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Applying bilinear form and extended three-wavetype of ansétz approach on the (2 + 1)-dimensional Sawada-Kotera equation, we
obtain new multisoliton solutions, including the double periodic-type three-wave solutions, the breather two-soliton solutions,
the double breather soliton solutions, and the three-solitary solutions. These results show that the high-dimensional nonlinear

evolution equation has rich dynamical behavior.

1. Introduction

As is well known that the exact solutions of nonlinear evo-
lution equations play an important role in nonlinear science
field, especially in nonlinear physical science since they can
provide much physical information and more insight into the
physical aspects of the problem and thus lead to further appli-
cations. The search for exact solutions of nonlinear partial
differential equations has long been an interesting and hot
topic in nonlinear mathematical physics. Consequently, many
methods are available to look for exact solutions of nonlinear
evolution equations, such as the inverse scattering method,
the Lie group method, the mapping method, Exp-function
method, and ansdtz technique [1-4]. Very recently, Wang
et al. [5] proposed a new technique called extended three-
wave approach to seek multiwave solutions for integrable
equations, and this method has been used to investigate
several equations [6, 7]. In this paper, we consider the
following Sawada-Kotera equation:

5
u, = <uxxxx + 5uu,, + 3143 + Suxy>
X
@
-5 J (uyy) dx + 5uu,, + 5u, J (uy) dx.

Equation (1) was derived by B. G. Konopelchenko and V. G.
Dubrovsky, and was called the Sawada-Kotera (SK) equation;
for example, see [8]. By means of the two-soliton method,
the exact periodic soliton solutions, N-soliton solutions, and
traveling wave solutions of the SK equation were found [8-
10].

In this paper, we discuss further the (2 + 1)-dimensional
SK equation, by using bilinear form and extended three-wave
type of ansétz approach, respectively [5, 11-15], and some new
multisoliton solutions are obtained.

2. The Multisoliton Solutions

We assume
u= —2(ln f)xx, (2)

where f = f(x, y,t) is an unknown real function. Substitut-
ing (2) into (1), we can reduce (1) into the following equation

[8]:

(DS +5D,D; - 5D§ +D,D,)f-f=0, 3)



where the Hirota bilinear operator D is defined by (n,m > 0)

DID}f (x,t)- g (x,t)

_(i_i>m<2_i)n
“\ax ") \&r o (4)

x [f o0 g (xt)]]

xX'=xt'=t’

Now we suppose the solution of (3) as
f=e*+8,cos(n) + 8, cosh (y) + 8¢, (5)

where & = ax+by+at, = ax + by + oty = azx +
byy + ct, and a;, b, and ¢; (i = 1,2,3) are some constants
to be determined later. Substituting (5) into (3) and equating
all the coefficients of different powers of e e, sin(#), cos(),
sinh(y), cosh(y), and the constant term to zero, we can obtain
a set of algebraic equations for a;, b, ¢, and §; (i = 1,2,3;
j = 1,2,3). Solving the system with the aid of Maple, we get
the following results.

Case 1. If a, = 0, then

1 3
b = 1% (4af + 3a§) , b, = 5 iafa3,

2
1 2 2 0,4
b, =—-a,(6a +a;), 6, =— ,
3 4 3( 1 3) 2 af—a%

8, = 8, .
6

9
q= 1—6a1 (Sa;1 + 40afa§ + 1661;1) ,

45

G = 7 iafa3 (Zaf + a_,f) ,

9
G = 1—6(13 (a;1 + ZOafa32 + 40af) )

where a,, a5, 6,, and §; are free real constants. Substituting
(6) into (5) and taking &5 > 0, we have

fi= 2\/§3cosh <a1x+K1y+L1t+ % In (63)>

8,a; )
ai — a2

-8, cosh (M, y + N;t) -

x cosh (azx — Hyy + J;t),

where K, = (1/4)611(4af+3a§),L1 = (9/16)a1(5a§+40afa§+
16a), M, = —(3/2)atas, N, = (45/4)alas(2a} + a2), H, =
(1/4)a3(6af + a32), and J; = (9/16)a3(a§ + ZOafag + 40a‘11).
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Substituting (7) into (2) yields the three-soliton solution of
SK equation as follows:

u = - (2 [2\/8\3af cosh (Eﬁ% In (53)>

a3 cosh (m)])

22
a,—a3

x (2\/8\3cosh <El + %ln (53)>

8,a; cosh (17,) -
~—L— 2~ 5, cosh (y))

a — a4

n [ <2 <2\/§a1 sinh (El + %ln (53))

81afa3 sinh (1) ))

(at-a3)

X (2\/8\3C08h (fl + %hl (53))

2
8,a; cosh (17;)

-1
-——5———— — 0, cosh (y1)> ] ,

ay — a3

(8)

where §, = ayx + Kjy + Lit, , = a;x — Hyy + J;t, and
Y1 =M,y + Nt
If taking a; = iA; in (7), then we have
1
fr= 2\/673cosh <a1x +K,y+ Lyt + 3 In (83)>
+ 68, cos (M,y + N,t) )

8,a; cos (A;x — Hyy + J,t)
a? + A%

>

where8; > 0,K, = —(1/4)a, (4a>-3A3), L, = (9/16)a, (5A% -
40a’ A% + 16a}), M, = (3/2)ai A5, N, = —(45/4)a’ A, (2a; —
A%), H, = Ayx—(1/4)A5(6a; — A%),and ], = (9/16)A5(A% -
20a; A3 + 40a;). Substituting (9) into (2) yields the double
breather soliton solution of SK equation as follows:

Uy = - (2 [Zaf\/gCOSh (EZ + %ln (53))

+ ‘SlafA% cos (1)
at + A3

X (2\/6\3cosh <fg + %ln (53))

-1
1 cos (1) )

é
5 —
+ 1 €08 (YZ) a% + A%
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+2 [<2a1\/8\351nh (Ez+ %ln (53))

51‘1%‘43 sin (’72)
+—
a?+A%

X (2\/8\3cosh <£2+% In (53)>

8,a; cos (11,) )1]

2. A2
ai + A3

2

+6; cos (y,)—

>

(10)

where &, = a;x + K,y + Lot, 1, = Asx — Hyy + J,t, and
Y, = M,y + N,t.

Case 2. 1f a, #0, then

3 3 3
by = —aj, b, = a,, b; = -a,

81 = 81, 82 = 82, 63 = 83, (11)
q = 9af, G = 9a§, G = 9a§,

where a,, a,, a5, §;, 8,, and 8, are free real constants.
Substituting (11) into (5) and taking §; > 0, we have

1
f3= 2\/6\3cosh (alx —@y+9alt+ 3 In (83)>
+ 0, cos (azx tay+ 9a§t) (12)

+ 6, cosh (a3x - agy + 9a§t) .

Substituting (12) into (2) yields the breather two-soliton
solution of SK equation as follows:

uy = - (22 cosh (& + 110 (5,))
8,0} c0s (1) + 8,62 cosh (1) ] )
x (26, cosh (& + 5 1n (55))
+0, cos (113) + 8, cosh (y;) )_1
[ (2\oasinn (& + 5 1n(6,))
8305 5in (1) + Sy sinh (1) ) )

X <2\/8\3€05h <f3 + %ln (53))
2

-1
+6, cos (173) + 8, cosh (y;) ) ] ,

(13)

where & = ajx —ajy + 9at, 1, = a,x + ayy + 9ayt, and
Vs = azx — agy + 9a§t.

The expression (1) is the breather two-soliton solution of
SK equation which is a periodic wave in x, y and meanwhile
is a two-soliton in x, y (refer to Figure 1(b)).

Case 3. Ifa, = b, = 0, then

a, = 2a;, b, = \/ﬁag, b, = —%ag,
o = —@as
- (19
g =-20 21(1;’, G = —%ag,
8 = > 5_ . i
152 228

where as, 8, and §, are free real constants. Substituting (14)
into (5) and taking 85 > 0, we have

5 7
f4:2\/ 82__8%

152 2 228

169 1 5 7
x cosh (—2a3x +—ajt—-1In (—65 - —8%))
2 2 152 228
+8, cos (-V21aly +20V21a5t)

3 349
+ 6, cosh <—a3x + §a33y + Tagt) ,
(15)

where (5/152)85 — (7/228)87 > 0. Substituting (15) into (2)
yields the breather two-soliton solution of SK equation as
follows:

uy= - (28K cosh (2, - 11n ()
+8,02 cosh (1) | )
x (2K, cosh (& - S 10 (K,))
+; cos (y,) + 9, cosh (1) )71
+2 [ (/K sinb (& - S 1n (K,))
+8,a, sinh ()
x (2K cosh (& - S In (k)

.
+6, cos (y,) + 8, cosh (1) ) ] ,

(16)

where K, = (5/152)85 — (7/228)8%, &, = —2ax + (169/2)ast,
Na = —asx + (3/2)ayy + (349/4)ast, and y, = —V2lajy +
20V21ast.
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FIGURE 1: (a) The figure of u, as §; = 1,8, = 1, and t = 1. (b) The figure of u; as 8, = V2,8, = 1, and t = 0. (c) The figure of u, as §, = V2,

6, = /5, and t = 0.005. (d) The figure of ugas§, = 1,8, = 1,and ¢t = 0.

The expression (u,) is the breather two-soliton solution of
SK equation which is a periodic wave in y-t and meanwhile
is a two-soliton in x, y and in x-t, respectively (refer to
Figure 1(c)).

Notice that u; and u, are also the breather two-soliton
solutions, but their structure is different, because the two
wave propagation directions are different in the u; and u,,
respectively (refer to Figures 1(b) and 1(c)).

If taking a, = iA,, a; = iA; in (12), then we have

f5 =2cos (Alx +Aly+ 9A51t)
+ 38, cos (azx +tay+ 9a§t) (17)

+ 6, cos (Asx + A33y + 9A53t) ,

when §; = 1. Substituting (17) into (2) gives the double-
periodic three-wave solution of SK equation as follows:

2 [2A21 cos (&) + 8,a; cos (115) + 8, A3 cos (y5)]
2cos (&5) + 68, cos (n5) + 8, cos (ys)

Ug =

2A;sin (fs) + 6,4, sin (175) +8,A5sin (Vs) 2
2cos (&) + 6, cos(175) + 8, cos (ys)

>

(18)

where & = A x + A3y + 9A3t, s = ayx + a)y + 9ajt, and
Vs = Asx + Ay + 9ASL.
3. Conclusion

By using bilinear form and extended three-wave type of
ansitz approach, we discuss further the (2 + 1)-dimensional
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Sawada-Kotera equation and find some new multisoliton
solutions. The result shows that the extended three-wave type
of ansitz approach may provide us with a straightforward and
effective mathematical tool for seeking multiwave solutions of
high-dimensional nonlinear evolution equations.
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