1. They proved that if p > m, the solutions
to the problem (4) with small initial data vanished in finite
time and if p < m, the maximal solution to the problem (4) is
positive for all ¢ > 0. Recently, Tian and Mu [11] studied the
following p-Laplacian equation with nonlinear “hot source”:

u, = div(quIP_2Vu) +f, (x,t) € Qx(0,00),

u(x,0) =uy(x), xe€Q, (5)

u(x,t) =0, x€0Qx(0,00).

They obtained that for 1 < p < 2,q = p — 1 is the critical
exponent of extinction for the weak solution to the problem
(5). Also, they show thatfor 1 < p < 2and g = p - 1, the
extinction and nonextinction of the solution to the problem
(5) depend strongly on the first eigenvalue of the problem
— div(|VulP2Vu) = Mul?uin Q, ul, = 0. For more results
on the extinction properties of equations with “hot source,”
we can refer to [12, 13] and the references therein.

By replacing the diffusion term uf with the gradient
absorption terms |Vul|? in (4), in this paper, we devote to
establish the conditions for the extinction of solution to the
problem (1), which involves the “hot source” rather than the
“cool source”

2. Preliminaries

In this section, we will give some definitions and lemmas
which is useful to the proof of our results in the next section.
For our convenience, we first define some sets as follows:

Qr=Qx(0,T), T>0,
E={u e’ (Q):

(6)
uel™ (Qr) ﬂLZ (Qr);Vu e L’ (QT)}

Ey={p € Qr: 0,095 Vo € L (Qr); @la, =0}
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It is well known that the problem (1) has no classical solution
in general. We need to consider its weak solutions which is
defined as follows.

Definition 1. For any T > 0, a function u(x,t) € E is called
a weak solution to the problem (1) if the following equalities
hold forany0 < t; <t, < Tand 0 < ¢ € E:

[ wee)ge)dx- [ utnn)tan)dx
Q Q
123
= J- J- ugp, + u"Ap + |Vul|Pp dt dx, )
n Ja

u(x,0) =uy(x), ae xeQ.

Remark 2. Similarly, to define a subsolution (resp., superso-
lution) u(x, t) (resp., u(x, t)) of the problem (1), we need only
to set u(x, 0) < uy(x) (resp., u(x, 0) > uy(x)) in Q, u(x,t) <0
(resp., u(x,t) > 0) on 0Q x (0, 00), and the first equality in
(7) is replaced by < (resp., >) for every ¢(x) > 0.

Asauseful tool in the proof of our main results in the next
section, a comparison principle of the following problem is
needed:

u, = Ap (x,t,u) + f(x,t,u), (x,t)eQx(0,T),

u(x,0)=uy,(x), xe€Q, (8)

u(x,t)=0, xe€0Qx(0,T).

Under the following four hypotheses:

(H1) ¢, A ¢ € C(Qp xR), V. € HZIC(Q_TXR), and @, €
C(Qp x R\ {0}), s.t. (x,t,0) = 0 and ¢,,(x,t,u) > 0
forall (x,t) € Q_T and u # 0;

(H2) f € C(Qp x R) and f, € C(Qp x R\ {0}) with
f(x,t,0) = 0forall (x,t) € Qp;

(H3) u, € L*(Q) with u, > 0;

(H4) for any constant @ > 0, ifu > 0, v > a in Q; and

u, v € L°(Qy), then the functions ® and F defined
almost everywhere in Q. by

1

D (x,s) = J @, (x,5,0u+(1-0)v)do,

0
1

F(x,s) EJ (pf(x,s,9u+(l—9)v)d9

0
belong to L™ (Qy) and L (0Q x [0, T]), respectively,

we have the following lemma on the comparison principle of
the problem (8).

Lemma 3 (see [14]). Assume that the hypotheses (H1)-(H4)
hold. Let u(x, t;u,) and v(x, t;v,) be nonnegative solutions of
(8) on Qp with uy < v,. Assume further that for any t, < T,
there is a constant a(t,) > 0 such that v(x, t; v,) > a(t,) for all

(x,1) € QA x[0, t,]. Then, u < v almost everywhere on Q.
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3. Main Results

In this section, by applying the energy method introduced in
[11] and the comparison result in Lemma 3 of the problem (8),
we give the main results on the extinction and nonextinction
of the solution to the problem (1).

3.1. Extinction of the Solution. In this subsection, we consider
the extinction of the solution to the problem (1) and give the
conditions for the extinction of the solution to the problem

(D).

Theorem 4. Assume that 0 < m < 1, and let u(x,t) be a weak
solution of the problem (1). If m < p < 2/(3 — m), then, for
sufficiently small initial data, there exists a finite time T, such
that

u(x,t)=0 (10)
for all (x,t) € Q x (T, +00).

Proof. First of all, multiplying the first equation of the
problem (1) by w (s > 1) and integrating over (), we can
obtain the following crucial equation to our proof:

lij usdx+—4m(s J |V e 1/2| dx
sdt Jo (m+s—1)*

- ,\(Ls‘l)fp J a0 D[Py Gsm st g
2 Q
1

Then, we prove the theorem by the following two cases.

First, we consider the case of (N —2)/(N +2) <m < 1.
Lets = 1 + min (11), and we can get by the Holder inequality
and Poincare inequality that

1 —((N-2)/2N
||L£ ( t)”ﬁm < |Q|(m/( +m))—(( )/ )"um (.’ t)llZN/(Nfz)

< CO|Q|(m/(1+m))—((N—2)/2N) ||Vum(-, t)"r

where C,, is the Sobolev embedding constant depending only
on pand N.

Since p < 2/(3 -m), 0 < m < 1, it follows from the
Young’s inequality for any € > 0 that

J V™ (-, 6) [P d
! (13)

m 2 2(p—pm+m)/(2—-p)
< e[V 0y + € @ 1ully, pmmyr2—p)-

Also, since the assumptions p < 2/(3 -m)and 0 < m < 1
imply that 2(p — pm + m)/(2 — p) < 1 + m, we can obtain by
the Holder inequality that

) 2P~ P4m0/ @)
2 m+m)/(2—p)
(p-pm+m)/(2-p (14)

< C1|Q|2(P—Pm+m)/((1+m)(2 ) " ||1+um+m)/(2 P)

Therefore, from the previous inequalities (11)-(14), we can
obtain the following differential inequality:

|| Iy + (1 - Am™Pe) Cy?

1 1+m

(m/(1+m))—((N— 2)/2N)
X |Q)
< wmPc () C, |Q|(2+mp—3p)/((2—p)(l+m))

+m)/G-p)
X Juf 336 P eop

Choose ¢ sufficiently small such that 1 - Am Pe > 0 and initial
data [|u,|l sufficiently small such that

““0 "2(17*"1)/(2*17)

1+m
<A 'mPe(e)'Cl (1 - AmPe) C)°

« |Q|(m/(1+M))—((N—Z)/ZN)—((2+mP—3P)/((2—P)(1+m))) .

(16)
Thus, we can obtain that
d 1+
mallulhﬁ +GC; ||u||1+m s 17)
where C, = (1 - Am_Ps)CO_ZIQI( n=2)/2m)=(m/(+m) _ 3 11=Pe(e)
Cl|Q|((2+mP—3P)/((2—P)(1+m)))”u "isﬁnm)/(z p) S 0.
By integrating the inequahty (17), we can obtain that there
exists a finite time T =|| ||u0||1+m/(1 m)C, such that
1/(1-m)
Nty < (ol o = (L =m)Cyt) ", te (0,1,
letllyspm = 0, € [T, +00),
(18)

which implies that u(x, t) vanishes in finite time 7'

Next, we consider the second case of 0 < m < (N-2)/(N+
2) < (N-2)/N.Lets=(N/2)(1-m) > 1in (11), and we can
get by the Poincare inequality that

ot (OIS = R

< C3|'Vu(m+s—1)/2(_) t)'|2>

where C; is the Sobolev embedding constant depending only
on N, m, and s. Also, by the similar calculations as the proof
in the first case, we can get from the Young’s inequality for any
n > 0 that

J' |Vu(m+s—1)/2'Pu((S—s—m)/Z)p+s—1 dx
Q

< VD c () jy oV (20)

x ”u||§(3—s—m)p+25—2)/(2—p) )



Choose 7 sufficiently small such that 4m(s — 1)/(m + s —
D = A((1 + m)((N/2) - 1))/2)Px > 0 and initial data [u||
sufficiently small such that

"“o ”2(me)/(2fp)
S

Syl A+m)((N/2)-1)\ P
<ty e )

% |Q | (2+pm=3p)/(2—p)s

<4m(s—1) <(1+m)((N/z)—1))‘P )
X > —A nl.
(m+s-1) 2

(21)

Then, it follows from the inequalities (11) and (19)-(21) that

1d -
ggllulli + Cyllul ™ <0, (22)
where C, = C;z((4m(s— D/(m+s—DH=M((1+m)(N/2) -
1)/2)"Pr) = Ae(ip)|Q PPN g 227D,

By integrating the inequality (22), we can obtain that there
exists a finite time T' = IIuollifm/(l —m)C, such that

m 1/(1-m)
full, < (Juo|: ™" = (1 - m) Cyt , te(0,T],

< (! ) .
lul, =0, ¢tel[T,+00),
which implies that u(x,t) vanishes in finite time T'. This
completes the proof of Theorem 4. O

Theorem 5. Ifm = p < 2/(3 —m), the solution to the problem
(1) vanishes in finite time for A sufficiently small.

Proof. When p = m, we note that the left sides of the inequal-
ities (16) and (21) always equal 1. Thus, by a similar argument
in the proof of Theorem 4, we can choose A sufficiently small
such that the inequalities (16) and (21) hold, which imply that
there exist T < +oo such that u(x, t) vanishes identically for
all (x,t) € Q. This completes the proof of Theorem 5.  [J

3.2. Nonextinction of the Solution. In this subsection, we
investigate the conditions under which the solution u(x, t) of
the problem (1) cannot become extinct.

Theorem 6. If p < m, the weak solution u(x,t) of (1) cannot
vanish in finite time for any nonnegative initial date u, with A
being sufficiently large.

Proof. In order to prove Theorem 6, we first define two useful
functions as follows. The first function ¢(x) € Hé(Q)
satisfying max,.o¢(x) = 1 is the associated eigenfunction
with the principal eigenvalue A, of the following problem:

x €Q),

~A¢p = A9,
Plaq = 0.

(24)
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For p < m, we define the second useful function as follows:

g(t) = (g)mmﬁp)(l —exp(-CH))P(29)

where a < band C € (0,(m — p)(a'P/b'™™)1IP) It
follows from [11] that the function g(t) satisfies the following
properties:

g (t) < —ag" (t) +bg (1),
g(0) =0, (26)

0<g()<1l, fort>0.

Now, let v(x,t) = g(t)c/)(x)l/m be a function Q x (0, 00). Next,
we will show that v(x, t) is a subsolution of the problem (1).
In fact, from the definitions of functions g(t), v(x, t) and the
properties (26) of the function g(t), we have that

L(v(x,1))
= rj v, (x,8) @ (x,8)dx ds
0 Ja

¢
+J J Vu™ Vo — MVv|Po (x,s) dx ds
0 Jo

Jt J (v, (x,8) = AV" = |[VvP) @ (x,5) dx ds
0 JO

J, | [¢ ©960" + 018" 09 )

0
_Agp (t) (m’Pgb(x)((l*m)P)/m|V¢|P)]

x @ (x,s)dxds
< L L { —ag™ (t) $(x)""™ = AgP (t)
y [m‘%(x)‘“‘"”f’)/mlwlp

b yim _ M e }
290" - 2L (16 (0|

X @ (x,s)dxds

< r J A" () [m’f’(p(x)(“*m)f”/ﬂv(plp
0 JO

_byiaym _ M e
A¢(x) 19 () ¢ (x)

x @ (x,s)dxds
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t
< J J ~Ag? () g0
0 JO
—p p b (1-p+pm)/m
x |mP|Ve| —X¢(X)
—%g’”‘f’ () ¢(x) PPN o (x, 5) dax dis.

(27)

In order to prove that L(v(x, t)) < 0 which implies that v(x, t)
is a subsolution of the problem (1), we only show that

J m P |vg|” - %¢<x)“‘“f""”’”
Q

\ (28)
-5 0 )" dx 2 0.
Since 0 < g(t) < 1 and m > p, we have that
gt <1,
(29)

¢(x)(1—p+pm)/m < ¢(x)(m—p+pm)/m.

By choosing A = m?(b+A,)(Il ¢l 2:0m" | V%), we can
get that

J m P|ve|’ - qu(x)(m*f’*?m)/’”dx >0,  (30)
Q A

which together with (29) implies that (28) holds. Therefore,
v(x,t) is a subsolution of the problem (1). Moreover, since
v(x,0) = g(0)p(x) = 0 < uy in Q and V|(BQ), = 0, we can
obtain by the comparison principle that u(x, t) > v(x,t) > 0
in Q x (0, +00), which implies that the weak solution u(x, t)
of (1) cannot vanish in finite time. This completes the proof

of Theorem 6. O

Remark 7. From Theorems 4-6, we observe that g = m is the
critical exponent of extinction for the solution to the problem

(1).
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