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We first introduce an implicit relaxed method with regularization for finding a common element of the set of fixed points of
an asymptotically strict pseudocontractive mapping S in the intermediate sense and the set of solutions of the minimization
problem (MP) for a convex and continuously Frechet differentiable functional in the setting of Hilbert spaces. The implicit relaxed
method with regularization is based on three well-known methods: the extragradient method, viscosity approximation method,
and gradient projection algorithm with regularization. We derive a weak convergence theorem for two sequences generated by this
method. On the other hand, we also prove a new strong convergence theorem by an implicit hybrid method with regularization for
the MP and the mapping S. The implicit hybrid method with regularization is based on four well-known methods: the CQ method,

extragradient method, viscosity approximation method, and gradient projection algorithm with regularization.

1. Introduction

In 1972, Goebel and Kirk [1] established that every asymptot-
ically nonexpansive mapping S : C — C defined on a non-
empty closed convex bounded subset of a uniformly convex
Banach space, that is, there exists a sequence {k,} such that
lim k, =1and

n—00 "'n

[S"x = S"y|| <k, |x-y|, ¥n=1,¥x,yeC (1
has a fixed point in C. It can be easily seen that every nonex-
pansive mapping is asymptotically nonexpansive, and every
asymptotically nonexpansive mapping is uniformly Lips-
chitzian; that is, there exists a constant & > 0 such that
[$"x-S"y| < Z|x-y|, ¥n=1Vx,yeC. (2
Several researchers have weaken the assumption on the map-
ping S. Bruck et al. [2] introduced the following concept of

an asymptotically nonexpansive mapping in the intermediate
sense.

Definition 1. Let C be a nonempty subset of a normed space
X. A mapping S : C — C is said to be asymptotically non-
expansive in the intermediate sense provided S is uniformly
continuous and

limsup sup (||S"x - S"y|| - ||x - y|) < 0. 3)
n—00 x,yeC

They also studied iterative methods for the approximation
of fixed points of such mappings.

Recently, Kim and Xu [3] introduced the following con-
cept of asymptotically k-strict pseudocontractive mappings
in setting of Hilbert spaces.

Definition 2. Let C be a nonempty subset of a Hilbert space
H. A mapping S : C — C is said to be an asymptotically x-
strict pseudocontractive mapping with sequence {y, } if there



exists a constant k € [0, 1) and a sequence {y,} in [0, c0) with
lim = 0 such that

n—»oo’/n
n n, 112
5" = 8"y

< (L) e =y +xlx -8 = (y = 5"y)
Vn>1, Vx,y € C.

)

They studied weak and strong convergence theorems for
this class of mappings. It is important to note that every
asymptotically k-strict pseudocontractive mapping with se-
quence {y,} is a uniformly &-Lipschitzian mapping with & =
sup{(x + 1+ (1 —x)y,)/(1 +x) : n > 1}.

Very recently, Sahu et al. [4] considered the following
concept of asymptotically k-strict pseudocontractive map-
pings in the intermediate sense, which are not necessarily
Lipschitzian.

Definition 3. Let C be a nonempty subset of a Hilbert space
H. A mapping S : C — C is said to be an asymptotically «-
strict pseudocontractive mapping in the intermediate sense
with sequence {y,} if there exist a constant ¥ € [0,1) and a

sequence {y,} in [0, co) with lim,, _, ¥, = 0 such that

limsup sup ([8"x —"y|* = (1 +,) |x =y’
n—00 x,yeC (5)

—kfx - S"x - (y - S"y)"z) <0.

Let
¢, := max {0, sup (||Snx - Sn;V"2 = (L) - J’"2
x,y€C

== (-5 |
(6)

Then, ¢, > 0 (foralln > 1), ¢,
reduces to the relation
I8 = S"I” < (1+,) |x = >
+xfx - 8"x - (y—S”y)”2 +c, @
Vn>1, Vx,y € C.

— 0(n — 00),and (5)

Whenever ¢, = 0 for all n > 1 in (7), then S is an asymptoti-
cally k-strict pseudocontractive mapping with sequence {y,}.

Let f : C — R be a convex and continuously Fréchet
differentiable functional. We consider the following mini-
mization problem:

minf (x). 8)

We assume that the minimization problem (8) has a solution,
and the solution set of this problem is denoted by I'.

To develop some new iterative methods for computing
the approximate solutions of the minimization problem is one
of the main areas of research in optimization and approxi-
mation theory. In the recent past, some study has also been
done in the direction to suggest some iterative algorithms to
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compute the fixed point of a mapping which is also a solution
of some minimization problem; for further detail, we refer to
[5] and the references therein.

The main aim of this paper is to propose some iterative
schemes for finding a common solution of fixed point set of
an asymptotically x-strict pseudocontractive mapping and
the solution set of the minimization problem. In particular,
we introduce an implicit relaxed algorithm with regular-
ization for finding a common element of the fixed point
set Fix(S) of an asymptotically x-strict pseudocontractive
mapping S and the solution set I' of minimization problem
(8). This implicit relaxed method with regularization is based
on three well-known methods, namely, the extragradient
method [6], viscosity approximation method, and gradient
projection algorithm with regularization. We also propose
an implicit hybrid algorithm with regularization for finding
an element of Fix(S) N I. The implicit hybrid method with
regularization is based on four well-known methods, namely,
the CQ method, extragradient method, viscosity approx-
imation method, and gradient projection algorithm with
regularization. The weak and strong convergence results of
these two algorithms are established, respectively.

2. Preliminaries

Throughout the paper, unless otherwise specified, we use the
following assumptions, notations, and terminologies.

We assume that H is a real Hilbert space whose inner
product and norm are denoted by (-,-) and || - |, respectively,
and C is a nonempty closed convex subset of H. We write
x, — x to indicate that the sequence {x,} converges weakly
toxandx, — xtoindicate that the sequence {x,} converges
strongly to x. Moreover, we use w,,(x,,) to denote the weak w-
limit set of the sequence {x,}, that is,

w,(x,) =ix€H:x, —x
(x) = { , o)

for some subsequence {xnt,} of {xn}} .

The metric (or nearest point) projection from H onto C is
the mapping P, : H — C which assigns to each point x € H
the unique point P-x € C satisfying the following property:

lv-Berl = inf el = 0. o

We mention some important properties of projections in
the following proposition.
Proposition 4. For given x € Hand z € C,

(i) z=Pxo (x—2z,y—2) <0, forall y € C;

(i) z = Pex © |lx—z|* < llx=ylII> = Iy - zl% for all
y€C;

(iii) (Pox — Py, x — y) = ||[Pox — Poyl?, forall y € H.
Consequently, P is nonexpansive.
Definition 5. A mapping S : C — H is said to be

(a) monotone if

(Sx =Sy, x—y) 20, Vx,yeC; (11)
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(b) n-strongly monotone if there exists a constant 7 > 0
such that

(Sx=Spx=y)znlx-y, VxyeG  (12)

(c) a-inverse-strongly monotone («-ism) if there exists a
constant o > 0 such that

(Sx-Sy,x-y) > aSx-Sy|’, VxyeC. (13)

Obviously, if S is a-inverse-strongly monotone, then it is
monotone and (1/«)-Lipschitz continuous. It can be easily
seen that if § : C — C is nonexpansive, then I — S is
monotone. Itis also easy to see that a projection mapping P is
1-ism. The inverse strongly monotone (also known as cocoer-
cive) operators have been applied widely in solving practical
problems in various fields.

We need some facts and tools which are listed in the form
of the following lemmas.

Lemma 6. Let X be a real inner product space. Then,

I+ <IxlP+2(px+y), VoyeX. (14)

Lemma 7 (see [7, Proposition 2.4]). Let {x,} be a bounded
sequence in a reflexive Banach space X. If w,,({x,,}) = {x}, then
X, — X.

Let A : C — H be a nonlinear mapping. The classical
variational inequality problem (VIP) is to find X € C such
that

(Ax,y-x) >0, VyeC. (15)

The solution set of VIP is denoted by VI(C, A).

The theory of variational inequalities is a well-established
subject in applied mathematics, nonlinear analysis, and
optimization. For further details on variational inequalities,
we refer to [8-13] and the references therein.

It is well known that the solution of a variational inequal-
ity can be characterized be a fixed point of a projection map-
ping. Therefore, by using Proposition 4(i), we have the fol-
lowing result.

Lemma 8. Let A: C — H be a monotone mapping. Then,

ueVI(C,A) & u=P-(u—-AAu), for some A > 0.

(16)
Lemma 9. The following assertions hold:

@) lx = yI* = x> = IyI* = 2(x ~ y, y) forallx, y € H;

() IAx+uy+vzl> = Alxl® + plyl® + »lzl® -
Aullx — y||2—‘m/||y —zI*-AMix — 2| forallx,y,z € H
and A, p,v € [0, 1] with A+ u+v =1 [14];

(¢) if {x,} is a sequence in H such that x,, — x, then

lim sup||x,, - y||2 = lim sup||x,, — x”2 +]x - y||2, Vy e H.
n— o0 n— 00

17)

Lemma 10 (see [4, Lemma 2.5]). For given points x, y,z € H
and given also a real number a € R, the set

{v eC: ||y - v“z <lx=vI*+ (zv) + a} (18)

is convex (and closed).

Lemma 11 (see [4, Lemma 2.6]). Let C be a nonempty subset
of a Hilbert space H and S : C — C an asymptotically
Kk-strict pseudocontractive mapping in the intermediate sense
with sequence {y,}. Then,

NESESY

1
<
1-x«

(K - ] (19)

+\/(1 +(1-x)y,)|x —y||2 +(1-x) cn>

forallx,y e Candn > 1.

Lemma 12 (see [4, Lemma 2.7]). Let C be a nonempty subset
of a Hilbert space H and S : C — C a uniformly continuous
asymptotically k-strict pseudocontractive mapping in the inter-
mediate sense with sequence {y,}. Let {x,} be a sequence in C
such that ||x, — x| = 0and|x, —S"x,|| = 0Oasn — oo.
Then, ||x, — Sx,| = 0asn — oco.

Lemma 13 (Demiclosedness Principle, [see [4, Proposition
3.1]1). Let C be a nonempty closed convex subset of a Hilbert
space H and S : C — C be a continuous asymptotically
Kk-strict pseudocontractive mapping in the intermediate sense
with sequence {y,}. Then I —S is demiclosed at zero in the sense
that if {x,} is a sequence in C such that x, — x € C and
limsup,, , limsup, , lx, - S"x,| =0, then (I-S)x = 0.

Lemma 14 (see [4, Proposition 3.2]). Let C be a nonempty
closed convex subset of a Hilbert space H and S : C — Cacon-
tinuous asymptotically k-strict pseudocontractive mapping in
the intermediate sense with sequence {y,} such that Fix(S) # 0.
Then, Fix(S) is closed and convex.

To prove a weak convergence theorem by an implicit
relaxed method with regularization for the minimization
problem (8) and the fixed point problem of an asymptoti-
cally k-strict pseudocontractive mapping in the intermediate
sense, we need the following lemma due to Osilike et al. [15].

Lemma 15 (see [15, page 80]). Let{a,}. . {b,} ey, and {5, }02,
be sequences of nonnegative real numbers satisfying the ine-
quality

a, <(1+98,)a,+b, Vn>1 (20)

Ify2, 8, <ooand Y2 b, < 0o, then lim,_, ., a, exists. If,
in addition, {a,},° has a subsequence which converges to zero,

thenlim, _, ., a, = 0.



Corollary 16 (see [16, page 303]). Let {a,},>, and {b,},>,
be two sequences of nonnegative real numbers satisfying the
inequality

a

n+1 < an + bn’

Vn > 0. (21)

If Y22 b, converges, then lim,,_, ., a, exists.

Lemma 17 (see [17]). Every Hilbert space H has the Kadec-
Klee property; that is, given a sequence {x,} ¢ H and a point
x € H, we have
x| — Il X, = X = X, — X. (22)
Itis well known that every Hilbert space H satisfies Opial’s
condition [18]; that is, for any sequence {x,} with x,, — x, we
have

lim inf [, = x| < lim inf | =yl
g ! (23)
Vy e H with y #x.

A set-valued mapping T : H — 2" is called monotone if
forallx,y € H, f e Txandg € Ty imply (x-y, f-g) = 0.A
monotone mappingT : H — 2" is maximal if its graph G(T)
is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping T is maximal
if and only if for (x, f) € Hx H, (x — y,f —g) > 0 for
all (y,g) € G(T) implies f € Tx.Let A: C — Hbea
monotone and L-Lipschitz continuous mapping, and let Nv
be the normal cone to C at v € C, thatis, Nov = {w € H :
(v —u,w) > 0,Yu € C}. Define

24
0, if v¢cC. (24)

Ty — <lAv+ Nev, ifveC,
It is known that in this case T is maximal monotone, and 0 €
Tvif and only if v € Q; see [19].

3. Weak Convergence Theorem

In this section, we will prove a weak convergence theo-
rem for an implicit relaxed method with regularization for
finding a common element of the set of fixed points of
an asymptotically x-strict pseudocontractive mapping S :
C — C in the intermediate sense and the set of solutions
of the minimization problem (8) for a convex functional
f: C — Rwith L-Lipschitz continuous gradient Vf. This
implicit relaxed method with regularization is based on the
extragradient method, viscosity approximation method, and
gradient projection algorithm (GPA) with regularization.

Theorem 18. Let C be a nonempty bounded closed convex
subset of a real Hilbert space H. Let f : C — R bea
convex functional with L-Lipschitz continuous gradient Vf,
Q : C — C a p-contraction with coefficient p € [0,1),
and S : C — C a uniformly continuous asymptotically k-
strict pseudocontractive mapping in the intermediate sense
with sequence {y,} such that Fix(S) N T is nonempty. Let {y,}
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and {c,} be defined as in Definition 3. Let {x,} and {y,} be the
sequences generated by

x, = x € C chosen arbitrary,

Yn = PC (xn - /\munvfocn (xn) - /\n (1 - Aun) Vfan (yn)) >
t, = PC (xn - Anvfan (yn) - /\n (1 - .un) Vfan (tn)) >
Xp+1 = (1 0y~ ﬁn) tn + Gthn + ﬁnsntn’ Vn>1,
(25)

where {a,} is a sequence (0,00), {A,,}, {u,} are sequences in
(0,1], and {o,}, {B,} are sequences in [0, 1] satisfying the
following conditions:
(i <B,ando,+ B, <1-«k—r1, foralln > 1 for some
5,7 €(0,1);
(i) X2y < 00 X2, < 00, 22
Y Gy < 005
(iii) lim, , o ¢, = 1;
(iv) A, (a, +L) < 1, foralln > 1 and {A
a,b € (0,(1/L)).
Then, the sequences {x,}, {y,} converge weakly to some point
u € Fix(S)NT.

0, < 0o and

A € [a, b] for some

Remark 19. Observe that forall x, y € Cand alln > 1
|Pe (%0 = Mt ¥, () = Ao (1= ) Vo, ()
~Pe (%, = Mty Vo, (%) = A (1= 1) Vi, ()]
< (e = Ao, (350) = A, (1= 1) VS, ()
= (% = Mt Ve, (30) = A (1= 1) Ve, ()]

=4, (1= ) |V, @) - VE, )]

<A, (e, + L) Jx -y o6
26

By Banach contraction principle, we know that for eachn > 1,
there exists a unique y, € C such that

Y =Fc (xn /\ml’lnvfoc,1 (xn) - /\n (1 - [’in) Vfan (yn)) .
(27)

Also, observe that for all x, y € Cand all n > 1
1Pe (36 = 2aVfa, () = A (1 = ) Vs, ()
~Pe (%, = AV, (7)) = A (1= ) Vo ()
<[ (e = AV, () = 20 (1= 1) VS, ()
~ (%0 = Mo, ) = A (1= ) Vo, (0))]

=0, (L= ) [, 0 = Y, ()]

< Ay (e, + 1) =y o8
28
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Utilizing Banach contraction principle, for each n > 1, there
exists a unique t,, € C such that

t, = PC ('xn - Anvfoc,, (yn) - An (1 - .l’ln) Vf(xn (tn)) .
(29)

Proof of Theorem 18. Note that the L-Lipschitz continuity of
the gradient Vf implies that Vf is (1/L)-ism [20], that is,

(VF ()= VF ()= ) = 29 0 - V7 O

Vx,y e C.

(30)

Thus, Vf is monotone and L-Lipschitz continuous.
We divide the rest of the proof into several steps.

Step 1. lim,,_, o, [Ix,, — ul| exists for each u € Fix(S) N T.

Indeed, note that £, = Pco(x, — A,Vf, (,) — A,(1 -
UV (t,)) for all n > 1. Take u € Fix(S) N I' arbitrarily.
From Proposition 4(ii), monotonicity of Vf, and u € T, we
have

It - ulf
< (o= Ve, ) = 0 (L= 1) Vo (1) = 0]

= 251, 0n) = A (1= ) Vo (1)) = 8
= o0 = A0 (0= ) Vi, (1) 0]
Xy = Ay (1= ) Vo, () =,
+ 24, (Vfa, () = t,,)
%= Ay (1= ) Vo, (8) 1]
X = A (L= ) VS, (8) 1,
+ 24, (Yo, 0n) st = 3) + (Y, ) s ¥ = )

X, — /\n (1 - ."‘n) Vftxn (tn) - u“Z

2

2

2

X = A (1= 14,) Vo, (£,) = 1,
+2M, ((Vfo, () = Vo (W), 1= y,)

+ (Vo 1= 3,) + (Vo (B)> Y — 1))
= A (1= 1) Ve, (8) =]
X = Ay (1= ) VS, (t,) = 1,

+24, (0, = 3, + (Vfuo, (5) 7 = 1))

<

2

= e =il = e~
- 2/\n (1 - Mn) <vfan (tn) sty = Ll>

+ 2/\71 (OC" (u,u _yn> + <vf0€n (y”)’y" - t”>)

=l =l = 1 = 3l
=245, = Y Yo~ ta) — |y —
+22,, (o, (o= 3,) + (Vo (32)> 90— 1))
-24, (1 - u,)

X ((Vfu, (t) = VS, )1 = 1) + (VS ()1, —u))
<l = ull* = e = yll* = Iy = tal”

+ 2% = AV, (0n) = Vst = V)

+2h 00, (( = ) + (1= ) (wru = t,,))
< e = ull* = e = 3l = Iy = tal”

+ 2%, = A,V () = Yoo b = i)

+ 22,00, luall (|3, = ] + [l£, = ul]) -
(31)
Since y, = Po(x, = A,V (x,) = A, (1 = p,)Vf,, (3,)) and

Vf4, is (o, + L)-Lipschitz continuous, by Proposition 4(i), we
have

(%0 = AV, () = Yoot = )
= (%, = At Vo, (%) = A, (1= ,) Vo (3)
~Vrtn = Yn)
+ Aty (Vfoe, (%) = Vi, () st = )
< Aty (Vo (%0) = Vo (5) 5 b0 = )

< Aty | Vo, () = Vs )| 1 = 22

< /\n ((xn + L) ||xn - yn“

tn - yn“ .
(32)

So, we have
=l < e =l = 6 = 2l = I3 = 2l

+ 22, (ot + L) [ = 2l £ = 2l
+ 2200, [ull (|7 = ] + £, = )

< e =l = s = 3l = Iy = tal”
+ A5, + L) [, = 3l + 1t = 2l
+ 24,00, ull (1, = ul + |1t —u])

= e = ull* + (Aot + 1) = 1) 5, = 3l
+ 2200, ull (1 = ] + £, = u])

= ”Xn - u||2 + ZAnan [leel ("yn - u” + ”tn - u”) :
(33)



Therefore, from (33), x,,,, = (1—-0,- B)t,+0,f(t,)+B,S"t,
and u = Su. By Lemma 9(b), we have

1 =l
= (1= 0, = B.) (t, — ) + 0, (Qt, ) + B, (8", = w)|]
< (1=0, = B) |t -l + 0, Qt, — ul* + B|IS"t, — v
= (1-0,-B,) Blltn = S8’
<(1-0,-B) |t, —u|’ +o,|Qt, - u’
By [+ 9) = il + el = 72,1 + 6,
~(1-0,-B,) Ballt - S8,
= [1=0, = By + Bu (L p)] it — il + 0t — i)’
+ By (k= (1=0, = B)) It = S"t.l* + Boc,
< (L+ ) [t = ull” + o,Qt, - ul’
+ B (k= (1=0, = B)) tu - S8, +,
< (L) [t = ull” + ot — ul +,
< (L) [0 =l + 22,00, Tl ([ = ] + [, = 0a])]
+0,Qt, —ul* +,
= (14 9) e = il + 2064, (1 + )

X (Lyw =l + Nt = ul) + Q1 ~ u +6,.
(34)

Since Y21, < 00, Yoo Y, < 00, Yoo 0, < 00, and

Y02 6, < 00, from the boundedness of C, it follows that

Mg

{zanAn (l + yn) flul ("yn - u" + "tn - u”)

=
Il
—

(35)

+0,|Qt, — ul” + cn} < 00.
By Lemma 15, we have

Jim ||, — u|| exists forallu € Fix (S) NT. (36)

Abstract and Applied Analysis

Step 2. lim,, _, . lx,, — y,ll = 0 and lim,, _, llx,, — ¢, = 0.
Indeed, substituting (33) in (34), we get

s = ul”
< (14 9) = ul + o Qt, — ul] + ¢,
< (14 9) [l = il + (Aot + L) = 1) [, = 3|
120,00l (s = ] + It — i)

+0,]Qt, - u||2 +c,

= I =l + vl = ul”
(U 9,) (Ve + L) = 1) [, = 3
+ 20,4, (1+9,) luall (L = ] + |t = )

+ anHQtn - u”z +¢,

(37)
which hence implies that
(1+7,) (07 (a, + L) = 1) |, =
< (1+9,) (Ve + L) = 1) |, =y
< ot = il = s = el + pllc, = il (38)

+ 2004, (1) Nl ([l = ] + [, = ]}

+ an"Qtn - u"2 +c,.

Since lim,, _, . llx,, —u|| exists, 0, — 0,7, — 0,0, — 0,and
¢, — 0, from the boundedness of C, it follows that

lim |x, - y,[ = 0. (39)

n— oo

Meantime, utilizing the arguments similar to those in (33), we
have

It =l < e =l = 6 = 22l” = 3 = 2l
+ 24, (0, + L) [y = yull 0 =yl
+ 200, luall (13 = ul) + 1t — )
<l = ull* = e = yll* = Iy = tal”
+ A%, + L)t = pll” + 60 = 2l
+ 2450, el (L — ] + 1t — )
= e = ul” + (Moety + L) = 1) [t = 3l

+ 2An(xn ||1/l|| (”yn - u" + "tn - u") .
(40)
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Substituting (40) in (34), we get
s =l
< (1 +y) s —ul® +oulQt, —ul” +,
< (1 + Yn) ["xn - u||2 + (/\i(“n + L)2 - 1) "tn - yn"2
+2An(xn ||L£" ("yn - M” + ”tn - u”)] + 0n|thn - u”2 TG
2 2
= [lxen = u” + vallx, — ]
+ (1 + yn) (Ai(“n + L)2 - 1) ntn - )’n“z
+ 200, A, (1+,) lull (v, — | + ||t — u])

+ 0n||Qtn - u||2 + ¢,

(41)
which hence implies that
(1+7,) (B2, + L)' = 1) 1t = 3l
< (1+,) (Ah(, + L) = 1) 1t = |
< ot = ul” = s = 2l + pllc =l (42)

+ 200, A, (1+p,) lull (| v, — u] + |t — u)
+ an"Qtn - u"2 +c,.

Sincelim,, _, o [Ix,, —u| exists,«,, — 0,9, — 0,0, — 0,and
¢, — 0, from the boundedness of C it follows that

lim ||t = y,[ = 0. (43)
This together with |x,, — || — 0 implies that

,,1520 ”xn - tn" =0. (44)

Step 3. lim,,_, lI%,.; — x,Il = 0andlim,,_, [x, —Sx,/ =0.
Indeed, from (33) and (34), we conclude that

1 =l
< (L+ ) [t —ul* + 0, Qt, -l
B, (k= (1=0, = B)) It - "t + <,
< (1 1) [l = ull* + 22,00, laall (L3, = ] + 1, = a])]
+o,]Qt, - uf’
+Bo (k= (1=0,= B)) It = S| +<,
=l = ul” + pall, — ul?
+ 20,4, (1+y,) el (L = ]l + 1, = w]))
+0,JQt, —ul = B, (1= 0, - B.) =)t = "L,

+¢,
(45)

7
which together with condition (i) yields
B A
< ﬁn ((1 — 0y~ ﬁn) - K) "tn - Sntnllz
< e =il = ot = il + yule, =l (46)

+ 200, 4, (14 9,) lual (13 =l + 1 = wa])
+ an“Qtn - u“z +c,.

Sincelim,, _, ., llx,, —ul| exists, v, — 0,7, — 0,0, — 0,and
¢, — 0, from the boundedness of C it follows that

Jim e, - 8™,] = 0. (47)
Note that
[N
< foer = tall + 1t = .
= [l (Qt, = t,) + B (8"t =t )] + It = .

<0, ||Qt, = t,]| + 8", = tall + 0 — ] -

(48)

From the boundedness of C, 0, — 0, |t, — x,| — 0, and
1S"t, — t,| — 0, we deduce that

lim |x,,, —x,| = 0. (49)

n—00
Furthermore, observe that

[, = 8", < 1%, = tall + ||t = S"ta]| + S8, — S"x,0] -

Utilizing Lemma 11, we have
[87¢,, = S"x,|

1
1-x«

<

x (st = x|

+\/(1 +(1-©)y,) |t - xn"2 +(1-x) cn)
(51)

for everyn = 1,2,.... Hence, it follows from ||x,, — ¢, — 0
that [|S"t,,—S"x, | — 0. Thus, from (50) and ||¢,,—S"t,|| — 0,
we get [|lx,, — S"x,[ — 0. Since ||x,,; - x, — 0, |x, —
§"x,| — 0asn — oo, and § is uniformly continuous, we
obtain from Lemma 12 that ||x,, — Sx, | — Oasn — oo.

Step 4. w,,(x,) € Fix(S) N T.

Indeed, from the boundedness of {x,}, we know that
w,,({x,}) #0. Take 1 € w,,({x,}) arbitrarily. Then, there exists
a subsequence {xni} of {x,} such that {xni} converges weakly
to 1. Note that S is uniformly continuous and ||x,,—Sx, || — 0.



Hence, it is easy to see that ||x,, — S"x,| — Oforallm > 1.
By Lemma 13, we obtain # € Fix(S). Furthermore, we show
u el Sincex,—f, — Oandx, -y, — 0,wehavet, —1u
and y, — u. Let

T Vf (v) + Nev, ?f veC, 52)
@, ifvedC,

where Ncv is the normal cone to C at v € C. We have
already mentioned that in this case the mapping T'is maximal
monotone,and 0 € Tvifand onlyifv € VI(C, Vf); see [19] for
more details. Let G(T') be the graph of T'and let (v, w) € G(T).
Then, we have w € Tv = Vf(v) + Nov and hence w — Vf(v) €
Nev. So, we have (v —t,w - Vf(v)) > 0forallt € C. On the
otherhand, from ¢, = Po(x,-A,Vf, (y,)-A,(1-u,)Vf, (£,)
and v € C, we have

<xn - /\nvfocn (yn) - /\n (1 - ."ln) Vfan (tn) —tpty = V> 20,

(53)

and hence
(vt 5 0, )+ (1= ) T, (6 ) 2 0
’ (54)

Therefore, from (v—t,w—Vf(v)) > 0forallt € Cand t, €C,
we have

<V_t”i’w>
> <v—tni,Vf (v)>
> <v—tni,Vf(v)>

t, — X
_<V_t"f’ ”,/\
n;

+<1—uni>vfani<fni>>
={(v—1t,,Vf () - < A

_ ‘xn,- <v — 1 - ."ln <
= (v=t,, Vf () - Vf (,))
+ <V_tn,-’vf (t”i) -Vf (y”f)>

= (1=t (v =10y, (1))
t, — X,
Z<V—tn,-’vf(tni)_vf(y”i)>_<V_tni, 1/\ !>

= e, (v=ty3) = (1= tt,) (V=1 Vo, (8)) -

(55)

- + Vf“n,- (y”i)

S5 ()

tn,-’yn n’vf“ ”i)>
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Since [|[Vf(t,)-Vf(y,)l — 0 (due to the Lipschitz continuity
of Vf), (t, — x,)/(A,) — 0(dueto{A,} C [a,b]),, — O,
and p, — 1, we obtain (v — #,w) > 0asi — o00. Since
T is maximal monotone, we have #i € T~'0 and hence i ¢
VI(C, Vf). Clearly, @i € I'. Consequently, i € Fix(S) N T. This
implies that w,,({x,}) ¢ Fix(S) N T.

Step 5. {x,} and {y,} converge weakly to the same point u €
Fix(S) N T.

Indeed, it is sufficient to show that w,, (x,,) is a single-point
set because x,, — ¥, — 0asn — o00. Since w,(x,) #0, let
us take two points u, i € w,(x,,) arbitrarily. Then, there exist
two subsequences {xnj} and {xmk} of {x,} such that X, — U
and x,, — i, respectively. In terms of Step 4, we know that
u, i € Fix(S)NI. Meantime, according to Step 1, we also know
that there exist both lim, _, . llx,, — u| and lim, _,  Ilx,, — #l|.
Let us show that u = #i. Assume that u # zi. From the Opial
condition [18], it follows that

%, 1]

Jim e, —u] = liminf |, ~u] <limin

= lim_[x, - @ = liminf |, - 2

lim |x, - uf.

n— 00

< liminf ”xm - u“
k— 00 k

(56)

This leads to a contradiction. Thus, we must have u = #.
This implies that w,,(x,,) is a single-point set. Without loss
of generality, we may write w,(x,) = {u}. Consequently,
by Lemma 7, we obtain that x, — u € Fix(S) n I'. Since
x,— ¥, — 0asn — 00, we also have

y, = ueFix(S)NT. (57)
This completes the proof. O

4. Strong Convergence Theorem

In this section, we establish a strong convergence theorem for
an implicit hybrid method with regularization for finding a
common element of the set of fixed points of an asymptoti-
cally x-strict pseudocontractive mapping S : C — C in the
intermediate sense and the set of solutions of the MP (8) for
a convex functional f: C — R with L-Lipschitz continuous
gradient Vf. This implicit hybrid method with regularization
is based on the CQ method, extragradient method, viscosity
approximation method, and gradient projection algorithm
(GPA) with regularization.

Theorem 20. Let C be a nonempty closed convex subset of
a real Hilbert space H. Let f : C — R be a convex
functional with L-Lipschitz continuous gradient Vf, Q

C — C a p-contraction with coefficient p € [0,1), and
S : C — C a uniformly continuous asymptotically k-strict
pseudocontractive mapping in the intermediate sense with
sequence {y,} such that Fix(S) N I is nonempty and bounded.
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Let {y,} and {c,} be defined as in Definition 3. Let {x,},{y,},
and {z,} be the sequences generated by

x, = x € C chosen arbitrary,
%, = Aty Vo, (60) = A (1= 1) Vo, (30))
ty = Pe (%0 = AV, () = Aa (1= 1) Vo (1)),
z,=(1-0,-B,)t, +0,Qt, + B,S",
Co={z€Cillay- 2l < .2l +0,},
={zeC:{(x,

yn:PC(

—z,x-x,) >0},
Xpi1 = PongX% Vnz1,
(58)

where {a,} C (0,00), {A,}, {4,} € (0,1],
0,=c¢,+(a,+y,+0,)A, and

{ouh Ba} ©

(a-p" +yn>2+j—§az]

A= zeFSill(ls))nr { Mﬁ ||x - Z"
x (lzl” + 1Qz - zI) } <00
(59)
Assume that the following conditions hold:
()6 < B,and o, + B, <

1 -, foralln > 1 for some

S €(0,1);
(ii) lim,,_, o, &, = 0 and lim,,_, ., 0,, = 0;
(i) lim,, _, o0 4, = 1;

(iv) A, (v, + L) < 1, foralln > 1 and {A,,} C [a,b] for some
a,b € (0,(1/L)).

Then, the sequences {x,}, {y,}, and {z,} converge strongly to the
same point Py g)nrX-

Proof. Utilizing the condition A,(«,+L) < 1 foralln > 1 and
repeating the same arguments as in Remark 19, we can see
that {y,} and {z,} are defined well. Note that the L-Lipschitz
continuity of the gradient Vf implies that Vf is (1/L)-ism
[20], that is,

(V)= VF () x = ) = [0 ) - F O

Vx,y € C.

(60)

Observe that
(a+ L) (Vo () = Vfu (), x - y)

= (a+ L) [adx = yI* + (Vf () = VF (), x - 3)]

= ox =y + a(Vf () = Vf (), x - y) + aLx - y|’
+ L{Vf (x) = Vf (y),x = y)

> o|x = y| + 20 (VF (x) - Vf (), x - y)
HVf @ -vf I

= Jloc(x = y) + Vf () - Vf ()|

= V£, ) = V. )
(61)

Hence, it follows that Vf, = af + Vf is (1/(a + L))-ism. It is
clear that C,, is closed and Q,, is closed and convex for every
n=1,2,.... As the defining inequality in C,, is equivalent to
the inequality

(2% -2,).2) < 5] -zl + 6, (©2)

By Lemma 10, we also have that C, is convex for every n =
.AsQ, ={z € C: (x,-2zx-x, = 0}, we have
(x, —z,x — x,) > 0forall z € Q,, and by Proposition 4(i),
we get x,, = Pg x.
We d1v1de the rest of the proof into several steps.

Step 1. {x,}, {y,}, and {z,,} are bounded.
Indeed, take u € Fix(S)NI arbitrarily. Taking into account
A, (e, + L) < 1, for all n > 1, we deduce that

”xn —u- An.l’tn (Vfoc,1 ) Vftx “

s "xn_u”2+/\m"ln (An(“‘n_T) “Vfan (xn)_vfan (u)”z

< Pyl (1= 2 ) [, (50 - e, O]

< - uf

lyn = ul
= [|Pe (%0 = At Vi, (30) = Ay (1= ) Vo (7))
P (u= Aot Vf () = A, (1= p,) VF ) |
< (6 = Aot () = 2, (1= 1) Vi, (7))
= (= At Vf ) = A,y (1= 1, ) Vf ) |
< |op = = A, (s, (x,) = VF )
# A (1= t4,) | VS, () = VF @)
< | = = At (Vo () = VS, )]
V., ) = Vf @) + A, (1-4,)
< [|Vfa, On) = Vo, @] + |VFs, @) = VF G0)]]
< [, = ull + Ay, Nl
) [0t + L) |y = ] + oty ul]

= "xn - MH + An (1 - Mn) (‘Xn + L) "yn - Lt"

+ A, lull

+ Aty

+A,(1-

< "xﬂ - u” + (1 - Aun) "yn - u” + AnO‘n fleall
(63)
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which implies that Thus, from (64) and (66), it follows that
bi-ul < = (b=l + L dal). (o9 O B O EP s CA RPN
Meantime, we also have : +‘u?/ln (o =l + Anty el
It -l = 2 (e, ]+ Ay )
= B (0 = Aafu, () = A (1 ) Vo, (1) o5 (ol o ).
—Pc(u=A,9f ) - A, (1 - p,) Vf () | o (67)

< “(xn - /\nvfoc,, (yn) - An (1 - .un) Vfan (tn))

= (u = A, 9f (W) = A, (1= ,) Vf ) |

which hence implies that

16
< = uf + A, [ Vfe, () = Vf )] (17 = ull + 1t = ul))” < #—3(||xn —uf + A, ul)®
+ A (1= ) | Ve, () = VS (W)
n n 'l o, \"n “ < l_f (2"xn _ Ll||2 + 213,062”14"2)
< I, -l :
16
+ An [ Vfay, (yn) - vfocn (u)" + ||Vf¢xn (M) - Vf (u)"] < E (2||xn - u||2 + 206721"11"2)
n
+A,(1—pu,
e < —||xn - u"2 + 2ocz||u||2.
< [|V1s, (42) = V1o, @0 + [V, @) = VF 0]} ; o
(68)
< o = ufl + A, (ot + L) [y = 1] + e, l1ual]
+ A, (1= p,) [(er, + L) b, — 1] + a, lull] Repeating the same arguments as in (33) and (34), we can
obtain that
< [l = ul + 13 — u + A, ul
+ (1 - ."ln) "tn - u" + An (1 - /’ln) oy, "u" "tn - ullz
S “xn - u” + “yn - u" +2A,00, [lull + (1 - nun) "tn - u" > S "xn - MHZ + (Ai(‘xn + L)2 - 1) "xn - yn"2
(65) (69)
+ 2,00, lull (|ly, — ul + ||t — ul)
which hence implies that < %, = ul® + 24,00, lull (|, — ] + [t - u])»
Iz, —ul®
It -l 2 2
1 < (1 + Yn) "tn - u" + 0n||Qtn - u“
s — ["xn - u" + "yn - u” + 2An(xn ||1/l||]
HUn + ﬁn (K - (1 — 0y = ﬁn)) "tn - Sntrt"2 TG
< i {”xn —ul| + #i (1%, = ] + A, lluall) + 27,00, ||u||} < (1+y) [t — ul” + o ) Qt, -l +,
L1 L 5 <(1+vy,) ["xn - u"2 + 22,00, llull (ly, — ul| + ||t - u||)]
:<—+—2)||xn—u||+<—2+—>/\n(xn||u|| ,
bn By by U +0,|Qt, —ul” +¢,
1+2
< 2 (g, — ] + A, ). = (14 9,) [, = ull” + 20,4, (1 + 3,) lul

n

(66) X (Ly =l + Ity = ul) + 0t~ uf + 6,
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< (1+,) e, —
oty [ AR (143, 1l + (L3 = ] + it = )]
+0,(]Qt, — Quil + IQu - ull)” +,

< (1+,) e, —ul

o, [(1+p) 20l + (L = ] + [ — ua])’]
1 2
+ Un[P "tn - M" + (1 - P) E [Qu - Ll":| +G
< (1+y) e -

o, [(1+ ) el + (3 = ] + [t = a])’]

1

(1-p)

<|x, - u||2 + Y%, - u||2 +o,(1+ yn)z||u||2

v, [pntn WP ()

+ (@ + 9) (L =l + [t = )’
ot~ ul* + 0, (1= p) M IQu - ulf +¢,
< e =l + (ot + 32) 6 = wl* + 00,1+ 3l
+ (@ + ) (L =l + it = )’
+ 0,y =l + 1t — )’
+0,((1-p)" +7,) IQu-ul’ +,
< e =l + (0, + ) I, — i
ra,((1-p)" +7,) Il
(@ + Y+ 0,) (17 = ] + 1t — )’
+0,((1-p) " +9,) IQu-ul +¢,

< ey =’

+ (o + 7+ 0) [l =l + (=l + 1, — )]

— 2
+a,((1=p) " +y,)
+0, ((1=p) " + 1) IQu - ul’ +¢,
< "xn - u”2 + (“n L e Gn)

% [l =l + (= el + i = al)’]

(9t 0,) (1= p) " ) (Il + 1Qu - ul?)

+c,

2
5 1Qu —ul| ] t6,
P

11
= Ieu —ul + (@, +7, +3,)
x fls =l + (L =l + - )
(1= p) " 9) (1l +1Qu - wlP) | +,
< o=l + (s + 3+ )

32 32
x {len —ul® + 25 x, -l + e ul®
n n

#((=p" ) (h” + 1Qu - u?) } e
= g, = ull* + (2, + 7, + 1)

32+ - 2 32
><{ 1 ||xn—u||2 + |:((1—p) 1+yn) +—4(xr21:|
M My

_ 2
xclul? + (1= p)™ +7,) 1Qu - unz} +e,
< "xn - u”Z + ((xn L e Gn)

33 - 232
AB b+ (0= ) 2]

 (lul® + 1Qu — ull?) } +,

< [y =l + 6+ (@ + 7+ 0,) A,
(70)

for every n = 1,2,... and hence u € C,. So, Fix(S) N T ¢
C, for everyn = 1,2,.... Next, let us show by mathematical
induction that {x,} is well-defined and Fix(S) NI c C, N Q,,
for every n = 1,2,.... For n = 1, we have Q; = C. Hence,
we obtain Fix(S) N T ¢ C, N Q,. Suppose that x;. is given and
Fix(S) N T ¢ C, N Q, for some integer k > 1. Since Fix(S) N T
is nonempty, C, N Qy is a nonempty closed convex subset of
C. So, there exists a unique element x;, € C; N Q, such that
X1 = Pong.x- It is also obvious that there holds (x;,; -
Z,x — X0 = 0 for every z € C, N Q. Since Fix(S) NT ¢
CNQy, we have (x;,, -2z, x—x;,,) > 0foreveryz € Fix(S)NT
and hence Fix(S)NT € Q. Therefore, we obtain Fix(S)NTI' ¢
Ck+1 n Qk+1'

Step 2. lim,, _, . llx,, — x,.1 = 0 and lim,, , lIx, — 2,/ = 0.
Indeed, let g = Ppiy(g)nrX. From x,,,; = Pg ng x and g €
Fix(S)nT c C,NQ,, we have

[ =l < la = ] (71)

foreveryn = 1,2,.... Therefore, {x,} is bounded. From (64),
(66), and (70), we also obtain that {y,}, {t,}, and {z,} are
bounded. Since x,,,; € C, N Q, ¢ Q,and x, = Py x, we
have

6 = 6l < s = (72)
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foreveryn = 1,2, . ... Therefore, there exists lim, _, . [|x,,—x||.
Since x,, = Py x and x,,,; € Q,, using Proposition 4(ii), we
have

“xn+1 - xn"2 < "xn+1 - x"2 - "xn - X"2 (73)
for every n = 1,2,.... This implies that

lim |x,,, - x,| = 0. (74)

n—00

Since x,,,, € C,,, we have

||zn - xn+1||2 < ||xn - x,,+1||2 +6,, (75)
which implies that
2 = %] < 1% = Xsr] + 6 (76)

Hence, we get

50 = 2all < % = %]+ [mer = 2l < 2 01 = 2]l + B
(77)

foreveryn = 1,2,.... From |x,,; — x,/l = 0and6, — 0,
we conclude that ||x,, — z,]| —» 0Oasn — oo.

Step 3. lim,, _, . llx, — y,I = 0, lim
lim, , llx, — Sx, [l = 0.
Indeed, substituting (69) in (70), we get

x, —t,| = 0and

n—>00"

E
< (149 Jtw = ul + Q1 ul +c,
< (14 9) [l =l + (Ao, + 1) - 1)
x [, = vl
422,06, (3, = ] + 6, = i) ]
+o,Qt, —ul +,
= lea = ull* + yulls = ul* + (1 +7,) (Ao, + L)* — 1)
X1, = yall” + 2004, (14 9,) Il (9 = 2] + 1, = )

+ an"Qtn - u"2 +c,
(78)
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which hence implies that
(1+9,) (B (ery + L) = 1) |, = 3,

< (1+9,) (Ve + L) = 1) |x, = 3

< Joeu = ull* = 2 =l + vl - ul’
+2a, Ay, (1 + ) el (L3 = ] + 1t — )
+0,|Qt, —ul +,

< (e = wl + 1z = ) 150 = 2ol + Yallcs =
+2a, A, (1 + ) el (L3 = ] + 1t = )

+ an“Qtn - u“z +c,.
(79)

Since ||x,-z,I| = 0,«, — 0,9, — 0,0, — 0,andc, — O,
from the boundedness of {x,}, {y,}, {t,,}, and {z,}, it follows
that

Jim [x, = y,[ = 0. (80)

Meantime, utilizing the arguments similar to those in (69),
we have

It —ul’

< e = ull* = 6 = yll* = Iy = tal”
+2A, (ot + L) o, = gl £ = 7
+ 200, Nl (7 = uf) + 1t = ul))

< e = ull* = 6 = 3ll* = Iy = tal” (81)
+ A%, + L)t =yl + 6 - 2l
+ 2450, el ([l = ] + £, = u])

= I = ull* + (A(e + 1) = 1) £, = 3l

+ 22,08, el (13 = 2] + |1t = u]).
Substituting (81) in (70), we get

T
< (14 p) [t = ul + ot ul + e,
< (1 + Yn) ["xn - u”Z + (/\i(“n + L)Z - 1) "tn - yn"2
2,0, Judl (L = ]+ 1t = )]
+0,|Qt, - u||2 +¢,
= ”xn - ullz + Yn“xn - u"2 + (1 + le) (Afz((xn + L)2 - 1)
X "tn - yn"2 + Z“n/\n (1 + yn) "M” (”yn - u" + ”tn - u")

+ an”Qtn - u||2 + ¢,
(82)
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which hence implies that

(1+71,) (620, + L) = 1) |t = 3l

2

< (1 + yn) ()Liz(‘xn + L)2 - 1) “tn - yn”

< = al* = N1z, = ull” + pallc, =l
+ 20,4, (1 +9,) lull (|, = u| + |t - ul)
+ on”Qtn - u||2 +c,

< ("xn - u” + "zn - u") "xn - Zn” + Yn“xn - ”“2
+ 20,4, (1 +9,) lull (|y, = u| + |t = ul)

+ crn“Qtn - u“2 +c,.
(83)
Since ||x,-z,| — 0,«, — 0,9, — 0,0, — 0,and¢, — 0,
from the boundedness of {x,}, {y,}, {t,}, and {z,}, it follows
that
lim "tn - yn” =0. (84)

n— 00

This together with | x,, — y,|l — 0 implies that
nILHgO ”xn - tn" =0. (85)

Since z,, = (1 — 0, — B)t, + 0,Qt, + B,S"t,, we have
B.(S"t, —t,) = (z,—t,) — 0,(Qt, —t,). Then,

q "Sntn - tn” < ﬁn ”Sntn - tn"
< "Zn - tn" +0, “Qtn - tn"

< "zn - xn" * "xn - tn" + 0y ||Qtn - tn"
(86)

and hence ||t,, — S"t,|| — 0. Furthermore, observe that

[, = S"x,|| < |1, = tall + ||t = S"Ea]| + S8, — S"x,.] -
(87)

Utilizing Lemma 11, we have

[87¢, = S"x,|

1
< o (-

+\/(1 +(1-x)y,) ||tn - xn“2 +(1-x) cn>

(88)
for everyn = 1,2,.... Hence, it follows from ||x,, = ¢,/ — 0
that [|S"t,, — S"x,[| — 0. Thus, from (87) and [|t,, — S"t,|| —
0, we get ||x, - S"x,| — 0. Since ||x,,; - x,| — 0,
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lx,-S"x,|| = 0Oasn — o0,and S is uniformly continuous,
we obtain from Lemma 12 that || x,, — Sx,,|| » Oasn — oo.

Step 4. w,,(x,) € Fix(S) N T.
Indeed, repeating the same arguments as in Step 4 of the
proof of Theorem 18, we can derive the desired conclusion.

Step 5. {x,}, {y,}. and {z,,} converge strongly to g = Pp;y(5)~r .

Indeed, take i € w,(x,) arbitrarily. Then, zi € Fix(S) N
I' according to Step 4. Moreover, there exists a subsequence
{x,} of {x,} such that x, — #. Hence, from q = Ppiy(5)nr,
2 € Fix(S) N T, and (71), we have

lq - x| <112 - I < lim inf | x,, - |

(89)
< lim sup | Xy, = x" < ||q - x|| .
i— 00
So, we obtain
lim [, — x| = 17 - xI. (90)

From x, —x — il - x, we have x,, —x — 1 — x due to the
Kadec-Klee property of Hilbert spaces [17]. So, it is clear that
x, — u.Sincex, = Py xandq € Fix(§)nT ¢ C,nQ, cQ,,
we have

B "q _x”x‘"2 = <q_ K> X, — x> + <q_xni’x _q>
(o1

= <q—xni,x—q>.

Asi — 00, we obtain —|lgq - 71 (gq-u,x-¢q) = 0by
q = Prysynrx and © € Fix(S) N I. Hence, we have i = q.
This implies that x,, — q. It is easy to see that y, — gqand
z, — q. This completes the proof.
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