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Double Laplace transform is applied to solve general linear telegraph and partial integrodifferential equations. The scheme is tested

through some examples, and the results demonstrate reliability and efficiency of the proposed method.

1. Introduction

The wave equation is known as one of three fundamental
equations in mathematical physics and occurs in many
branches of physics, applied mathematics, and engineering.
It is also known that there are two types of these equation:
the homogenous equation that has constant coefficient with
many classical solutions such as separation of variables [1], the
methods of characteristics [2, 3], single Laplace transform,
and Fourier transform [4] and nonhomogenous equations
with constant coefficient solved by double Laplace transform
[5] and operation calculus [6].

In this study, we use double Laplace transform to solve
telegraph equation and partial integrodifferential equation.
We follow the method that was proposed by Kiligman and
Eltayeb [7] where they extended one-dimensional convolu-
tion theorem to two-dimensional case [8].

First of all, we recall the following definitions given by
Kiligman and Gadain [9]. The double Laplace transform is
defined by

L.L,[f(x,5)]=F(ps)= L e P* L e f (x,t)dt dx,

where x,t > 0 and p, s are complex numbers,
)

and the first-order partial derivative is defined as follows:

of (x.0)
ox

L.L, [ ] = pF(p,s) —F(0,s). )

Double Laplace transform for second partial derivative
with respect to x is given by

Lxx |: aZf (x) t)

0%x

_ .2 _ _aF(O,S)
]—pF(p,s) PE(0,5) E (3)

and double Laplace transform for second partial derivative
with respect to t similarly as the previous is given by

0% f (x,t
[

:sZF(p,s)—sF(p,o)—%. (@)

In a similar manner, the double Laplace transform of a
mixed partial derivative can be deduced from a single Laplace
transform as

*f (x,1)
Ll [ 0xot (5)

= psF(p,s) — pF (p,0) — sF (0,s) — F (0,0).
Theorem 1. If at the point (p, q) the integral

(o]

F (P"Z):J

0

J CeP S (xy)dxdy  (6)
0

is convergent and the integral

B (p.a)- |

0

[ee)

J Cer L (xy)dxdy ()
0



is absolutely convergent, then

F(p.q) = F (p.q) F, (p.q) (8)

is the Laplace transform of the function

Fen) = [ [ AG-ty-nhendd ©
and the integral

Fpa)- |

0

(]

JOO e PV f (x, y)dxdy (10)
0

is convergent at the point (p, q).

Proof. See [4]. O

Next, we study the uniqueness and existences of double
Laplace transform. First of all, let f(x,t) be a continuous
function on the interval [0, co) which is of exponential order,
that is, for some a,b € R. Consider

|f (x,1)]

su ax-+bt < 0. (H)

t>0 €
x>0

In this case, the double Laplace transform of

(0]

F(po)= |

0

ro P (e dxedt (12)
0

exists for all p > aand s > b and is in fact infinitely
differentiable with respect to p > a and s > b. All
functions in this study are assumed to be of exponential order.
The following theorem shows that f(x,t) can be uniquely
recovered from F(p, s).

Theorem 2. Let f(x,t) and g(x,t) be continuous functions
defined for x,t > 0 and having Laplace transforms, F(p, s), and
G(p,s), respectively. IfF(p, s) = G(p, s), then f(x,t) = g(x, ).

Proof. If a and 3 are sufficiently large, then the integral
representation, by

1 a+ico x 1 B+ico stF FAY
fxt) = Py L_ioo e (% Jﬁ_ioo e"F(p,s) 5) P
(13)

for the double inverse Laplace transform, can be used to
obtain

1 a+ico ox 1 B+ico o
f(x>t)=—J e —J e"F(p,s)ds |dp

271 Ja—ico 27 p—ico
1 a+ico x 1 B+ico o
= — — G(p,s)ds |d
2mi L,,»OO ¢ (Zni L,,-oo G (ps) S) P
=9 (X, t) >

(14)

and the theorem is proven. O

Abstract and Applied Analysis

Theorem 3. A function f(x,t) which is continuous on [0, c0)
and satisfies the growth condition (11) can be recovered from
F(p,s) as

f et = lim (_1)mm<ﬂ>mﬂ(ﬁ>”*lwmm(ﬂ E))

m=oo mlnl \ x t x t
(15)

where Y™ is denoted by (m + n)th mixed partial derivatives
of E(p, s), defined by ¥""™" = 9" F(p, s)/op™ds" for x,t > 0
since the previous theorem obtains f(x,t) in terms of F(p, s).

Of course, the main difficulty in using Theorem 3 for
computing the inverse Laplace transform is the repeated
symbolic differentiation of F(p,s). However, one can apply
Theorem 3 in the next type of examples.

Example 4. Let f(x,t) = e . The Laplace transform is
easily found to be as follows:

1
F(p,s) = ————.
(p:) (p+a)(s+b) 16)
It is also simple to verify that
0""F (p’ S) ] m+n —-m-1 —n-1
————— =mlnl(- .17
apmasn m:n ( 1) (p + a) (5 + b) ( )

Putting this expression for 8" F(p,s)/op™0s" into Theo-
rem 3 gives the following:

mm+1nn+1 m -m-1 n —n—-1
Fen = Jim T ) ()
m— 0o Xm+1t"+1

m= o X t
(18)
ax\ "1 bt\ "
Zmll_r>l’100<1+z> <1+;) .
n—00

The last limit is easy to evaluate. Take the natural log of
both sides, and write the result in the form of —(In(1 +
ax/m)/(1/(m+1)))—(In(1+bt/n)/(1/(n+1))). CHopital’s rule
reveals that the indeterminate from approaches —ax —bt. The
continuity of the natural logarithm shows that In(f(x,t)) =
—ax — bt; then, f(x,t) = e bt

2. Properties of Double Laplace Transform

In this part, we consider some of the properties of the
double Laplace Transform that will enable us to find further
transform pairs { f(x,t), F(p,s)} without having to compute
consider the following.

(I) F(p+d,s+c)=L,L, [e_dx_df (x, t)] (p>s),

@) 17 (23 ) = L, Lf (ax )] (5.9,

a f
where k = af},
d""F (P, 5) _ min _m,n
(III) W = Lth [(—1) x t f(x, t)] (p, S) .

(19)
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Was first verify (I) as
LL [e ™ f (x0](p.s)

:j L e P e £ () dt dx (20)

0

:j e*d"*P"(J e (x, 1) dt) dx.
0 0

We calculate the integral inside bracket as
j e f(x,t)dt = F(x,s +¢). (21)
0
By substituting, we obtain
(e}
L.L, [eidxfaf (x, t)] (p.s) = J e P (x,s +¢) dx
0

=F(p+d,s+c).
(22)

Second, the right hand side of (II) can be written in the
form of

L, [f (ax, Bt)] (p>s)
roj P L (e, Bt) dic it

0

ro (J Pf (ax, Br) dx> it (23)

ﬁt)dt—(xﬁ <fx’;>

Jm —st 1
0

The last property, from definition of double Laplace
transform

F(p,s)=J0 L SUPOL(cfdxdl,  (24)

so that
am+nF (p’ S) am+ﬂ (o] (o) _ t—P
= SEPY £ (x,t) dx dt. (25
pros | opos L Jo e TS bondxdt. 23

Owing to the convergence properties of the improper
integral involved, we can interchange the operation of differ-
entiation and integration and differentiate with respect to p,
s under the integral sign. Thus,

am+nF (P’ S) 00 an _ [o'e) am px
W = J-O @e (JO a’7€ f(x,t)dx) dt,
(26)

which, on carrying out the repeated differentiation with
respect to p, s, gives the following:

P K (P: S)

op™os” =0 Jo Jo xmtne_St_Pxf (x,t)dx dt

= (-1)""L.L, [x"t"f (x,1)] (p,s).
(27)

The previous three properties are very useful at the proof
of Theorem 3.

Proof of Theorem 3. Let us define the set of functions depend-
ing on parameters 11, 1 as

m+1nn+1 ;
_ mn _—mx—n
G (%:1) = min! te
(o] o0
soj j G (5, 1) dxdt =1, (28)
o Jo

lim limJ J G () @ (x, 1) dxdt = (1,1),
0

m— 00 n— 00 0

where ¢(x,t) is any continuous function. Let us denote its
Laplace transform as a function of p, sby L. L,[¢(x,1)](p, s).
Now, we define the function W(x,t) = f(xx,, tt,), and using
property (II), we have

L.L,[¥(x,0)](ps)

1 p s (29)
=L,L )] (prs) = —F( =, = ).
Lol Gt () = 2P (2,3
We apply property (III) (we must evaluate the m+#n mixed
partial derivatives of F(p,s) at the points p = m/x and s =
n/t) as follows:

am+n

ap’"a "

B 1 am+n F< p s )
et gpmost T \ xg ty )

Let ¢(x,t) = e P**"W(x, t). By using (28), we have
(L) =e "V (1,1) =e P f (x,, 1))

1, ntl
m™ "

lim lim
m—oon—oo  plpl

——— (L L, [¥ (. 1)]) (s 5)
(30)

(o) [oe)
X J J KM PN (x ) dxcdt (31)
o Jo
] ) m+1nn+1
lim lim
mSGon 0 il

xL,L, [xmt"e_mx_"t\lf (x, t)] (p>s).

By using the previous properties (I) and (II) of double Laplace
transform, (30), and the definition of W(x, t), we have

L.L, [xmt e " (x, t)] (p.s)

am+n

= ()" s (L (7 (0)) (pr9)

n am+n
=(-1) Sy (LL; (¥ (x,1)) (p+m,s+n)
_ o ymml 0 p+m s+n
- T (L (F (o 1) (£, 512
_ o pymnl ot p+m s+n
=D zap’"as”(F< X ’ to ))’

(32)



where 1/z = 1/x)""'¢*!. From (31) and (32), with f(x,,t,) =
eP™ (1, 1), we have

I (x0.t0)
_ ep+s i Tim (_l)mM(ﬂ)mH(E)nH
m—con—oo mlul \ x, to (33)
o ot <F<p+m s+n>)
op™"os" X, 1, '

For any p, s the statement in Theorem 3 is actually just the
special case for p = 0 and s = 0. O

Example 5. Find double Laplace transform for a regular
generalized function

f(xt)=H(@{)®H (x)In(t)In(x), (34)
aZ aZ
@f (x,1) = EVET: [H (t) ® H (x)In (£) In (x)] -
3 H(t)® H (x)
B Pf [ xt ] ’

where H(x,t) = H(t) ® H(x) is a Heaviside function, and ®
is tensor product. The double Laplace transform with respect
to x, t of (1) becomes

L.L[f(x1)]= LOO e ™ln(x) LOO e 'In(t) dt dx
-1 JOO e P*In(x) [y +Ins] dx, (36)
s Jo

1
L.L[f(x1)]= 5 [y2 +In(p)In (s)] ,
where y is Euler’s constant [10]. Thus,
L.L,[f(x1)]= é [y2 +In(p)In (s)], where Re > 0.
(37)

Double Laplace transform of (35) with respect to x and ¢
is obtained as follows:

aZ
L.L, [mf(x, t)] = Lo L, [H () H () In (1) In ()

= ps [é [y2+ln(p)ln($)]]

=y*+In(p)In(s).
(38)

Definition 6. A linear continuous function over the space L of
test functions is called a distribution of exponential growth.
This dual space of L is denoted by L' [10].

Example 7. Let us find double laplace transform of the
function (x* + tP) = H(x)®H(t)x*t?, where a, B#-1,-2,...
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Since (x* + tP) € L', then double laplace transform of the
function (x* + tF) = H(x) ® H(t)x*t* is given by

L[] = [

o0
x%e P J e dtdx.  (39)
0

0

Letting u = px and v = st for p,t > 0, it follows that

L.L, [(x“ + tﬁ)] = ﬁ JOOO ue™ J:O Peldvdu,

= —pa+115/3+1 Ta+1)T(B+1).
(40)

In particular, if «, 3 = 0, (40) becomes
(9] (&) " 1
L.L,[H(x)®H(t)] = J e P J e Vdtdx = —. (41)
0 0 ps
Consider the general telegraph equation in the following
form:
U = Uy U +u+ f(x,t), (42)
with boundary conditions
u0,t) = f1(0),  u (0,0)=£1), (43)
and initial conditions
u(x,0) =g, (x), u, (x,0) = g, (x). (44)

We apply double Laplace transform for (42) and single
Laplace transform for (43) and (43). after taking double
inverse Laplace transform, we obtain the solution of (42) in
the form

F(p,s)+ pF, (s) + F, (s)

“1y-1
u(x,t) :LP L,

(pP=s=s-1)
G (p) -G, (p) -G, (p)
(pP-s?=s-1)

(45)

Here, we assume that the double inverse Laplace trans-
form exists for each term in the right side of (45).

Example 8. Consider the homogeneous telegraph equation
given by
Uy = Uy — U~ =0 (46)

with boundary conditions

u@t) =€’y  u (0,t)=e’, (47)
and initial conditions
u(x,0) = e, u, (x,0) = —€". (48)
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Solution 1. By taking double Laplace transform for (46) and
single Laplace transform for (47) and (48), we have

~ <p2_52_5_1)
M e [ RN
1
s+ (p-1)

By using double inverse Laplace transform for (49), we get the
solution as follows:

u(x,t) =", (50)

In the next example we apply double Laplace transform
for nonhomogenous telegraphic equation as follows.

Example 9. Consider the nonhomogenous telegraphic equa-
tion denoted by

Uy, — Uy — Uy —u = —2* (51)

XX

with boundary conditions

u(0,0)=¢,  u (0,t)=¢, (52)
and initial conditions
u(x,0) =e", u, (x,0) = e". (53)

By taking double Laplace transform for (51) and single
Laplace transform for (52) and (53), we have

(pz—sz—s—l)
U(P’S)_ (S_l)(p_l)(pZ_SZ_s_l) (54)
1
S -D(p-1)

By applying double inverse Laplace transform for (54), we get
the solution of (51) in the following form:

u(x,t) =M. (55)

3. An Application to Partial
Integrodifferential Equations

Consider the following partial integrodifferential equation:

Uy — Uy + U+ Jx th(x—oc,t—ﬁ)u(oc,ﬁ)docd/}
o Jo
=f(x>t)>

with boundary conditions

M(O,t) =f1 (t)>

(56)

u, (0,1) = f, (1), (57)
and initial conditions

u(x,0) =g, (x), u, (x,0) = g, (x). (58)

By taking double Laplace transform for (56) and single
Laplace transform for (57) and (58), we get

p/G, (p) +1/G, (p)
U(ps) = (P -2 +1+G(p,s))

_ PIFL(5) —1/F,(s) + F (p,s)
(PP-s+1+G(p.s))
By applying double inverse Laplace transform for (59), we
obtain the solution of (56) in the following form:
p/G, (p) +1/G, (p)
(PP-s>+1+G(p,s))

_PIF(5) = 1/F,(s) + F (p:)
(P> =s*+1+G(p,s))

We provide the double inverse Laplace transform existing for
each terms in the right side of (60). In particular, consider the
following example.

(59)

u(x,t) = L;lL;1
(60)

Example 10. Consider the partial integro-differential equa-
tion

x rt

—o+t— t t

utt—uxx+u+J J- Py (o, B dacdp = € + xte™
0o Jo

(61)
with conditions
u(x,0) =e”, u, (x,0) = ¢,
(62)
u(0,t) = ¢, u,(0,t) = e

By taking double Laplace transform for (61) and single
Laplace transform for (62), we have

(¢-p1s Jutes

1
(p-1)(s-1)

s 1 P 1
Tp1 o1 s-1 so1 (63)

1 1
+ + .
(P-DG-1  (p-1)(s-1)
By simplifying (63), we obtain

U(p,s) = ( (64)

1
p-1G-1)
By using double inverse Laplace transform for (64), we obtain
the solution of (61) as follows:

u(x,t) = . (65)
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