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We discuss a generalization of the Kritzel transforms on certain spaces of ultradistributions. We have proved that the Kratzel
transform of an ultradifferentiable function is an ultradifferentiable function and satisfies its Parseval’s inequality. We also provide
a complete reading of the transform constructing two desired spaces of Boehmians. Some other properties of convergence and
continuity conditions and its inverse are also discussed in some detail.

1. Introduction

Kritzel, in [1, 2], introduced a generalization of the Meijer
transform by the integral:

KN =[ )G x>0

where

tv—le—tp—xy/tdt, (2)

Z) (xy) = J
o (%) .
p > 0(e N), v € C. Then this generalization is known as
Kritzel transform.
Let x be in R,. Denote by &', or S(R,), the space of all
complex-valued smooth functions ¢(t) on R, such that

sup '9k¢ (x)' < 00, 3)
xeK
x € R,, where K runs through compact subsets of R, ; see [3].
The strong dual S, of &, consists of distributions of compact
supports.
Later, the authors in [4] have studied the Kf transforma-
tion in a space of distributions of compact support inspired by
known kernel method. They, also, have obtained its properties

of analyticity and boundedness and have established its
inversion theorem. In the sense of classical theory, the Meijer
transformation and the Laplace transformation in [5] are
presented as special forms of the cited transform for p = 1
and p =1, v = +1/2, respectively.

It is worth mentioning in this note that a suitable moti-
vation of the cited transform has thoroughly been discussed
in [6] by the aid of a Fréchet space of constituted functions of
infinitely differentiable functions over (0, 00).

This paper is a continuation of the work obtained in [4].
We are concerned with a general study of the transform in the
space of ultradistributions and further discuss its extension
to Boehmian spaces in some detail. We are employing the
adjoint method and method of kernels for our purpose
to extend the classical integral transform to generalized
functions and hence ultradistributions.

2. Ultradistributions

The theory of ultradistributions is one of generalizations of
the theory of Schwartz distributions; see [3, 7]. Since then, in
the recent past and even earlier, it was extensively studied by
many authors such as Roumieu [8, 9], Komatsu [10], Beurling
[11], Carmichael et al. [12], Pathak [13, 14], and Al-Omari [15,
16].



By an ultradifferentiable function we mean an infinitely
smooth function whose derivatives satisfy certain growth
conditions as the order of the derivatives increases. Unlike
sequences presented in [15, 16], a;, i = 0,1,..., wherever it
appears, denotes a sequence of positive real numbers. Such
omission of constraints may ease the analysis.

Let o be a real number but fixed and & be the
space of Lebesgue integrable functions on R,. Denote by
S (L, (a;),a) (resp., S (L, {g;},a)),1 < r < o0,
the subsets of &, of all complex valued infinitely smooth
functions on R, such that, for some constant m1, (> 0),

sup H@k(p (x)”y, <mjaa, (4)
a,x€K

for all a > 0 (for some a > 0), where K is a compact set trav-
erses R, .

The elements of the dual spaces,
&L(QT, a, (a;),a) (oS’ﬁr(S’r,oc, {a;},a)), are the Beurling-
type (Roumieu-type) ultradistributions. It may be noted that
S (L (a;),a) ¢ S (L, a{a},a) ¢ §,. Thus, every
distribution of compact support is an ultradistribution of
Roumieu type and further, and an ultradistribution of
Roumieu type is of Beurling-type. Natural topologies on
S (L, (a;),a) (resp., S, (£, a, {a;}, a)) can be generated
by the collection of seminorms:

lel,. = sup a>o0. 5)

A sequence (¢,) — ¢ € S (& a(a)a) (resp.,

S (L7 {a;},a)) if

Jim, sup |2 (9,0 -9 @) =0 (g)
o,xE

and there is a constant m1; > 0 independent of # such that

lim supK||9k (@) =@ ()], <maa, (7
o,XE

foralla > 0. § (&, & (@),a) ($,(Z",a,{a;},a)) is dense
in &, convergence in § (&, «, (a;),a) (S (&, a,{a;},a))
implies convergence in &, and consequently a restriction

ofany f € cS"+ to (L, a,(a;),a) (§ (L, a,{a;},a)) is in
' (Lo, (@), a) (S (L7, o {a;}, a)).

3. The Kritzel Transform of
Tempered Ultradistributions

In this section of this paper we define the Kratzel transform
of tempered ultradistributions by using both of kernel and
adjoint methods. We restrict our investigation to the case of
Beurling type since the other investigation for the Roumieu-
type tempered ultradistributions is almost similar.

Lemma 1. Let ¢ € S (&« (a),a) and then KP¢ €
S (L (a)),a).
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Proof. Let ¢ € &, (¥, a,(a;),a) and x be fixed, and then
KP¢ certainly exists. By differentiation with respect to x we
get

LKP) ) = || 2 T e (y) dy

I,
”m =~ e dtg (y) dy

I -yj (e g () dy
R R,

+

(8)

L -yZ, " (xy) ¢ (v)dy.

+

Hence the principle of mathematical induction on the kth
derivative gives

Dy (KEg) (x) = (1) L zy " (xy) Yo (y)dy.  (9)

From [4], we deduce that

|25 (K29) ()|
(10)

(2v=p)/(2p+2) —(xy)? k
S%L ()2 PICED D] s () dy

+

for some constant «;,. The assumption that ¢ €
S (", &, (a;), a) implies that the products under the integral
sign, ¥ = y*(y) and (xy) @ PP~ Dy e
also in &, (Z",a,(a;),a). Moreover, ¢ € 8 (£, «a,(a;),a)
ensures that the integral:

Yo (y)dy ()

belongs to & (Z", «, (g;), a). Hence
”9 F (x)"y ma”a, (12)

for some constant m1,. Therefore, from the above inequality
we get

|

< “9];/: (x)“g, <ma“a,, (13)

for certain positive constant m,. This proves the lemma. [

From Lemma 1 we deduce that the Kratzel transform is
bounded and closed from &, (Z", &, (a;), a) into itself. Next,
we establish the Parseval’s relation for the Kratzel transform.

Theorem 2. Let f and g be absolutely integrable functions over
R, and then

L () (KPg) (x)dx = jR (K?F) () g () dx,  (14)

+

where KY f and K¥ g are the Kritzel transforms of f and g,
respectively.
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Proof. 1t is clear that K?f and KPg are continuous and
bounded on R, . Moreover, the Fubini’s theorem allows us to
interchange the order of integration:

L f(x)(KPg) (x)dx

I,

Equation (15) follows since the Kritzel kernel Z;(xy) applies
for the functions f and g, when the order of integration is
interchanged. This completes the proof of the theorem. [

(15)
([, sz o)

+

Now, in consideration of Theorem 2, the adjoint method
of extending the Kritzel transform can be read as

(Kyf9) = (fK[$), (16)
where f € &L(gr, o, (a;),a)and ¢ € S (&7, a, (a,), a).

Theorem 3. Given that f ¢ &L(E?T,oc, (a;),a) then KE f €
é’i(gr, a, (a,), a).

Proof. Consider a zero convergent sequence (¢,) in

S (", a, (a;), a) then certainly (Kf ¢,,) is a zero-convergent
sequence in the same space. It follows from (16) that

(KY frn) = ([ K¢p,) — 0 asn— 0. (17)
Linearity is obvious. This completes the proof. O

From the above theorem we deduce that the Kritzel
transform of a tempered ultradistribution is a tempered ultra-
distribution. Moreover, the boundedness property of K? f,
f e S'(F",a (a,),a) follows from the following theorem.

Theorem 4. Let f € S' (¥, a,(a;),a) and then K f is
bounded.

Proof. See [4, Proposition 2.3]. O
It is interesting to know that the Kratzel transform can be

defined in an alternative way, namely, by the kernel method.
Let f € é’i(ffr, a, (a;), a), and then

(KPF) () = (f ()2, (x9)) - (18)

In fact, (18) is a straightforward consequence of Lemma 1.

Theorem 5. Let f € S' (<, a,(a;),a) then K¥ f is infinitely
differentiable and

DE(KLf) (x) = {f (1), DE2, (xt) ) (19)
foreveryk € Nand x € R,.

Proof. See [4, Proposition 2.2]. O

4. Boehmian Spaces

Boehmians were first constructed as a generalization of
regular Mikusinski operators [17]. The minimal structure
necessary for the construction of Boehmians consists of the
following elements:

(i) a nonempty set A,
(ii) a commutative semigroup (B, *),

(iii) an aperation ® : A x B — A such that for each x € A
ands;,s, €B, x O (s; #5,) =(x05) Os,,

(iv) a collection A ¢ BY such that

(a)ifx,y € A, (s,) € A, x0Os, = yOs, foralln,
then x = y,
(b) if (s,), (t,) € A, then (s, * t,,) € A.

Elements of A are called delta sequences. Consider

g ={(x,,s,) : x,€A,(s,) €A, x,0s,, = x,,0s,,, Vm,n € N}.
(20)

If (x,,5,), (V,ot,) € 8 %x,0t, =¥, Os,, forallm,n € N,
then we say (x,,, s,,) ~ (¥, t,,)- The relation ~ is an equivalence
relation in g. The space of equivalence classes in g is denoted
by B. Elements of f3 are called Boehmians. Between A and f3
there is a canonical embedding expressed as

x0s,

x— (1)
Sn
The operation © can be extended to 3 x A by
ot
ﬁ ot = x”_ (22)
s s

n n

In f3, there are two types of convergence:

(8 convergence) a sequence (h,) in 3 is said to be

8 convergent to h in f, denoted by h,, LN h, if there
exists a delta sequence (s,,) such that (h,©s,,), (hos,,) €
A, forallk,n € N,and (h,0s;) — (hos;)asn — oo,
in A, for every k € N,

(A convergence) a sequence (h,) in 8 is said to be

A convergent to /i in f3, denoted by h,, 5 h, if there
exists a (s,) € A such that (h, — h) ©s, € A, for all
n € N,and (h, - h)©s, — 0asn — ooinA. For
further discussion see [17-21].

5. The Ultra-Boehmian Space 3

Denote by D, , or D (R, ), the Schwartz space of C* functions
of bounded support. Let A | be the family of sequences (s,,) €
D (R,) such that the following holds:

(Ay) jR s,(x)dx =1, foralln e N,
(A,) s,(x) =0, foralln € N,

(A5) supp s, € (0,¢,),e, — Oasn — oo.

It is easy to see that each (s,,) in A, forms a delta sequence.



Let f € cS’L(SZT,(x, (a;),a) and 0 € D(R,) be related by
the expression:

(f-o)v=f(o®v), (23)

where

(c®v)(x) = I o(t)v(xt)dt (24)

+

foreveryv € S (£, , (a,), a).

Lemma 6. Let f ¢ Si(gr,oc, (a;),a) and o € D, and then
froe€ &i(gr,oc, (a,),a).

Proof. Using the weak topology of §' (<", &, (a;), @), we write
|(f-0)v] =|f (c®v)| < Clo®ul,, (25)

where v € § (&, a,(g;),a). Hence, to complete the proof,
we are merely required to show thato®v € &, (Z", o, (g;), a).

First,if o0 € D, and v € § (&', «, (g;), a), then choosing
a compact set K containing the support of o yields

(c®v) (x+Ax)— (c®v) (x)
Ax

:J G(t)v((x+A9;);)—v(xt)dt

(26)

+

which is dominated by o(t)|< ,v(x)|. The dominated conver-
gence theorem and the principle of mathematical induction
implies

P (cev) = 0@ Tru. (27)
Finally
J |2* (08 ) (x)| dx = j |(c ® 2*) ()| dx
R, R,
< | ] lowagto @
R, JK
< MJ. |9kv (xt)|rdx.
R+
(28)
Therefore

lo@vl,, <d|vl,, < da”a, for some constant d.  (29)

Thuso®v € 8§, (Z", &, (a;),a). This completes the proof of
the lemma. O

Lemma 7. Let f, f, € S' (¢, (a;),a) and o € D, and
then

D)af -oc=a(f 0),aeC,
(i) (fi+ fo)-0=fi-0,+ f, 0,

Proof of the above Lemma is obvious.
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Lemma$8. Let f,, f € S'(¥", &, (a;),a) and o € D, and then
fo0— [0 (30)

Proof. Let v € é’ﬁr(gr,(x, (a;),a) and then 0 ® v ¢
S' (L', a, (a;), a). Therefore

(fa-o=f-0)o=((fu-f)-0)v=(f, - f)o&0).
(31)

Hence f,-0 — f-oasn — oo. O
Lemma9. Let f € é’i(gr, a,(a;),a) and (s,) € A, then

f'sn_)f

Proof. Letv € 8§ (¥, a,(a;),a) and supps, < (0,¢,),n € N
and then

ins' (¢, (a;),a) asn— oco. (32)

(f-si)v=f(s,®0). (33)

It is sufficient to establish thats, ® v — vasn — o00. By
using (27) and A, imply that

JR |9§ (s, ®v-0) (x)|rdx

- L (s, D% - D0) ()| dx (34)

|,

Hence, the mean value theorem implies

r" 5, (8) (2Fv (xt) - DFo (%)) dt’rdx.
0

+

L |£JZI; (s, ®v-0) (x)|rdx

<,

& e (0,t). Let A, = supseKISZ';“t//(s)I, where K is certain
compact set. The calculations show that

, (35)
dx,

r" Es, (1) D0 (xE) dt
0

+

||s,,®v—v||mSan—>0 as n — 00, (36)

where F is certain constant. Hence Lemma 9. The Boehmian
space f3; is therefore constructed. O

6. 3, and the Kritzel Transform of
Ultra-Boehmians

Denote by Z(R,), or Z,, the space of functions which are
Kritzel transforms of ultradistributions in & ﬁr (&, (a;), a),
and then convergence on Z, can be defined in such away that
E, » E,inZ,iff, - f ¢ é’i(gr,(x, (a;),a)asn — oo,
where E, = KF f, and E, = K’ f. Let E € Z, and 0 € D, and
then it is proper to define

(E@ o) (u) = j E (ut)o (t)dt (37)

R,

for eachu € R,.
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Lemma 10. Let f € cS’ﬁr(gr,oc, (a;),a) and o € D, and then
K¥(f-0)=Klfeo.

Proof. Let K be a compact set containing the support of o,
and then from (18) it follows that

K2 (f-0)w) = ((f-0)(»),2,(uy))
(f(9),(c®).2Z, () y)))

[ (0125 (@0 y)) o yde=Ke foo.
) (38)

Hence the lemma follows. O
Lemmall. LetE € Z, ando € D, andthen E®@ 0 € Z,.

Proof. E € Z, implies KPf = E, for some f ¢
Si(gr,(x, (@;),a). Hence E@ 0 = KX f @ o = KP(f - 0) €
Z O

"
The following are lemmas which can be easily proved
by the aid of the corresponding lemmas from the previous

section. Detailed proof is avoided. First, if K,” is the inverse
Kritzel transform of K?, and then

Lemma12. Let E € Z, and o € D, and then

7 _KTE. (39)
K/ (Ee@o)=K/E-o.

Lemma 13. Let E|, E, € Z_ and then for all 0,,0, € D, we
have

(1) (E,+E,)@0,=E,00,+E,00,
(2) (aE) @ 0, = a(E © 0y).

Lemmal4. Let E, — Eand(s,) € A, andthen E, ©s, —
E.

Lemmal5. LetE, — Eando €D, andthen E,00 — E®o.

With the previous analysis, the Boehmian space 3, is
constructed. The sum of two Boehmians and multiplication
by a scalar in B, is defined in a natural way [f,/¢,] +
(9,19, = [((, ©,) + (9,0 8,))/($, 0¥,)] and al . /@,] =
[ f,/6,)], @ € C.

The operation ® and the differentiation are defined by

Elelpl-lEen) =[5
(40)

With the aid of Lemma 10 we define the extended Kritzel
transform of a Boehmian [f,/s,] € B, to be a Boehmian in
B., expressed by the relation:

G B

n n

Lemma 16. f(f : B, — Pq, is well defined and linear
mapping.

Proof is a straightforward conclusion of definitions.

Definition 17. Let [E,/s,] € f3;, and then the inverse of K is
defined as follows:

, (42)

-1
K [E_] _| KB,
Y S S

n n

foreach (s,) € A .
Lemma 18. KP is an isomorphism from f; into f8; .

Proof. Assume K?[f,/s,] = KP[g,/t,], then it follows from
(41) and the concept of quotients of two sequences K f,, @
t,, = KPg,, @s,. Therefore, Lemma 10 implies K?(f, - t,,,) =
K?(g,, - ¢,). Employing properties of K implies f, - t,, =
Gm * Sp- Thus, [f,/s,] = [g,/t,]. Next we establish that f(f
is onto. Let [K? f,/s,] € B, be arbitrary and then K?f, ®
s, = KPf, @s, for every m,n € N. Hence f,, f,, €
' (Z",a,(a),a) are such that KP(f, - s,,) = KP(f,, - s,).
Hence the Boehmian [f,/s,] € p; satisfies the equation
RILfulsal = KD fufs,):

This completes the proof of the lemma. O

Lemma 19. Let [E,/s,] € B, , E, = K[ f,, and ¢ € D, and
then
] E;'
JENE
S S
. E
e([E})- (5]
2(|2]-¢) - [2] o4

Proof. 1t follows from (42) that

€ ([3]e0) % ([22]) [ 2=).

(44)

- ¢,

Applying Lemma 12 leads to

€((2)09)-

Proof of the second part is similar. This completes the proof
of the lemma.

K/ E -l

En
= [ - ]-qs. (45)

n

n

n

_ _-1
Theorem 20. K : B, — B, and K, : B, — B are
continuous with respect to 6 and A convergences.

-1
Proof. First of all, we show that K : B, — B, and K, :
B;, — B, are continuous with respect to § convergence.

)
Let 8, — Bin B, asn — oo and then we establish that



KPB, — KfBasn — oo.In view of [10], there are f,; and
fiin &L(gr, a, (a;), a) such that

L]

Sk

B, = [ = [ﬁ] (46)
Sk

such that f,, — fiasn — oo for every k € N. The

continuity condition of the Kritzel transform implies E,,, —

Easn — 00,E,; = KP f, ,and E; = K? f; in the space Z,.

Thus, [E, i/sg] — [Ex/s]asn — coin B, .

s
To prove the second part of the lemma, let g, — g €

Bz, asn — oo. From [10], we have g, = [E, ;/s;] and

"

g = [Ex/s;] for some E,;,E, € Z, where E,;, — E; as
-1 -1

n — oo. Hence K,/ E,; — K,/ Eginf asn — oo.

That is, [E;)}c/sk] — [E,:l/sk] asn — 00. Using (42) we

-1 -1
getK) [E, /5] — K, [Ep/si]asn — oo.

- - -1
Now, we establish continuity of K? and K,/ with respect

A .
to A convergence. Let , — Bin f5; asn — o00. Then, we

find f, € S'.(£",a,(a;),a),and (s,) € A, such that (8, - f)-
w = [(f, s)/se]land f, — 0asn — oco. Employing (41)

we get
R8s - | @)

Sk

Hence, from (41) and Lemma 19 we have K?((8, -
[(E, ® si)/sk]

KY (B~ B) - s)

:(f(fﬁn—f(f[)’)©sn—>0 as n — oo.

ﬁ).sn) =

=E, — O0asn — ooin Z,. Therefore

(48)

Hence, K*3, &R KPBasn — oo. Finally, let g, 4 gin B,
asn — oo and then we find E;, € Z, such that (g, - g)@s, =
[(E,©s;)/s ] and E, — Oasn — oo for some (s,) € A,
and E, = Kff,.
-1 -1
Next, using (42), we obtain K,/ (g, - g)®s,) = [K,’ (E,©
Si)/se]. Lemma 19 implies that

-1
KVP ((gn - g) © Sn)
_ fn - Sk _ . ! T
=|"—|=f,—0 asn—ooinS, (£, a/(q),a).
Sk
(49)
L1
Thus K, ((g,— )©s ) = (KV gn—Kf g)-s, — Oasn — oo.
Hence, we have KV In 4 K/ gasn — coin B, -
This completes the proof of the theorem. O
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