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Using the concept of common (E.A) property, we prove a common fixed point theorem for three pairs of weakly compatible
self-maps satisfying a new contractive condition in the framework of a generalized metric space. Our results do not rely on any
commuting or continuity condition of mappings. An example is provided to support our result. The results obtained in this paper

differ from the recent relative results in the literature.

1. Introduction

The study of fixed points and common fixed points of
mappings satisfying certain contractive conditions has been
at the center of rigorous research activity. In 2006, Mustafa
and Sims [1] introduced the concept of generalized metric
spaces or simply G-metric spaces as a generalization of the
notion of a metric space. Based on the notion of generalized
metric spaces, Mustafa et al. [2-5], Obiedat and Mustafa
[6], Aydi et al. [7, 8], Gajié and Stojakovié [9], and Zhou
and Gu [10] obtained some fixed point results for mappings
satisfying different contractive conditions. Shatanawi [11]
obtained some fixed point results for ®-maps in G-metric
spaces. Chugh et al. [12] obtained some fixed point results
for maps satisfying property P in G-metric spaces. Study
of common fixed point problems in G-metric spaces was
initiated by Abbas and Rhoades [13]. Subsequently, many
authors obtained many common fixed point theorems for the
mappings satisfying different contractive conditions (see [14-
32] for more details). Recently, Abbas et al. [33] and Mustafa
et al. [34] obtained some common fixed point results for
a pair of mappings satisfying (E.A) property under certain
generalized strict contractive conditions in G-metric spaces.
Long et al. [35] obtained some common coincidence and
common fixed points results of two pairs of mappings when
only one pair satisfies (E.A) property in the framework of a
generalized metric space.

The aim of this paper is to study common fixed point
of three pairs of mappings for which only two pairs need
to satisfy common (E.A) property in the framework of G-
metric spaces. Our results do not rely on any commuting or
continuity condition of mappings.

2. Definitions and Preliminary Results

In this section, we present the necessary definitions and
results in G-metric spaces.

Definition I (see [1]). Let X be a nonempty set,and letG : X x
X x X — R" bea function satisfying the following axioms:
(G G(x, y,2) =0ifx =y =z;
(G2) 0 < G(x, x, y), for all x, y € X with x # y;
(G3) G(x,x,y) < G(x, y,2), for all x,y, and z € X with
zZFY;
(G4) G(x, y,2) = G(x,2,¥) = G(y,2,x) = -+ (symmetry
in all three variables);

(G5) G(x, y,2z) < G(x,a,a) + G(a, y,z) for all x, y, z, and
a € X, (rectangle inequality).

Then the function G is called a generalized metric, or more
specifically a G-metric on X and the pair (X, G) are called a
G-metric space.



It is known that the function G(x, y, and z) on G-metric
space X is jointly continuous in all three of its variables, and
G(x, y,z) = Oifand only if x = y = z (see [1] for more details
and the reference therein).

Definition 2 (see [1]). Let (X, G) be a G-metric space, and let
{x,} be a sequence of points in X; a point x in X is said to be
the limit of the sequence {x,} if lim,,, _, . ,G(x, x,,, x,,,) = 0,
and one says that sequence {x,,} is G-convergent to x.

Thus, if x, — x in a G-metric space (X, G), then for any
€ > Othere exists N € N (throughout this paper we mean by N
the set of all natural numbers) such that G(x, x,,, and x,,,) < ¢,
foralln,m > N.

Proposition 3 (see [1]). Let (X, G) be a G-metric space; then
the followings are equivalent:

(1) {x,} is G-convergent to x.
(2) G(x,,x,,x) = 0asn — oo.
(3) G(x,,x,x) — 0asn — oo.

(4) G(x,, x,,,x) — 0asn,m — oo.

Definition 4 (see [1]). Let (X,G) be a G-metric space. A
sequence {x,} is called G-Cauchy sequence if, for each ¢ >
0, there exists N € N such that G(x,,x,,, andx;) < €
for all n,m, and! > N, that is, if G(x,,x,,,x;) — 0 as
n,m, andl — oo.

Definition 5 (see [1]). A G-metric space (X, G) is said to be G-
complete (or a complete G-metric space) if every G-Cauchy
sequence in (X, G) is G-convergent in X.

Proposition 6 (see [1]). Let (X, G) be a G-metric space. Then
the following are equivalent.

(1) The sequence {x,} is G-Cauchy.

(2) For every € > 0, there exists k € N such that
G(x,, x> X,,,) < € foralln,m > k.

Proposition 7 (see [1]). Let (X, G) be a G-metric space. Then
the function G(x, y, and z) is jointly continuous in all three of
its variables.

Definition 8 (see [36]). Let f and g be self-maps of a set X. If
w = fx = gx for some x in X, then x is called a coincidence
point of f and g, and w is called point of coincidence of f
and g.

Definition 9 (see [36]). Two self-mappings f and g on X are
said to be weakly compatible if they commute at coincidence
points.

Definition 10 (see [33]). Let X be a G-metric space. Self-maps
f and g on X are said to satisfy the G-(E.A) property if there
exists a sequence {x,,} in X such that { fx,} and {gx,} are G-
convergent to some t € X.

Definition 11. Let (X, d) be a G-metric space and A, B, S, and
T four self-maps on X. The pairs (A, S) and (B, T) are said to
satisfy common (E.A) property if there exist two sequences
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{x,} and {y,} in X such that lim
lim, , By, =lim

n o ooAx, = lim
Ty, =t, for somet € X.

Sx, =

n— 00

n— o0

Definition 12 (see [17]). Self-mappings f and g of a G-metric
space (X,G) are said to be compatible if lim, g

G(f9%> 9f x> 9f%,) = 0 and lim,, _, o, G(gfX,, fgX,» fGx,) =
0, whenever {x,} is a sequence in X such that lim, _,  fx,
=lim,_, gx, =t, for somet € X.

Definition 13 (see [16]). A pair of self-mappings ( f, g) ofa G-
metric space is said to be weakly commuting if

G (fgx, gfx, gfx) < G(fx, gx, gx),

Definition 14 (see [16]). A pair of self-mappings (f, g) of a G-
metric space is said to be R-weakly commuting, if there exists
some positive real number R such that

G (fgx, gfx, gfx) < RG (fx, gx, gx),

VxeX. ()

Vx € X. (2)

3. Main Results

In this section, we obtain some unique common fixed
point results for six mappings satisfying certain generalized
contractive conditions in the framework of a generalized
metric space. We start with the following result.

Theorem 15. Let (X,G) be a G-metric space. Suppose map-
pings f,g,h,R,S, and T : X — X satisfying the following
conditions:

G (fx. gy, hz)
<¢ (max {G (Rx,Sy,Tz),G(fx,Rx,Rx),

G(9y,59,8),G (hz, Tz, Tz),

1
3 [G(fx,Sy,Tz) + G(Rx, gy, Tz) 3)

+G (Rx, Sy, hz)],
S 16(fx. 0 T2) + G (.57, h)

+G (Rx, gy, hz)] }) ,

for all x,y, andz € X, where ¢ : [0,00) — [0,00) is the
function satisfying 0 < ¢(t) < t, for all t > 0. If one of the
following conditions is satisfied, then the pairs (f,R), (g,S),
and (h, T) have a common point of coincidence in X:

(i) the subspace RX is closed in X, fX € SX, gX ¢ TX,
and two pairs of (f, R) and (g, S) satisfy common (E.A)
property;

(ii) the subspace SX is closed in X, gX € TX, hX € RX,
and two pairs of (g, S) and (h, T') satisfy common (E.A)
property;

(iii) the subspace TX is closed in X, fX < SX, hX € RX,
and two pairs of (f, R) and (h, T') satisfy common (E.A)
property.
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Moreover, if the pairs (f,R), (g,S), and (h,T) are weakly
compatible, then f, g, h, R, S, and T have a unique common
fixed point in X.

Proof. First, we suppose that the subspace RX is closed in X,
fX € 8X, gX <€ TX, and two pairs of (f, R) and (g, S) satisfy
common (E.A) property. Then by Definition 11 we know that,
there exist two sequences {x, } and {y,} in X such that

Jim fx, = lim Rx, = lim gy, = lim Sy, =t (4)

for some t € X.

Since gX < TX, there exists a sequence {z,} in X such
that gy, = Tz,. Hence lim, , Tz, = t. Next, we will
show lim,,_, . hz, = t. In fact, if lim hz, #t, then from
condition (3), we can get

G (fxn’ gyn’ hzn)

n— 00

<¢ <max {G (Rx,,8y,,Tz,),G(fx,, Rx,, Rx,),
G (90> 8V V)G (hz,, T2, T2,) »

1
5 [G (fxn’ Syn’ Tzn) +G (Rxn’ 9Vn> Tzn)

+G (Rx,, Sy, hz,)],
S 16 (5 @7 T2,) + G (f Sy 2,

+G (Rx,» gy, hz,,)] }) :
(5)

On letting n — o0 and based on the property of ¢, we can
obtain

G (b, lim hz,) < ¢ (G ( Jim hz,t.t))
<G( lim hz,t,t).
It is contradiction; so lim,, _, . hz, = t.
Since RX is a closed subspace of X and lim,,_, . Rx, = t,

there exists a p in X such that t = Rp. We claim that fp = t.
Suppose not; then by using (3) we obtain

G (fp> gy hz,)
< ¢ (max {G (Rp. 59, T2,).G (fp. Rp. Rp),
G (99> SV Sn) > G (h2,, T2, T2,),
1
5 (6P Tz,) + G (Rp. gy, T2,)
+G (Rp, Sy, hz,,)]

1
5 [G (fp’ 9V Tzn) +G (fp’ Syn’ hzn)

+G (Rp. g7, hz,)] )
7)

Taking n — o0 on the two sides of the above inequality and
using the property of ¢, we can get

G(fp.t.1) < ¢ (max{G (fp.t.1)}) <G (fp.1s8).  (8)

Which is contradiction, and so fp =t = Rp. Hence, p is the
coincidence point of pair (f, R).

By the condition fX < SX and fp = ¢, there exists a point
u in X such that t = Su. Now, we claim that gu = t. In fact, if
gu #t, then from (3) we have

G (fp> gu-hz,)

<¢ (max {G (Rp,Su,Tz,),G (fp, Rp, Rp),

G (gu,Su,Su),G (hz,,Tz,,Tz,),

1
3 (G (fp,Su,Tz,) + G(Rp, gu, T2,) (g

+G (Rp, Su, hz,)],
3G (fp.gunT2,) + G (fp.Suhz,)

+G (Rp, gu, hz,))] }) .

Lettingn — 00 on the two sides of the above inequality and
using the property of ¢, we can obtain

G(t,gu,t) <¢(G(gu,t,t)) < G(gu,t,t). (10)

It is contradiction. Hence gu = t = St, and so u is the
coincidence point of pair (g, S).

Since gX < TX and gu = t, there exists a point v in X
such that t = Tv. We claim that Av = ¢. If not, from (3) and
the property of ¢, we have

G (t,t, hv)
= G (fp> guhv)

< ¢ (max {G (Rp. 5. 77),.G (fp. Rp. Rp)

G (gu, Su,Su),G (hv, Tv, Tv),

% (G (fp,Su,Tv) + G (Rp, gu, Tv)
(11)
+G (Rp, Su, hv)],

% (G (fp, gu, Tv) + G (fp,Su, hv)

+G (Rp, gu, hv)] })
= ¢ (G (hv, 1, 1))
< G(hvt,t).

It is contradiction. Hence hv = t = Tv, and so v is the
coincidence point of pair (b, T).



Therefore, in all the above cases, we obtain fp = Rp =
gu = Su = hv = Tv = t. Now, weakly compatibility of the
pairs (f,R), (¢,S), and (h, T') gives that ft = Rt, gt = St, and

ht = Tt.

Next, we show that ft = t. In fact, if ft #t, then from (3)

we have

G(ft.t.t)
= G(ft, gu,hv)

<¢ (max {G (Rt,Su, Tv),G (ft,Rt,Rt),
G (gu, Su,Su),G (hv, Tv, Tv),

% [G(ft,Su,Tv) + G (Rt, gu, Tv)

(12)

+G (Rt, Su, hv)],

% (G (ft, gu, Tv) + G (ft,Su, hv)

+G (Rt, gu, hv)] })

=¢(G(ft:t,1))
<G(ft,t,1)

which is contradiction; hence ft = t, and so ft = Rt = t.
Similarly, it can be shown that gt = St = tand ht = Tt = t;
so we get ft = gt = ht = Rt = St = Tt = t, which means that
t is a common fixed point of f, g,h, R, S, and T.

Next, we will show the common fixed point of f, g, h,
R, S, and T is unique. Actually, suppose that w € X; w#t is
another common fixed point of f, g, i, R, S, and T} then by
condition (3) we have

G (w,t,t)
=G (fw, gt, ht)
<¢ <max {G (Rw,St,Tt), G ( fw, Rw, Rw),
G(gt,St,St),G (ht, Tt, Tt),
% (G (fuw, St, Tt) + G (Rw, gt, Tt)
(13)
+G (Rw, St, ht)],

(G (fw, gt, Tt) + G (fw,St, ht)

[SSHI

+G (Rw, gt, ht)] })
= ¢(G (w,1,1))
< G(w,t,t).

It is a contradiction, unless w = t; that is, mappings
£, 9,1, R, S, and T have a unique common fixed point.

Case 1. For x,y,andz €
G(fx, gy, hz) = 0, and hence (3) is obviously satisfied.
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Finally, if condition (ii) or (iii) holds, then the argument
is similar to that above; so we delete it.
This completes the proof of Theorem 15. O

Now, we give an example to support Theorem 15.
Example 16. Let X = [0, 1] be a G-metric space with
G(x,y,2) =|x—y|+|y -2+ 1z - xI. (14)
We define mappings f, g,h, R, S, and T on X by

17 7 1]
1, x¢e€ [O,— -, XE€ [0,—
fx— 2] .= 8 21
s 1] S 1]
) x€<_)1 > ) x€<_31 >
6 2 L 6 2
4 1]
. > xe[o)_
6 1 5 2]
7’ xe[o’i 5 1
hx = i Rx=4=, xe(—,l)
5 (1 ] 6 2
) X € _71 )
6 20 6
> x=1)
-7
7 1
1 xe[ol L, xe[O,—]
> :2_ 2
5 1
Sx=42 xe 11 Tx=14-, xe(—,l)
6 2’ 6 2
7
0, x=1, - x=1
8

(15)

Note that f, g, h, R, S, and T are discontinuous mappings.
Clearly, the subspace RX is closed in X, fX € SX, gX € TX,
hX < RX, and the pairs (f,R), (¢,S), and (h, T) are weakly
compatible. Also, the pairs (f, R) and (g, S) satisfy common
(E.A) property; indeed, x,, = 4/5 and y, = 3/4 for each
n € N are the required sequences. The control function
¢ :[0,00) — [0,00) is defined by ¢(¢) = 11¢/12.
First, we let

M (x,y,2)
= max {G (Rx,Sy,Tz),G(fx,Rx,Rx),
G(97.8.8y),G(hz,Tz,Tz),
% [G(fx,Sy,Tz) + G(Rx, gy, Tz) (16)
+G (Rx, Sy, hz)],

(G (fx, gy, Tz) + G (fx, Sy, hz)

W=

+G (Rx, gy, hz)]} .

To prove (3), let us discuss the following cases.

((1/2),1], then we have
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Case 2. For x, y, and z € [0, (1/2)], then we have

7

G(fx, gy, hz) = G(lg§> 2

¢ (M (x, y,2))
-s(mefo(ba) (15 2) o(G ).
o($r) dfennra(t])
()
o) 601
e

221 4 8
=¢(max{_)_)_:_)_}>
554 15 35
2 11
=6(5)= 5
(17)
Therefore,

G(frgyhe) =2 < o =¢(M(x.2.2).  (9)
Case 3. For x, y € [0,(1/2)], z € ((1/2), 1], then we have
7 5 1
G(fx,gy,hz):G<1,§,g)=§. 19)

Next we divide the study in two subcases.

(a) If z € ((1/2), 1), then we have
¢ (M (x, y,2))
“p(macde(t1.2).0(1 81 0(Lnn).
5 6 55 8
6(2.23).  o(112)ro(22.2)
66 6/ 3 6 586
()]
5 6

(20)

(b) If z = 1, then we get

¢ (M (x y,2))
-s(msfo(32)0.52) o(f ).
(33 4le(0D) o311

_¢(max{2 211 4 11})
- 5°5°4° 1215 45

(21)

Hence, we can get

111
G(fxgyhz) =5 <0 =¢(M(xy2).  (22)

Case 4. For x,z € [0,(1/2)], y € ((1/2), 1], then we have
56 1
G , gy, h =G<l,—,—>=—. 23
(fx, gy, hz) e7)73 (23)

Next we divide the study in two subcases.

(a) If y € ((1/2), 1), then we obtain

¢ (M (x, y.2))

45 4 4 555
:(/)(max{G(—,—,l),G(l,—,—),G(—,—,—>,
56 55 6 6 6
5
6

(24)

Thus we have

1 11
G(frgyhz) =5 <5 =¢M(xy2)). (29
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(b) If y = 1, then we can get (b) If x = 1, then we obtain
¢ (M (x,y,2)) ¢ (M (x, y,2))
4 4 4 5 6 566 7
= — —_ = — = G<_)1)1))G(_)_)_))G<_)l)l>a
(omfoltan) ot toas)  -elmfo(E)e(339) 6
6 1 45 6 17 (5 67
— —_ —_ = G<_)1:1>’_[G _)1)1> G<_) >1)
G(7,1,1),3[G(1,0,1)+G<5,6,1) - 3 P to\7
4 6 6 6)]
— — G<_>17_ >
6(507)] a7t
Ho(n? ‘ Jlo(egr)ra(ers)
— — —_ - G _a_)l G _)1>_
3[G<1’6’1>+G<1’0’7> 3 68 ) U\e "7
456 67 6) })
156 o(5.7.¢
+G<5’6’7>]}) \7e7
252142 77 _ gilggﬁ})
= (max{z’g’g’;’ﬁ’ﬁb _¢<max{7’21’4’7’63’252
1 _g(2)-22
=$@) =+ _¢<63 " 756
(26) (31)
So, we have Hence we get
1_1 G(fognhs) = — <22 _ g (M(x,1,2). (32
G(fxgyhz) =3 <= =¢M(xy2). (27 9 12~ 756 Y2210

Case 5. For x € ((1/2),1], y,z € [0,(1/2)], then we have

G (fx, gy, hz) = G( ) =

Next we divide the study in two subcases.

576

687

1

12°

(a) If x € ((1/2), 1), then we can get

¢ (M (x,y,2))

>
6
(209)]
6 7
Ho(220)re(308)
3 6 8 6 7

Thus we have

G(fx,99h) = 35 < 3¢ = $ (M (x,,2)).

(28)

Case 6. For x € [0,(1/2)], y € ((1/2),1], and z € ((1/2),1],

then we have
G(fx,gy,hz)zG( )

Next we divide the study in four subcases.

(a) If y € ((1/2),1) and z € ((1/2), 1), then we have
¢ (M (x, y,2))

-o(omsfo(

55
1)_)_
6 6

l. (33)

5

W | =
—
9]
Q
Ma
G o »,
(<N IS, Be TS|

+

S

=
)
[~

ot

tal
—tr—
Bl= G-
(G2 N\

(O8]

(e

/—

[ ERS)

N———

<

(29) (34)

Thus we have

G (fx, gy hz) =

oM Gr2). 69

(30) % <
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(b) If y =1and z € ((1/2), 1), then we have

(d) If y = 1 and z = 1, then we have

¢ (M(x,y,2)) ¢ (M (x, y,2))
“p(masfo(20.2).6(1E2).6(200), -#(mxfa(G05)-6(15.5) 6(500),
(5531605 0333 (i d)slelos) o)
4 5
oftad)) oftad))
1[o(122) (10 {EEHRES
“(5eal) <(zel)
~p(mef2220328)) RAS FEEAOR )
_o(3). —o(2)=Z
¢<3> 36 o6 <4> 48 w0)
Therefore, we can get Thus, we can get
L7
G(fx, gy,hZ)-é §=¢(M(x,y,z)). (37) GUranhe) =5 < g =0 (Mler2). @)
Case 7. For x € ((1/2),1], y € [0,(1/2)], and z € ((1/2),1],

(c) If y € ((1/2),1) and z = 1, then we get

¢ (M (x, y,2))

[cNIRN

AN

o(332)
566
Ho(k27)ro(1.2.2)
3 6 8 6 6
(el
566
:(p(max{i,z,O,i,E,H})
2005 12 60 45
2 11
-(3)-%
Therefore, we can get
1
> =7 o M s ) .
G(fx.gy.hz) = 5 < 30 =¢(M(x.y.2))

then we have

1

12°

575

686

(42)

)

Next we divide the study in four subcases.

G (fx, gy hz) = G(

(a) If x € ((1/2),1) and z € ((1/2), 1), then we have

)1’1))

¢ (M (x, y,2))
=¢ <max {G <g, 1,

6(2.2

7

)<(;

8

5

)l

6
soe)slol
3

6

5

6

> 5

6

+G<g»§>]’
e(259) (20
“(ozell)
(38) = ¢(max {50502}



Thus, we can get
1 11
G(fx, gy hz) = o <3 =¢(M(x,y,2)). (44)

(b) Ifx =1and z € ((1/2), 1), then we have
¢ (M (x, y,2))

=(p(maX{G(E,l;E),G(§,§)§>>G<z)lal>)
7 6 6 77 8
1
6(222), M [6(21.2) 6 (572
6 6 6/ 3 6 6 7 86
(212)]
7 6
He(2.2.) e (20.2)
3 6 86 6 6
(555l
7 86

¢< {1 11 0 1 1})
= maxiy—-, —> U -, ~
3214 46

1 11
=6(5)= 3
(45)
Hence, we obtain
1 11
G(fxgyhz) = o <o =¢(M(xy.2).  (46)

(c) If x € ((1/2),1) and z = 1, then we get
¢ (M (x, y,2))

:(/)(max{G(E,l,Z),G<§,§,§>,G(Z,1,1>,
6 8 6 66 8
577\ 1 5.7 577
(L) Aleln ) e(iE)
6 88/ 3 6 8 6 88
(2]
6 6

Ho(227)ra(302)
3 6 8 8 6 6
(5xe)lh)
6 86
1 1111
= ¢<max{_’0) DERPPE _:_})
3741246

(47)

Therefore, we have

11

1
G(fxgy.hz) = - <2 =¢M(xy2)).  (49)
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(d) If x = 1 and z = 1, then we have
¢ (M (x, y,2))

=¢<maX{G<§,l,z),G<§,§,§>,G(Z>L1>>
7 8 677 8
6(227). [o(207)6(52])
6 88/ 3 6 8 7 88
w62
7 6
1
Ho(227) e (20.2)
3 6 8 8 6 6

(553)]))

21 11 5 1
:¢<max{—,—,—,—,—>—}>
7 12°4 12 252 6
2 11
-4(5)= 5
(49)
Thus, we obtain
1 11
5 N = —_— —_— = M > > . 50
G(fxgyhz) = - < 5 =¢(M(x.y.2)) (50)

Case 8. For x € ((1/2),1], y € ((1/2),1], and z € [0, (1/2)],
then we have

556 1
G(frgnhz)=G(2.2.2) = o 51
(fx g7, h2) 6 6 7 21 1)

Next we divide the study in four subcases.

(a) If x € ((1/2),1) and y € ((1/2), 1), then we get

¢ (M (x, ,2))
ofmafol3 2 (352522

(52)
Thus, we obtain

G(fr.grhs) = — < = =p(M(x32).  (53)

< — =
21 36
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(b) If x = 1and y € ((1/2), 1), then we have

¢ (M (x,.2))
-o(mrfo(£30) (5 84) 0(35).

7
6(61). [o(2.21) vo(850)
7 3 6 6 76

AN

Ho(2.21)+6(2.%.9)
3 6 6 6 6 7
<z o))
767
:(p(max{l,i,O,%,i,l})
3721 7217
1 11
=6(5)= 3
(54)
Thus, we obtain
1 11
G(fx, gy hz) = 1 < % ¢ (M (x,y,2)). (55)

(c) If x € ((1/2),1) and y = 1, then we obtain

¢ (M (x, y.2))

(56)
Thus, we obtain

HosMp2). 67

1
G(fx.gy.hz) =50 < ==

9
(d) If x = 1 and y = 1, then we have
¢ (M (x, y.2))
=¢<maX{G<—,O,1>)G<E:E)§>)G(570)0>)
6 77
o(L11). o (B0)+(S50)
3 6
o(gad))
77
o3 5)+o(5)
3 6 6 6 7
557
767
:¢<max{2,i;§;g>8_5:ﬁ}>
21 37 63 63
11
=¢(2)=—.
$2)=—
(58)

Thus, we obtain
1 11
G(fxgyhz) = < = =¢M(xy.2). (59

Then in all the above cases, the mappings f, g, h, R, S, and
T are satisfying conditions (3) and (i) of Theorem 15, so that
all the conditions of Theorem 15 are satisfied. Moreover, 5/6
is the unique common fixed point of f, g, h, R, S, and T

Remark 17. In this paper, we get the new common fixed point
theorem using the common (E.A) property with three pairs
of weakly compatible mappings. This is a new result has never
been discussed by other authors.

Remark 18. If wetake 1) R = S =T;2) f = g = h (3)
R =8 =T =1 (I is identity mapping); (4) S =T and g = k;
(5)S =T, g = h = Iin Theorem 15, then several new results
can be obtained.

Corollary 19. Let (X, G) be a G-metric space. Suppose map-

pings f,g,h,R,S, andT : X — X satisfy the following
conditions:

G (fx, gy, hz)
< Amax {G (Rx,Sy,Tz),G(fx,Rx,Rx),G(gy,5y,Sy),
G(hz,Tz,Tz), % [G(fx,Sy,Tz) + G(Rx, gy, Tz)
+G (Rx, Sy, hz)],

% [G(fx, gy, Tz) + G(fx, Sy, hz)

+G (Rx, gy, hz)] }
(60)
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forall x, y, andz € X, where A € [0, 1). If one of the following
conditions is satisfied, then the pairs (f,R), (g,S), and (h,T)
have a common point of coincidence in X.

(i) The subspace RX is closed in X, fX < SX, gX < TX,
and two pairs of (f, R) and (g, S) satisfy common (E.A)
property.

(ii) The subspace SX is closed in X, gX € TX, hX ¢ RX,
and two pairs of (g, S) and (h, T') satisfy common (E.A)
property.

(iii) The subspace TX is closed in X, fX <€ SX, hX <€ RX,
and two pairs of (f, R) and (h, T) satisfy common (E.A)
property.

Moreover, if the pairs (f,R), (g,S), and (h,T) are weakly

compatible, then f,g,h,R,S, and T have a unique common
fixed point in X.

Proof. Taking ¢(t) = At, A € [0,1) in Theorem 15, the
conclusion of Corollary 19 can be obtained from Theorem 15
immediately. This completes the proof of Corollary19. [

Remark 20. If wetake () R =S =T;12) f = g = h (3)
R =8 =T = I(Iisidentity mapping); (4) S = T and g = h;
(5)S=T, g =h=1Iin Corollary 19, then several new results
can be obtained.

Corollary 21. Let (X, G) be a G-metric space. Suppose map-
pings f,g,hR,S,and T : X — X satisfy the following
conditions:

G (fx, gy, hz) < a,G (Rx, Sy, Tz) + a,G ( fx, Rx, Rx)
+a;G (gy, Sy, Sy) + a,G (hz, Tz, Tz)
+as [G(fx,Sy,Tz) + G(Rx, gy, Tz)

+G (Rx, Sy, hz)|

+ag [G(fx, gy, Tz) + G (fx,Sy, hz)

+G (Rx, gy, hz)]
(61)

forall x,y, andz € X, wherea; > 0 (i = 1,2,3,4,5, and 6)
and 0 < a, +a, +a; +a, +3as + 3a, < 1. If one of the following
conditions is satisfied, then the pairs (f,R), (g,S), and (h,T)
have a common point of coincidence in X:

(i) the subspace RX is closed in X, fX ¢ SX, gX ¢ TX,
and two pairs of (f, R) and (g, S) satisfy common (E.A)
property;

(ii) the subspace SX is closed in X, gX < TX, hX < RX,
and two pairs of (g, S) and (h, T') satisfy common (E.A)
property;

(iii) the subspace TX is closed in X, fX < SX, hX € RX,
and two pairs of (f, R) and (h, T) satisfy common (E.A)
property.

Moreover, if the pairs (f,R), (g,S), and (h, T) are weakly

compatible, then f,g,h,R,S, and T have a unique common
fixed point in X.
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Proof. Suppose that
M (x,y,2)

= max {G (Rx,Sy,Tz),G(fx,Rx,Rx),G(gy,5y,Sy),
G(hz, Tz, Tz),

% [G(fx,Sy,Tz) + G(Rx, gy, Tz)
+G (Rx, Sy, hz)],
316U a0 T2) + G (fx.5y.h2)

+G (Rx, gy, hz)] } .
(62)

Then
a,G (Rx, Sy, Tz) + a,G (fx, Rx, Rx)

+a;G (gy, Sy, Sy) + a,G (hz, Tz, Tz)
+as [G(fx,Sy,Tz) + G(Rx, gy, Tz) + G (Rx, Sy, hz)]
+ag [G(fx, 9y, Tz) + G(fx,Sy, hz) + G (Rx, gy, hz)]

<(a, +a, +a;+a,+3as+3a) M (x,y,2).
(63)

So, if condition (61) holds, then G( fx, gy, hz) < (a, +a, +a; +
as+3as+3ag) M(x, y, z). Taking A = a,+a,+as+a,+3as+3a, in
Corollary 19, the conclusion of Corollary 21 can be obtained
from Corollary 19 immediately. O

Remark 22. If wetake 1) R = S =T;(2) f = g = h; (3)
R =8 =T = I (I is identity mapping); (4) S = T and g = h;
(5)S=T, g =h=1Iin Corollary 21, then several new results
can be obtained.
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