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The initial-boundary value problem for the density-dependent flow of nematic crystals is studied in a 2-D bounded smooth domain.
For the initial density away from vacuum, the existence and uniqueness is proved for the global strong solution with the large initial
velocity u, and small Vd,. We also give a regularity criterion Vd € L?(0,T; LY(Q)) ((2/q) + (2/p) = 1, 2 < q < 00) of the problem

with the Dirichlet boundary condition u = 0, d = d, on 9Q.

1. Introduction and Main Results

Let Q ¢ R’ be a bounded domain with smooth boundary
0Q), and v is the unit outward normal vector on 0Q. We
consider the global strong solution to the density-dependent
incompressible liquid crystal flow [1-4] as follows:

divu =0, )
0,p +div (pu) =0, (2)

0, (pu) +div(pu®u)+Vn—Au=-V-(VdoVd), (3)

0,d +u-Vd - Ad = |Vd|*d, (4)

in (0, 00) x Q with initial and boundary conditions
(pru,d) (0) = (po g dp) ~ in Q, )
u=0, 0,d=0 on 0Q, (6)

where p denotes the density, u the velocity, d the unit vector
field that represents the macroscopic molecular orientations,
and 7 the pressure. The symbol Vd © Vd denotes a matrix
whose (i, j)th entry is 9,d0;d, and it is easy to find that Vd ©

vd = vd'vd.

When d is a given constant unit vector, then (1), (2),
and (3) represent the well-known density-dependent Navier-
Stokes system, which has received many studies; see [5-7] and
references therein.

When p = 1and Q := R? Xu and Zhang [8] proved
global existence of weak solutions to the problem if u, €
L*,Vd, € L%, |dy| = 1,and

12 1
exp (216(Juol} + ) ) IVl < 1o
When p = 1 and (6) is replaced by
u=0, d=d, on 0Q. (8)

Lin etal. [9] proved the global existence of weak solutions
to the system (1)-(5) and (8), which are smooth away from
at most finitely many singular times, and they also prove a
regularity criterion

del’(0,T;H* (Q)). )

When p = 1 and the term [Vd|” in (4) is replaced by (1 —
|d)?)d, then the problem has been studied in [10-15].

Very recently, Wen and Ding [16] proved the global exist-
ence and uniqueness of strong solutions to the problem (1)-
(6) with small 1, and Vd,, and the local strong solutions with
large initial data when Q € R* is a smooth bounded domain.



Fan et al. [17] studied the regularity criterion of the
Cauchy problem (1)-(5) when Q := R2.
We will prove the following.

Theorem 1. Let 0 < m < p, < M < 0o, py € W' for some
r € (2,00), uy € Hy N H*, and d, € H® with divu,=0, and
|dol =1in Q. If

c? 1Y) 1
||Vd0||izexp[216E°(||V%u0||iz+@> <—5, (10)
0

_8(2)

with an absolute constant C,, in (22), then the problem (1)-(6)
has a unique global-in-time strong solution (p, u, d) satisfying

"P“Lw(o,T;wL') <G ||Pt“L°°(0,T;L’) <G,
lull Lo .12 )12 07wy < €5 forsome s > 2, (11)

||d||L°°(O,T;H3) S C

Remark 2. When Q := R2, Theorem 1 is also correct, thus
improving the result in [18], where u, and Vd,, are assumed
to be small.

Next, we consider (1)-(4) with p = 1 as follows:
divu =0, (12)

u+u-Vu+Vmn—-Au=-V-(VdoVvd), (13)

0,d +u-Vd - Ad = |Vd|*d, (14)
u=0, d=d, on 90Q, (15)
(u,d) (0) = (ug,dy) in Q. (16)

We will prove the following.

Theorem 3. Let u, € L* and d, € H' with divu, = 0 and
ldy| = 1in Q and d, € C*P(0Q) for some B € (0,1). If d
satisfies

2

2
Vd e 11(0,T;1P), =+==1, 2<p<oco, (17)

then the strong solution (u, d) can be extended beyond T > 0.

Remark 4. In [9], the authors prove the regularity criterion
(9) for the problem (12)-(16), and our condition (17) is weaker
than (9). Moreover, (17) is scaling invariant for (12)-(14).

2. Proof of Theorem 1

This section is devoted to the proof of Theorem 1. Since the
local-in-time well-posedness has been proved in [16], we
only need to establish a priori estimates. Also, by the local
well-posedness result in [16], we note that Vd is absolutely
continuous on [0, T'] for any given T' > 0.

By the maximum principle, it follows from (1) and (2) that

0<m<p<M<oo. (18)
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Testing (3) by u and using (1) and (2), we see that

1d

e qu dx + J VulPdx = —J-(u-V)d-Addx. 19)

Testing (4) by —Ad — |Vd|d, using |d| = 1, we find that

1d

S5 [ wardxs | |ad s ivapafax = [ - vyd-addx.

(20)

Summing up (19) and (20) and integrating over (0, T), we
get

[ (pu? +1va?)dx+2 JT [ (wu? + |ad + vard]) axae
0
J(Po“o |Vd,| )

(21)

Since d,d = 0 on (0,00) x 0(), we have the following
Gagliardo-Nirenberg inequality:

IVAlz: < CollVAll 2 I1Ad] . (22)

By (20) and the Ladyzhenskaya inequality in 2D, we
derive

1d
2dt

< Nl <1Vl | Ad] 2

< V20ul ZIVull? - \Collvall I AdY

[ wards + [ |ad + vardf'ax

Ad|)?
< Iadll: + 216C [ull2 [ Vull2 VA3
Ad (o
< I 168 (|l + Il IO 19

(23)

On the other hand, since (a + b)* > (a*/2) — b?, we have

IAd] 4
— - VAl

[ |ad+ wvarafax >

(24)

IAd]
> L _Cvd|2.|ad]?.

If the initial data | Vd, 7. < (1/C3)(1/8), then there exists
T, > 0 such that for any ¢ € [0, T}],

1 1
IVd Ol < = - - (25)

0
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We denote by T} the maximal time such that (25) holds
on [0, T} ]. Therefore, by (23), (24), and (25), it follows that for
any t € [0,T}],

d 1

" J vl + ZIadl;

G 2 2 2 2
<4322 (Ivpotollz2 + IVeolz2 ) Vel 1Vdll7.  (26)
2

Co
<435 <||@40||L2 L L ) IVl IV,

which gives

IV ()1 + - j IAd(0)|2d

2

2 C 2 1
< vl exp | 4522 (Il + 55z )

T
x J ||Vu||izdr] 27)
0

2

C 1\
<||Vd 2zexp [216—0( \pout 22+—> ]
ol exp | 2162 vl + g

< 1
~8cy’

which implies that T, = T if the initial data satisfies

2

2 C 2 1\ 1
Il e | 2165l + s )

8Cy

I/\

(28)

Let T" be a maximal existence time for the solution
(p,u,d). Then, (18), (21), and (27) ensure that T* = oo by
continuity argument.

Testing (3) by u,, using (1), (18), (21), (22), |d| = 1, and the
Gagliardo-Nirenberg inequalities, we obtain

1d

2
T, J |Vul*dx + qutdx

—qu-Vu-utdx—Jut~Vd-Addx
< Cllvpu| 2 (lull s 1Vull s + 1Vl s Adl| )
< Cl| Vol 2 [l 20V ell 2 (NAwll 22 + el }22)
+ vl 1adl,, (IVAdL2 + 1412
< Cl|\vpug|| > (IVeel 2l Aull )l + 1 Vuall 2+ A 2

x [VAd|} + 1Adl2).
(29)

On the other hand, (3) can be rewritten as

-Au+Vrn=f:=—-pu,—pu-Vu-V-(VdoVd). (30)

By the H>-theory of Stokes system, we have

lAul> < C|f]2

< C|v/pue| 2 + Cllull s Vil o + CIVA s | A 1

i 31)
< Cl|vpus|| > + ClIVul 2 [ Aul 2 + ClIVul 2
+ CllAI L [VAd]Y + ClAd] 2,
which yields

IAullz < Cllvpu|,z + ClIVulz. +C )
32

+ ClAdI| L IVAAILY + ClAd| .
Inserting (32) into (29), we deduce that

1d
2dt

< Cllvpw 2 IVullz + Cllvpu ] (IVullze + V4l 2)

+ C||pue| 2 IA 2 IVANL + Cllypu|| 2| AdI 2

J |Vul*dx + qufdx

3/2

1 2 1
< SIvPu iz + CIVul: + C + SIVAIL: + ClAdI.
(33)

Applying A to (4), testing by Ad, using |d| = 1, (21) and
(22), and the Gagliardo-Nirenberg inequalities, we have

1d

2 2
> j AdPdx + J \VAdPdx

< | [v(ward)| vadidx + [ 1V w- va) [vad|dx

< C(IVdlljs + IVl Adll s + luel | Al o
+|Vull VA ) VA 2
< C(IVAl2NAdIE: + IAdILIVAYLE + 1Ad] 2
+ [Vul P IAdI 2 IV Ad) L
+ [Vul P IAdI + [Vl 2
x VAP IVAdLE ) VA 2

1
< §||VAd||§2 +ClAd||1: + C + C|[Vull}.
(34)

Here, we have used the Gagliardo-Nirenberg inequalities

IVdl}s < CIVA 2 IAdI,
IVd|}e < IVAl2IIVAd] 2, (35)
IAd3: < CIAd] VA + ClAd] 2.



Combining (33) and (34) and using the Gronwall inequal-
ity, we have

||u||L°°(O,T;H1) + ””"LZ(O,T;HZ) < C, (36)
IvPudl 20102y < C (37)
”d”LOO(O,T;H2) + ||d||L2(0,T;H3) S C. (38)

Now, by the similar calculations as those in [17], we arrive
at

(% Vdf)”Loo(())T;Lz)nLZ(O’T;Hl) <C,
(> V)l oo 0,132y < Cs

(39)
el 20wy < C - for some s > 2,
”P "L‘X’(O,T;WL') <G, “pt”LDO(O,T;L’) <C.
This completes the proof.

3. Proof of Theorem 3

This section is devoted to the proof of Theorem 3. By the
results in [9], we only need to prove (9).
Similar to (21), we still have

[ (@2 4 1vap) s+ 2 JT [ (vt + |aa + (v dx ar
0

Sj(ug+

We will use the following Gagliardo-Nirenberg inequali-
ties:

|Vd,|*) dx

(40)

R o (41)

[l 2pro2) < C||u|| 2o

IVdll o> < CIVAL, PP IAdIZE + CIVd] . (42)

Testing (14) by —Ad, using |d| = 1, (40), (41), and (42), we
have

Ld [ wards + [ 1adPax

2dt

- | (u-vd - \vaPa) adax

< (lull zoro-2 VAl o + VAl o VAl 20102 ) 1A 12

< CIVdlle (lully, *PIvull2? + |Vdll2 ")
43
+ 1Al *P1adIP) 1adl

< CIVAll (IVul2F + 1+ |Ad]2P) I ad] 2
< —||Ad||Lz + CIVAl, (IVull}l? + 1+ Ad|2P)
< —||Ad||L2 +[VullZ, + CIvd 2P 4

which gives (9).
This completes the proof.
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