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A new modified Runge-Kutta-Nystrom method of fourth algebraic order is developed. The new modified RKN method is based
on the fitting of the coefficients, due to the nullification not only of the phase lag and of the amplification error, but also of their
derivatives. Numerical results indicate that the new modified method is much more efficient than other methods derived for solving

numerically the Schrédinger equation.

1. Introduction

Among the most commonly used methods in the numer-
ical integration of second order differential equations, in
which the first derivative terms are omitted, are Runge-Kutta
(-Nystrom) methods. These methods have been used widely
due to their simplicity and their accuracy and mainly because
they are one-step methods and thus they require no addi-
tional starting values.

In the last decades many researchers developed optimized
Runge-Kutta (-Nystrom) methods, based mostly on the
exponential fitting and the phase lag properties [1-14].

In the last years, a new methodology has been developed,
which is based on the phase lag derivatives. Researchers that
have been using the mentioned methodology achieve higher
accuracy at their methods [6, 8, 10, 11, 13, 14].

In the present paper a new modified Runge-Kutta-
Nystrom method is constructed. The new method contains
four additional variable coeflicients (in comparison with the
classical RKN method), which depend on z = wh, where
w is the dominant frequency of the problem and h is the
step length of integration. In order to evaluate the above

coeflicients, the new method combines the nullification of
phase lag and amplification factor with the nullification of
their derivatives.

The new modified RKN method that has been obtained
will be used for the numerical solution of second order
differential equations and more specifically for the numerical
integration of the radial Schrodinger equation.

2. Modified Runge-Kutta-Nystrom Method

The m-stage modified RKN method for the equation

dy(t)

i ACPA0) M

is of the form

Yo = YnrGm +hy,y + B Y bf (. +6h f)
i=1

. (2)
Vo= Ypoth Z b f (tpr +6hs £;),
in1



where
fi= Y9 + hCiJ’;—l

e , (3)
+h Z“ijf(tn—l"'cjhafj)) i=1,...,m.
j=1

For the classical method g; = 1, i = 1(1)m. In the present
paper and based on the requirement of the development of
the new method, values g;,i = 1(1)m are variable and depend
on z (which is the product of the frequency w and the step size
h). In Section 4 we will present a development of a four-stage
modified Runge-Kutta-Nystrom method of algebraic order
four.

3. Phase Lag and Amplification Error
Analysis of the Modified
Runge-Kutta-Nystrom Methods

Consider the problem
d*y (t
dytz( ) iy () = ' ) = —wy (@), weR @
with exact solution
y(t)theoretical = eiﬁUt. (5)

By applying a numerical method for the solution of (4),
we obtain a numerical solution of the form

+i6
y(t)aPPYOXimate =a (w) eﬂ (H))t. (6)

Comparing the theoretical (5) and the numerical solution (6),
we obtain the following two definitions (see [2] for details).

Definition 1. The difference
1-a(w) 7)

is called dissipation error.

Definition 2. The difference
0 (w) -—w (8

is called dispersion error or phase lag.

Based on the above definitions, it is easy for one to see that
we have two new errors, the dissipation and the dispersion
errors. These errors can be expressed via Taylor series around
an initial value w, of the frequency. Vanishing the appropriate
derivatives of the Taylor series expansion (first, second, etc.)
we optimize the specific error.

In order to develop the new method we use the test
equation (4). By applying the modified RKN method (2) and
(3) to the test equation (4) we obtain the numerical solution

)’n ] — Dn [ yO ]
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where A, B, A, B are polynomials in z*, completely deter-
mined by the parameters of the method (2) and (3).

The eigenvalues of the amplification matrix D(z?) are the
roots of the characteristic equation

r’—tr(D(2%))r+det(D(2%)) = 0. (10)

In phase analysis one compares the phases of exp(z) with
the phases of the roots of the characteristic equation (10).
The following definition is originally formulated by van der
Houwen and Sommeijer [1].

Definition 3 (phase lag). Apply the RKN method (2) and (3)
to the test equation (4). Then we define the phase lag ®(z) =
z—arccos(tr(D)/2+/det(D)). If ®(z) = O(z9™), then the RKN
method is said to have phase-lag order q. In addition, the
quantity a(z) = 1 — +/det(D) is called amplification error. If
a(z) = O(z"™™), then the RKN method is said to be dissipative
of order r.

From Definition 3, it follows that
R (zz)
2\/Q(2%) (1)

Q(2%),

where Q(z%) and R(z?) are the determinant and the trace of
the amplification matrix D(z%), respectively. Also it is already
known from [1], that we can write the functions R(z?) and
Q(z?) in the following form:

O (z) = z — arccos

a(z)=1-

R (zz) =2-nZ+nz -ntv o2
' (12)
Q (zz) =1-q 22 +q,2" - 2"+ +—q,2".
If at a point z, a(z) = 0, then the Runge-Kutta-Nystrom
method has zero dissipation at this point.
We can also put forward an alternative definition for the
case of infinite order of phase lag.

Definition 4 (phase lag of order infinity). To obtain phase
lag of order infinity the relation ®(z) = z - arccos(R(z%)/

24/Q(z?)) = 0 must hold.

From Definition 4 we have the following theorem.

Theorem 5. If one has phase lag of order infinity and at a point
z, a(z) = 0, then

R (zz)

z— arccos | ————— | =0,
2yQ (=) =1 Q@)-=1
1-4/Q(z?)=0,
(13)

for more details see [7].
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Lemma 6. For the construction of a method with nullification
of phase lag, amplification error, and their derivatives, one must
satisfy the conditions R(z?) = 2cos(z), Q(z%) = 1, R'(2%) =
-2sin(z), Q'(z%) = 0.

4. Derivation of the New Modified
RKN Method

The new method that we are going to develop in this section,
is a four-stage explicit Runge-Kutta-Nystrom method with
the FSAL technique (first stage as last), so the method actually
uses three stages at each step for the function evaluations.
From (2) and (3), the four-stage explicit modified RKN
method can be written in the following form:

In = Yuora + hyp A B (0 fy + 0 fy + b3 f5 + 0y 1),
Y= Yua Th(BLS by fy + L fs + B, 1)
where
fi=f (bt Yuar91) »
fo=f(tar + &1 Y19y + Qhy,y + Way f1),
fi=f (tn—l +Gh Y, 195 + Csh)/y,;—l
+ I’ (a5 f1 + aszfz))
fa=f (tn—l +eh Y, 195+ C4hy;lfl
+ W (an fi +anfr+ a43f3)) .

By substituting the coefficients that have been used by the
DEP algorithm in [15], (14) takes the following form:

(15)

1 8 25
In = Yn-194 h)’:ﬂ +h <ﬁf1 + Zfz + @ﬁ) >
1 32 250 5 s)
Vo= Yot +h<ﬁf1 + ﬁfz + %fs + §f4>’
where
fi= f(tn—l’yn—lgl)’
1 1 1
fr= f(tn—l + Zh’)’n—lgz + Zh)’;—l + §h2f1>’
7 7
f3= f(tn—l + Eh Yn-193 + I_Ohyr,l—l
(17)

RN

1000 500

fa=f <tn—1 +h Y, 19,4+ h)’;’a—l
(L S 2 0)
+h(14f‘+27f2+189f3 ’

By applying numerical method (16) to the test equation
(4), we compute the polynomials A, A, B, B in terms of

the modified Runge-Kutta-Nystrom parameters. From these
polynomials we obtain the expressions of R(z%) and Q(z?).
Then, according to Lemma 6 we solve the system of the four
equations(R(zz) = 2co0s(z), Q(z%) = 1, R'(z%) = -2sin(z),
and Q'(z%) = 0) and thus we obtain the expressions of the
coeflicients g;, i = 1(1)4, which are fully dependent on the
product of the step length /& and the frequency w:

5

912@

x ( (19828802 sin (2) + 4175712002°

—102980162° — 5238722304z" + 61200z

— 1445z"% + 3006512642 sin (2)

+ 29023764480z — 7003998720 sin (z) z°

— 87071293440 + 43535646720 sin (z) z
+7931520 cos (z) z° + 1971869184 cos (z) z*
— 29023764480 cos (z) z°

+ 87071293440 cos (2) )

X (24 (289z8 — 12240z° + 203040z*

- 15552002” + 4665600)) ),

5

92 = 731536

x ( (—10353824870424 — 1175462461440

+5554512z'% — 1200467522 "°

— 341029232640 sin (z) z°

— 653034700800 cos (z) z°

- 80053z"* + 53831692802° + 6850033922°

+ 519514562 sin (z) — 3013231104z sin (2)
+ 517388912642 sin () + 92005632 cos (z) 2°
— 9456238080 cos (z) z°

+ 137600861184 cos (z) z*

+ 587731230720 sin (2) z + 653034700800z
+1175462461440 cos (2) )

x (z4 (289z8 —12240z° + 203040z*

- 15552002 + 4665600)) ),



g3 =

94 =

1
6307200

x ( (~95263072° + 4751946082
— 4411486944z"% + 13072334688z sin (2)
+ 522893387522 cos (z) — 1408291695362
— 6596962444802° sin (z) + 3570422996736z
— 2654019841536 cos (z) 2°
+12023608398336z sin (z)
— 363267617218562°
+41225059454976 cos (z) z°
— 97876195983360z" sin (2)
+210419067617280z"
- 260162575073280 cos (z) z*
+317839244820480 sin (z) z°
+626390885007360 cos (z) 2

~ 626390885007360z°

- 188073993830400 sin (z) z

— 376147987660800 cos (z)

+ 376147987660800)
x (2" (2892° - 122402° + 2030402"

~ 15552002" + 4665600))71) ,

1

70956

x ( (~800532" + 33904802
+2298780z° + 1098515522 sin (z)
— 17442967682° + 439406208 cos (z) z°
— 51780461762° sin (z) + 23593985856z"
— 21763204416 cos (z) z*

+ 74348202240 sin (z) 2°
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— 131211601920z + 241562373120 cos (z) 2
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— 362343559680 sin (z) z + 393634805760
~724687119360 cos (z) )

x (2892° - 122402°

-1
+2030402" - 15552002 + 4665600) ).
(18)

For small values of z the following Taylor series expan-
sions are used:

86 , 45119 4 180461
gr=1l+—2"+ z + z
365 1655640 74503800

N 3464911 N 1124771 10
23602803840 1471133664000

>

387 , 36731 4 1554263
— z + z + z
5840 2207520 1192060800

g =1

, 2028793 o 1688405549
17483558400 286380686592000

>

387 25481237 4 2106899 6
1+ z" - z + z
18250 1103760000 1862595000

g3 =

N 293822329 N 53638008079 10
4370889600000 5369637873600000

>

52027 5 675821
21286800 3576182400

gy =1+

L T67177 18434209
53642736000 50982056294400 ~

(19)

5. Algebraic Order

In this section we study the algebraic order of the new
modified RKN method. We require that )/(tn) = y, and
y'(t,) = y.. By using the chain rule and y" (t) = f(¢, y), the
Taylor expansion of the exact solution y(t, + h) is

Y(t) =y @)+ <%y(t)>h+ % FH
+<éFf+ éﬂ,%y(t))hS
+ <2—14Fm + % <%y (t)) F,, (20)
b (% y(t))zFM

1
+ﬁF},F> W +0 (hs) .
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By expanding in Taylor series the corresponding numeri-
cal solution y,,, of a classical explicit Runge-Kutta-Nystrom
method, where ¢; = 0, we have

y(t, +h)
d
—y @+ (5 @)
+ (b,F + b,F + byF + b,F) I’
) d
+ zﬂq+%eaym
d
+ by | Ficy + ch3ay ()

d
+ b, (Ftc4 + ch4ay (t))) W

1
+ (bz (E Fttc2 +Ft},c2 y(t)

1 ,(d 2
+Ec2 <Ey (t)) F,,+ F},aQIF)

+ by (Fya31F +F,anpF +F y(t)

C3d

1 d 2 1
5%’2 <E)’(f)> F,, + th,tCSZ)

1. >
+b, <5Ft’tc4 +Fya,F + Fa,sF

1 2
+§C4< y(t)) +F a41F

+F, c4dy(t)>>h4+0(h5).
(1)

By equating (20) and (21) with respect to /1, we obtain the
algebraic order conditions for a fourth algebraic order Runge-
Kutta-Nystrom method. So the equations obtained for y are.

Order 2:

4
1
Zh:? (22)
i=1
order 3:
4
1
Z@q:? (23)
i=1
order 4:
Y S b =
Z G = E, Z ,-aij = ﬁ (24)

By following the same procedure for y', we obtain the
corresponding algebraic order conditions, which are.
Order 1:

4
Y =1, (25)
i=1
order 2:
4
1
Yblg=-, (26)
i:1 11 2
order 3:
2 1 : 1
Ybd==, Yba;=-, (27)
i=1 3 i=1 6
order 4:
2 1 2 1
13 '
Zbici =-, Zbiciaij= -, Zb a;jc;. =
i=1 4 i=1 8
(28)

For the classical RKN method [15] that we use in the
present paper, the above conditions are satisfied, as this
method is of fourth algebraic order.

In order to verify the algebraic order of the the new
modified explicit Runge-Kutta-Nystrom method, first we will
produce the algebraic order conditions. To do that, we apply
the above methodology for the new method. At first, we
want to extract the conditions for y and so we expand the
modified method (14) in Taylor series. The result from the
computations is given below:

y(t, +h)

=y(t) gs+ <%y(t)>h

+(b,G1 + b,G2 + b,G3 + b,G4) W
(02 v 02,08 500)
2 t& yCZ dty
d
+by | G3,c + G3yc3ay (t)
d 3
+ by | G4y + G4yc4&y ® )| h

1 d
+ (bz (z Gzt,tczz + Gzt,ycz2 77 (®)



1 ,(d ?
+§ cf(ay (t)> G2, + G2ya21G1>
+ by (G3ya31G1 +G3,a;5,G2
d
2
+G3, 6 Ey (t)
1,(d > 1
+EC§<ay (t)> G3y)y + EG3t,tC§)
+b, <G4ya42G2 +G4,a,,G3

+ G4 d y(£) + G4,a,,G1

2
t,yc4a
1 ,(d 2
+ E CZ(&)/ (t)) G4}’,}’

1
+5 Gayq)) )i+ O ().
(29)
By equating (20) and (29) with respect to h, we obtain
the algebraic order conditions of a fourth algebraic order

modified Runge-Kutta-Nystrém method of the form (14). The
equations obtained for y are.

Order 2:
< 1
Z bGi = ~F, (30)
-1 2

order 3:

4

. . d 1 d
;biq <G1t+G1yay(t)> = E(Ft+FyEy(t)>’ (31)
order 4:

4 5 d 2
Y b ( Gy, + Giy ), + (E y (t)) Gim>

i=1

1 d 2
-5 Ew”b*(aym>ﬂw’ (32)

4
co 1
;biaiszyG] = ﬁF},F.

By following the same procedure for the approximate
solution of y’, we obtain the algebraic order conditions for
', which are.

Order I:

4
Y bGi=F, (33)
i=1

order 2:

ib'c <Gi iGi. 4 (t)) —1(1: o (t)) (34)
ivi t ydty - 2 t ydty >

i=1
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order 3:

&g d d
;b,. G (Gim + 2Git)ya y(t) + <5 y

(t))zciw)

d d .
R+ 26,5y 0+ ( 5y 0) F,, ). 9

W | —

4
' R |
Z b, aiszyG] = ngF,

i=1

order 4:

Lo d
;bi G (Git,t,t +Giyy &J’ )

d : d }
+Gl‘t)y)y<ay (t)> +Giy’y)y<ay(t)> )

1 d
= 1 (Ft,t,t + Ft,t,yay (¥)

d 2 d ’
+Ft)}"))’<£y (t)) +Fy)y)y<5y (t)) > N
< A A d . 1
Zlbl ¢a;;Gj | Gig, + T 1 Giy,, | = §F (Ft)y + F},’},) ,

4
e d
;bf’aijcj <G1yG]t + GlyG]yEy (t))

_ 1 2 d )
= <FyFt +E 2y (0).
(36)

As it is proved, in order to construct an explicit modified
Runge-Kutta-Nystrom method of fourth algebraic order,
(30)-(36) must be satisfied.

For the proposed modified RKN method (16) developed
in Section 4, we observe that the Taylor expansions for g;
parameters that were obtained are dependent on z. What is
important for the new modified method is to maintain the
fourth algebraic order as the step size h takes small values. As
already mentioned, z is the product of the frequency w and
the step size h; thus for z — 0 (30)-(36) should verify the
fourth algebraic order of the new modified method.

Forz — 0itiseasyto provethatlim,_, g, = 1,i = 1(1)4.
From the last relation, it is extracted that lim, ,,Gi = F,
i = 1(1)4, and thus (30)-(36) reduced to (22)-(28) which are
satisfied for the constant coefficients of DEP algorithm [15].

So it is proved that the new RKN method is of fourth
algebraic order. Moreover the local truncation error in y is
given from the following equation:

LTE =y, =y (t, + ), (37)

accordingly the local truncation error in its first derivative
(') is given from the following equation:

LTEder = yr,z+1 - y’ (tn + h) . (38)
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At this point, we have already compute the Taylor expan-
sions of

(a) the exact solution y(t, + h) and the corresponding
numerical solution y,,,,

(b) the first derivative y(t,, + h) of the exact solution and
the first derivative y',  of the corresponding numer-
ical solution.

The LTE verifies the fourth algebraic order of the new
modified method. From the above procedure the local trun-
cation error in y is

1

d
=§E65<ﬁ+ﬁaym)ﬁ+o@ﬂ. (39)

Respectively, the local truncation error in y' is

Uy = o (31 F2 12 £y fi+31 £y

1
3920
d 2
+19 (Ey(t)> fy)yfy
d
+50 £, (57 @) £y

-12 <%y(t)> fy,yft> W +O(k°).
(40)

From (30)-(36) and for z — 0 we prove that the new
method is of fourth algebraic order. Moreover the forms (39)
and (40) show that the new modified RKN method is of
fourth algebraic order, because all the coeflicients up to the
power of h* vanish.

6. Numerical Results

6.1. Schrédinger Equation. The one-dimensional or radial
Schrédinger equation has the form

" 11
y (x)+<E_ (;1)

_ V(x)) yw=o

where 0 < x < 0.

We call the term I(I + 1)/x* the centrifugal potential, and
the function V(x) the electric potential. In (41), E is a real
number denoting the energy, and I is a quantum number. The
function W(x) = I(I + 1)/x* + V(x) denotes the effective
potential, where lim . _, . V(x) = 0 and so lim, _,  ; W(x) = 0.
The boundary condition y(0) = 0, together with a second
boundary condition, for large values of x, is determined by
the physical considerations.

6.1.1. Woods-Saxon Potential with Positive Energies. For the
purpose of our numerical illustration we will take the domain

of integration as x € [0, 15], using the Woods-Saxon

potential:
V(x) = Uy + uiq - q=exp<x_x0>,
l+9 (1+9q) o
(42)
Uy
where u, = =50, & = 0.6, x, =7, u; = ——.
o

In the case of positive energies (E = k), the potential
(V(x)) dies away faster than the centrifugal potential (I(/ +
1)/x%), so for a large number for x, Schrodinger equation
effectively reduces to

y'" (x) + <k2 - l(l; D ) y(x) = 0. (43)

(43) has two linearly independent solutions, kxj;(kx)
and kxn(kx), where j, and n; are the spherical Bessel and
Neumann functions, respectively. When x — oo, the
solution of (41) takes the following asymptotic form:

y (x) = Akxj; (kx) — Bkxny (kx)
(44)
=D [sin (kx - lg) + tan (§;) cos <kx - lg)] ,

where §; is the scattering phase shift that may be calculated
from the below formula:

Y (x:) S (xi11) =y (x111) S ()
¥ (x41) C (%) =y (%) C (%111
where S(x) = kxjj(kx) and C(x) = kxm(kx) and x; < x;,,
both exist in the asymptotic region.

For positive energies and for I = 0, we calculate the phase
shift (§;) and then we compare it with the accurate value
which is /2. The boundary conditions for this eigenvalue
problem are y(0) = 0 and y(x) = cos(VEx) for large x.

We use the following eigenenergies:

E, = 53.588872,

tan (8;) = (45)

E, = 163.215341,
(46)
E; = 341.495874,

E, = 989.701916.

6.1.2. Woods-Saxon Potential with Negative Energies. In the
case of negative energies (E < 0), we consider the eigenvalue
problem with boundary conditions:

y(0) =0,

(47)
y(x) = exp (—\/—_Ex) for large x.

In order to solve this problem numerically, by a chosen
eigenvalue, we integrate forward from the point x = 0 and
backward from the point x = 15, matching up the solution at
some internal point in the range of integration.

For this problem we use the following eigenenergies:

E, = -49.457788728,  E, = —38.122785096,
(48)

E; = -22.588602257, E, = -3.908232481,
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TABLE 1: Lennard-Jones potential with E = 25.

I(E = 25) Kobeissi et al. [16] MRKNDPAF4 EFRKN4 DEPRKN4 RKNPAF4
0 —-0.48302543 2.35 1.74 1.88 1.74

1 0.92824634 2.33 1.75 1.89 1.75

2 -0.96354014 2.26 1.77 1.91 1.77

3 0.12073704 2.30 1.79 1.93 1.79

4 1.03290370 2.27 1.82 1.97 1.82

5 —1.37840550 2.29 1.85 2.01 1.86

6 —-0.84398975 2.45 1.90 2.07 1.91

7 —-0.52543971 2.53 1.95 2.13 1.95

8 —-0.45743790 2.62 2.00 2.19 2.00

9 -0.75702397 2.70 2.05 2.26 2.03

10 1.41486080 3.02 2.17 242 2.16

TABLE 2: Lennard-Jones potential with E = 100.

I(E = 100) Kobeissi et al. [16] MRKNDPAF4 EFRKN4 DEPRKN4 RKNPAF4
0 —0.43100436 2.13 0.60 0.88 0.63

1 1.04500840 2.15 0.61 0.88 0.62

2 —-0.71580773 2.14 0.61 0.88 0.62

3 0.56880667 2.17 0.61 0.89 0.63

4 —-1.38576670 2.25 0.46 0.90 0.47

5 —0.29834254 2.28 0.62 0.90 0.64

6 0.68682901 2.26 0.63 0.92 0.65

7 1.56630270 2.30 0.64 0.93 0.66

8 —-0.80594020 2.32 0.66 0.95 0.67

9 —-0.15240790 2.57 0.67 0.96 0.68

10 0.37789982 2.70 0.68 0.98 0.69

6.1.3. Lennard-Jones Potential. In order to investigate the case
of #0, we examine the Lennard-Jones potential which is
given by the equation

e ).

= (49)
where m = 500, for I = {0,1,2,...,10}, E = {25,100},
and step length of integration h = 0.1. We compare the
phase shifts with the values found in [16] and present the
decimal digits that the approximate solutions that agree with
the reference solution.

6.2. Numerical Results. In this section four Runge-Kutta-
Nystrom methods are compared (including the new method).
These methods have four algebraic orders with four stages;
also all of them are using the FSAL properties. The methods
used in the comparison have been denoted by

(i) MRKNDPAF4: the new fourth-order RKN method
with four stages (three effective stages with FSAL
property), derived in Section 3,

(ii) RKNPAF4: the fourth-order RKN method with four
stages (three effective stages with FSAL property),
phase lag, and amplification error of order infinity of
Papadopoulos et al. [7],

(iii) DEPRKN4: the high-order method of pair RKN 4(3)4
method of Dormand et al. [15],

(iv) EFRKN4: the fourth-order exponential fitted RKN
method with four stages (three effective stages with
FSAL property) of Franco [4].

One way to measure the efficiency of the method is to
compute the accuracy in the decimal digits, that is, —log,,
(error at the end point), when comparing the phase shift to
the actual value 77/2 versus the computational effort measured
by the log,,(number of function evaluations required).
The range of integration steps that have been used is
h = 12N, N = 3(1)8 for the Woods-Saxon potential
with positive energies and h = 1/2%, N = 2(1)6 for the
Woods-Saxon potential with negative energies.

In the case of Lennard-Jones potential, we compare the
phase shifts with the values found in [16] and present the
decimal digits that the approximate solutions that agree with
the reference solution. The results are given in Tables 1 and 2.
The step length of integration is h = 0.1.

The frequency is given by the suggestion of Ixaru and
Rizea [17]:

B VE + 50,

x € [0,6.5],
“Z1VE

x € [6.5,15]. (50)
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Woods-Saxon potential with E = 53.588872

Accuracy
w L w (=)} ~
Accuracy
SN -

O 1 1 1
2.5 3 3.5 4
Log(function evaluations)
—— DEPRKN4 —— MRKNDPAF4
—— RKNPAF4 —o— EFRKN4

FIGURE 1: Efficiency for the Schrédinger equation using E =
53.588872.

Woods-Saxon potential with E = 163.215341

Accuracy
w > T [o)} ~ o]
. . . . . .

0 L L L
2.5 3 3.5 4
Log(function evaluations)
—— DEPRKN4 —— MRKNDPAF4
—— RKNPAF4 —e— EFRKN4

FIGURE 2: Efficiency for the Schrodinger equation using E =
163.215341.

The numerical results were obtained by using the high-
level language MATLAB. In Figures 1, 2, 3, 4, 5, 6, 7 and 8
we display the efficiency curves, that is, the accuracy versus
the computational cost measured by the number of function
evaluations required by each method.

Numerical results indicate that the new method derived
in Section 4 is very efficient in solving numerically the
Schrodinger equation and more accurate than the other
methods at all the eigenvalues.

9 Woods-Saxon potential with E = 341.495874

2.8 3 3.2 3.4 3.6 3.8 4 4.2
Log(function evaluations)

—— DEPRKN4
—— RKNPAF4

—— MRKNDPAF4
—o— EFRKN4

FiGUure 3: Efficiency for the Schrodinger equation using E =
341.495874.

Woods-Saxon potential with E = 989.701916

8t ]
7+ J
6 J
5F ]
4L ]
3t ]
2+ J
1+ J
2..5 _.’) 315

Log(function evaluations)

Accuracy

—— DEPRKN4
—— RKNPAF4

—+— MRKNDPAF4
—o— EFRKN4

FIGURre 4: Efficiency for the Schrodinger equation using E =
989.701916.

More specifically in the case of Woods-Saxon potential
with positive energies, the new method remains more accu-
rate than the RKNPAF4 and EFRKN4 methods up to two
decimals at all eigenvalues. Also our method is more accurate
than the classical DEPRKN4 method, by two decimals for
the eigenvalue E = 53.588872, by three decimals for the
eigenvalue E = 163.215341, and by four decimals for the next
two eigenvalues E = {341.495874, 989.701916}.

In the case of Woods-Saxon potential with negative
energies, the new method has almost the same accuracy
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1 Woods-Saxon potential with E = —49.457788728

10 +

—Log(errmax)

22 23 24 25 26 27 28 29 3 3.1 32

Log(function evaluations)

—+— MRKNDPAF4
—e— EFRKN4

—— DEPRKN4
—— RKNPAF4

FIGUuRe 5: Efficiency for the Schrodinger equation using E =
—49.457788728.

Woods-Saxon potential with E = —38.122785096

8 i

7t i

6 i

5t i

4 i

3t i
2 214 216 2.8 3 3.2 314 3j6

3.8

—Log(errmax)

2.

Log(function evaluations)

—— MRKNDPAF4
—e— EFRKN4

—— DEPRKN4
—— RKNPAF4

FIGURE 6: Efficiency for the Schrédinger equation using E =
— 38.122785096.

with the RKNPAF4 and EFRKN4 methods, but it remains
(even a little) more accurate at the majority of the negative
eigenvalues. In comparison with the DEPRKN4 method, the
new method is much more accurate and specifically by one
digit for the eigenvalue E = —49.457788728 and by two digits
for the rest of the negative eigenvalues.

At last, for the Lennard-Jones potential the new method
is more accurate than all the other methods for eigenvalues
E ={25,100}and/ = {0, 1,2,...,10}.
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Woods-Saxon potential with E = -22.588602257

—Log(errmax)

1 1 1 1 1
2.2 2.4 2.6 2.8 3 3.2 3.4 3.6 3.8

Log(function evaluations)

—— MRKNDPAF4
—o— EFRKN4

—— DEPRKN4
—— RKNPAF4

FiGUure 7: Efficiency for the Schrodinger equation using E =
—22.588602257.

Woods-Saxon potential with E = —3.908232481

—Log(errmax)

0 L L L L
2.2 2.4 2.6 2.8 3 3.2 3.4 3.6 3.8

Log(function evaluations)

—— MRKNDPAF4
—o— EFRKN4

—— DEPRKN4
—— RKNPAF4

FiGURe 8: Efficiency for the Schrodinger equation using E =
—3.90823248]1.

7. Conclusions

The modified RKN method, developed in this paper, is much
more efficient than the classical one, in any case. The new
method remained more efficient for all the eigenvalues and
in some cases was more accurate than the other methods
up to two decimals. Moreover we observe that the accuracy
difference between the new method and the other methods
increased as the eigenvalue increased (for details about the
original proof see [17]).
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