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The sequence space €(p) was introduced by Maddox (1967). Quite recently, the domain of the generalized difference matrix B(r, s)
in the sequence space ¢, has been investigated by Kiris¢i and Bagar (2010). In the present paper, the sequence space ¢(B, p)
of nonabsolute type has been studied which is the domain of the generalized difference matrix B(7,5) in the sequence space
£(p). Furthermore, the alpha-, beta-, and gamma-duals of the space £(B, p) have been determined, and the Schauder basis has
been given. The classes of matrix transformations from the space €(B, p) to the spaces £.,, ¢ and ¢, have been characterized.
Additionally, the characterizations of some other matrix transformations from the space ¢(B, p) to the Euler, Riesz, difference,
and so forth sequence spaces have been obtained by means of a given lemma. The last section of the paper has been devoted to

conclusion.

1. Preliminaries, Background, and Notation

By w, we denote the space of all real valued sequences. Any
vector subspace of w is called a sequence space. We write £,
¢, and ¢, for the spaces of all bounded, convergent, and null
sequences, respectively. Also by bs, cs, ¢;, and €,, we denote
the spaces of all bounded, convergent, absolutely convergent
and p-absolutely convergent series, respectively, where 1 <
p < 0.

A linear topological space X over the real field R is said

to be a paranormed space if there is a subadditive function

X — R such that g(6) = 0,g9(x) = g(-x) and
scalar multiplication is continuous; that is, |&, — «| — 0
and g(x,, — x) — 0 imply g(a,x, — ax) — 0 for all &’s
in R and all x’s in X, where 0 is the zero vector in the linear
space X.

Assume here and after that (p;) is a bounded sequence
of strictly positive real numbers with supp, = H and
M = max{l, H}. Then, the linear spaces £(p) were defined
by Maddox [1] (see also Simons [2] and Nakano [3])

as follows:

e(p)=4x=(x;) ew: xkp"<oo},
(7)== o0) w: Tl \

(0< pr <H < 00)

which is the complete space paranormed by

1M
g(x) = (ZI&I”) : @)
k

For simplicity in notation, here and in what follows, the
summation without limits runs from 0 to co. We assume
throughout that p,' + (p;) = 1 and denote the collection
of all finite subsets of N = {0,1,2,...} by & and use the
convention that any term with negative subscript is equal to
naught.

Let A, u be any two sequence spaces and let A =
(a,) be an infinite matrix of real or complex numbers a,;,



where 1, k € N. Then, we say that A defines a matrix mapping
from A into y, and we denote it by writing A : A — y; if for
every sequence x = (x;) € A the sequence Ax = {(Ax),}, the
A-transform of x, is in y, where

(Ax), = ;ankxk, for each n € N. 3)

By (A : p), we denote the class of all matrices A such that
A: ) — p. Thus, A € (A: p)if and only if the series on the
right side of (3) converges for each n € N and every x € A,
and we have Ax = {(Ax),},en € p forall x € A. A sequence
x is said to be A-summable to « if Ax converges to « which
is called the A-limit of x.

The shift operator P is defined on w by (Px), = x,,,, for
alln € N. A Banach limit L is defined on €, as a nonnegative
linear functional, such that L(Px) = L(x) and L(e) = 1, where
e=(1,1,1,...). Asequence x = (x;) € £, issaid to be almost
convergent to the generalized limit / if all Banach limits of x
are [ and is denoted by f —lim x; = I. Lorentz [4] proved that

f-limx, =1
1 o (4)
iff mlgnmmlgxk +n = | uniformly in n.

It is well known that a convergent sequence is almost
convergent such that its ordinary and generalized limits are
equal. By f, we denote the space of all almost convergent
sequences; that is,

fi=

m
{x:(xk) cw:AleC Bmli_r)n Zﬂ:l uniformly in n]»

om+ 1
(5)
Define the double sequential band matrix B(7,3) =
{b (i s.)} by
1o k=n,
by (o) = 15 k=n-1, (6)
0, otherwise
for all k,n € N, where 7 = (r) and § = (s;) are

the convergent sequences. We should note that the double
sequential band matrices were firstly used by Srivastava and
Kumar [5, 6], Panigrahi and Srivastava [7], and Akhmedov
and El-Shabrawy [8].

The main purpose of this paper, which is a continuation
of Kiris¢i and Basar [9], is to introduce the sequence space
¢(B, p) of nonabsolute type consisting of all sequences whose
B(7,5)-transforms are in the space €(p). Furthermore, the
basis is constructed and the alpha-, beta-, and gamma-duals
are computed for the space €(B, p). Moreover, the matrix
transformations from the space €(B, p) to some sequence
spaces are characterized. Finally, we note open problems and
further suggestions.
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It is clear that AV can be obtained as a special case of
B(7,3) for 7 = e and § = —e and it is also trivial that B(7,53)
is reduced in the special case ¥ = re and § = se to the
generalized difference matrix B(r, s). So, the results related to
the matrix domain of the matrix B(, 5) are more general and
more comprehensive than the corresponding consequences
of the matrix domains of A" and B(r, s).

The rest of this paper is organized as follows. In Section 2,
the linear sequence space £(B, p) is defined and proved that
it is a complete paranormed space with a Schauder basis.
Section 3 is devoted to the determination of alpha-, beta-,
and gamma-duals of the space £(B, p). In Section 4, the
classes (€(B, p) ty), (8(B, p) 1), B,p) : o),
and (¢(B, p) ¢) of infinite matrices are characterized.
Additionally, the characterizations of some other classes of
matrix transformations from the space £(B, p) to the Euler,
Riesz, difference, and so forth sequence spaces are obtained
by means of a given lemma. In the final section of the paper,
open problems and further suggestions are noted.

2. The Sequence Space £(B,p) of
Nonabsolute Type

In this section, we introduce the complete paranormed linear
sequence space €(B, p).

The matrix domain A, of an infinite matrix A in a
sequence space A is defined by

Ay={x=(x) € w: Ax € A}. (7)
Choudhary and Mishra [10] defined the sequence space £(p)
which consists of all sequences such that S-transforms of
them are in the space €(p), where S = (s,;) is defined by

1, 0<k<n, ®)
S =
nk 0, k>n,

for all k,n € N. Bagar and Altay [11] have recently examined
the space bs(p) which is formerly defined by Basar in [12]
as the set of all series whose sequences of partial sums are
in £,,(p). More recently, Aydin and Basar [13] have studied
the space a’(u, p) which is the domain of the matrix A" in
the sequence space €(p), where the matrix A" = {a,(r)} is
defined by

k

1+7r

——u,, 0<k<n,

A (r) =1 e 1k " (9)
0, k>n,

forall k,n € N, (1) such that u; # 0 forallk e Nand 0 < r <
1. Altay and Basar [14] have studied the sequence space r*(p)
which is derived from the sequence space ¢(p) of Maddox
by the Riesz means R'. With the notation of (7), the spaces

Tp), bs(p),a’ (u, p), and r’(p) can be redefined by

e(p)=1e(p)ly  bs(p)=[te (P)]s
a(wp)=[e(p)y ' (p)=1[6(p)]x-

(10)
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Following Choudhary and Mishra [10], Basar and Altay
[11], Altay and Basar [14-17], and Aydin and Bagar [13, 18],
we introduce the sequence space €(B, p) as the set of all
sequences whose B(F, 5)-transforms are in the space £(p); that
is

Z(E,p) = {(xk) cw: Z|sk_1xk_1 + e < oo} , W

k
(0 < pe <H < 00).

It is trivial that in the case p; = p for all k € N, the sequence
space €(B, p) is reduced to the sequence space £, which is
introduced by Kiris¢i and Bagar [9]. With the notation of (7),

we can redefine the space £(B, p) as follows:

4 (Rp) =[e (p)]B(F,§)' (12)

Define the sequence y = (y,), which will be frequently used,
as the B(7, 5)-transform of a sequence x = (x;); that is,

Vi = {B(,5) x} = rexge + S X, Yk €N (13)

Since the spaces £(p) and £(B, p) are linearly isomorphic by
Corollary 4, one can easily observe that x = (x;) € £(B, p) if
and only if y = (y,) € €(p), where the sequences x = (x;)
and y = (y,) are connected with the relation (13).

Now, we may begin with the following theorem which is
essential in the text.

Theorem 1. €(B, p) is a complete linear metric space para-
normed by the paranorm

1/M
h(x) = <Z|sk_1xk_1 + rkxk|P"> ) (14)

k

Proof. It is easy to see that the space £(B, p) is linear with
respect to the coordinate-wise addition and scalar multipli-
cation. Therefore, we first show that it is a paranormed space
with the paranorm h defined by (14).

It is clear that h(8) = 0 where 6 = (0,0,0,...) and h(x) =
h(-x) for all x € €(B, p).

Let x, y € £(B, p); then by Minkowski’s inequality we have

1/M
h(x+y)= [Z|5k—1 (ko1 + Yior) + 1 (3 + )’k)|pk:|
k

M 1/M
- {Z[lsk—l (ko1 + ) T (xk+yk)|Pk/M] }

k

1/M
< <Z|Sk_1xk_1 + rkxk|Pk)
k
1/M
+ (lek—l)’k—l + rkyklpk>

k

=h(x)+h(y).
(15)

Let (A,) be a sequence of scalars with A, — A,asn —
00, and let (x(”))00 be a sequence of elements ™ ¢ ¢(B, p)

with h(x(") —x) — 0,asn — 00. We observe that

h(Ax™ = Ax) < h[(A, = 1) (x - x)]

n=0

+h [)t (x(") - x)] (16)
+h[(A,—A)x].

It follows from A, — A (n — oo) that |A, — A| < 1 for all
sufficiently large n; hence

Tim h[(4, = 1) (x" = x)] < lim b (x™ = x) =0. (1)

Furthermore, we have
Jim B[4 (x® = x)] < max {1, AM} lim h(x® - x) = 0.
(18)
Also, we have
Jim h [(A, - A)x] < Jim [A, = A|h(x) = 0. (19)

Then, we obtain from (16), (17), (18), and (19) that h()tnx(”) -
Ax) — 0,asn — oo. This shows that & is a paranorm on

€(B, p).
Furthermore, if h(x) = 0, then (O lsp %, +
x| POYM = 0. Therefore |s,_x; ; + rx [P = 0 for each

k € N. If we put k = 0, since s_;, = 0 and r,#0, we have
Xy = 0. For k = 1, since x, = 0 we have x; = 0. Continuing
in this way, we obtain x;, = 0 for all k € N. That is, x = 0. This
shows that h is a total paranorm.

Now, we show that £(B, p) is complete. Let {x"} be any
Cauchy sequence in €(B, p) where x" = {x{”,x" x%, .. }.
Here and after, for short we write B instead of B(7,5). Then
for a given € > 0, there exists a positive integer n,(¢) such that
h(x" — x™) < e for all n,m > n,y(e). Since for each fixed k € N

'(Exn)k - (Exm)k| < %Kﬁx”)k - (Exm)k'pk

=h(x"-x")<e

1/M

(20)

for every n,m > mny(e), {(Exo)k, (Exl)k, (Exz)k, ...} is a
Cauchy sequence of real numbers for every fixed k € N. Since
R is complete, it converges, say (Bx");, — (Bx);asn — oo.
Using these infinitely many limits (Ex)o, (Bx),, (Ex)z, ... We
define the sequence {(Bx),, (Bx),, (Bx),,...}. Foreach K € N
and n,m > ny(e)

X 1M
|:Z|(§x")k - (Exm)k|pk] <h(x"-x")<e (2D
k=0

By letting m, K — 00, we have for n > n,(e) that

/M
h(x"-x)= [Z'(Ex")k — (Ex)k|Pk] <e (22)



This shows us x” — x € #(B, p). Since ¢(B, p) is a linear space,
we conclude that x € £(B, p); It follows that x" — x,asn —

0o in €(B, p), thus we have shown that €(B, p) is complete.
O

Therefore, one can easily check that the absolute property
does not hold on the space (B, p); that is, g,(x) # g,(|x]),
where |x| = (|x;|). This says that £(B, p) is the sequence space
of nonabsolute type.

Theorem 2. Convergence in €(B, p) is stronger than coor-
dinate-wise convergence.

Proof. First we show that h(x" —x) — 0,asn — oo implies
Xp — xpasn — oo for every k € N. We fix k, then we have

; () (n) Pr
nan&)'Sk—lxk L TRX T — S Xy — rkxk'

) (n)

< 1 (n n Pr
S IIm Sk,lxk_l + rkxk = Sj—1Xk—1 — T X (23)
k

n— 00

= lim [h(x" - x)]™ = 0.

n— 00
Hence, we have for k = 0 that

; (n) (n) _ _ _
nll)ngo|s_1x_1 +1gXy = S_1X_; r0x0| 0, (24)

which gives the fact that Ix(()") - Xyl — 0,asm — o0.

Similarly, for each k € N, we have |x,((") -x] — 0, as
n — 0o. O

A sequence space A with a linear topology is called a
K-space provided each of the maps p; : A — C defined by
pi(x) = x; is continuous for all i € N, where C denotes the
complex field. A K-space A is called an FK-space provided A is
complete linear metric space. An FK-space whose topology
is normable is called a BK-space. Given a BK-space A > ¢,
we denote the nth section of a sequence x = (x;) € A by
X" = Yoo x.e®, and we say that x = (x;) has the property
AK if lim,_ , | x — x|, = 0. If AK property holds for
every x € A, then we say that the space A is called AK-space
(cf. [19]). Now, we may give the following.

Theorem 3. (EP) 5 is the linear space under the coordinatewise
addition and scalar multiplication which is the BK-space with

the norm

1/p
llx]| = (Z|sk_1xk_1 + rkxk|P> ,  where 1 < p < oo.
K
(25)

Proof. Because the first part of the theorem is a routine
verification, we omit the detail. Since ¢, is the BK-space with
respect to its usual norm (see [20, pages 217-218]) and B(F, )
is a normal matrix, Theorem 4.3.2 of Wilansky [21, page 61]
gives the fact that (¢,)5 is the BK-space, where 1 < p <
0. O
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Let us suppose that 1 < p, < s, for all k € N. Then, it
is known that €(p) < €(s) which leads us to the immediate
consequence that £(B, p)c ¢(B,s).

With the notation of (13), define the transformation T'
from £(B, p) to £(p) by x — y = Tx. Since T is linear and
bijection, we have the following.

Corollary 4. The sequence space €(B, p) of nonabsolute type
is linearly paranorm isomorphic to the space €(p), where 0 <
P < H < oo forallk e N.

Theorem 5. The space £(B, p) has AK.

Proof. For each x = (x;) € £(B, p), we put
m
=N xe®, vme{1,2,.. . (26)
k=0

Lete > Oand x € ¢(B, p) be given. Then, thereis N = N(¢) €
N such that

[oe)
Z lsk—lxk—l + kak|pk <M, (27)
k=N

Then we have for allm > N,

h (x - x<m>) =h (x - ixke(k))
k=1

. 1/M
< Z |5k_1xk_1+7’k.xklpk> (28)

k=m+1

IA

o 1/M
Pr
Z |Sk_1xk_1 + rkxkl < E&.

k=N

This shows that x = ¥, xe®.
Now we have to show that this representation is unique.
We assume that x = ¥, A,e®. Then for each k,

P\LM
(lsk—lkk—l + 1A — S Xpy — ”kxk| )

1M
Pr
< <Z|5k—1/\k—1 + Ay = S X — TR >
k

=h(x-x)=0.
(29)

Hence, s;_;jAr_q + A = Sk_1 Xy + Xy for each k.

For k = 0, ryA, = 1yx,. Since 1, # 0, we have A, = x,,.

For k = 1, s)Ay + 1Ay = spx + r1x;. Since r; # 0, we also
have A, = x;.

Continuing in this way, we obtain A, = x; for each k.
Therefore, the representation is unique. O

We firstly define the concept of the Schauder basis for a
paranormed sequence space and next give the basis of the

sequence space (B, p).
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Let (X, g) be a paranormed space. A sequence (b, ) of the
elements of X is called a basis for X if and only if, for each
x € X, there exists a unique sequence (&) of scalars such
that

lim g <x - Zockbk> = 0. (30)
k=0

The series Y, og.b, which has the sum x is then called the
expansion of x with respect to (b,) and writtenas x = ) o by.
Since it is known that the matrix domain A, of a sequence
space A has a basis if and only if A has a basis whenever
A = (a,) is a triangle (cf. [22, Remark 2.4]), we have the
following.

Corollary 6. Let 0 < p, < H < oo and oy, = (Bx), for all
k € N. Define the sequence b™® = {br(zk)}neN of the elements of
the space £(B, p) by

-1 n-k n-1 s.
b = T ik T (31)

n N n

0, k > n,

for every fixed k € N. Then, the sequence (b}, ., given by (31)
is a basis for the space €(B, p) and any x € €(B, p) has a unique
representation of the form x := ¥, au b™®.

3. The Alpha-, Beta-, and Gamma-Duals of
the Space ¢(B,p)

In this section, we state and prove the theorems determining
the alpha-, beta-, and gamma-duals of the sequence space
2(B, p) of nonabsolute type.

For the sequence spaces A and p, the set S(A, ) defined

by

S(Au)

={z=(z) €cw:xz=(x2;) € p Vx = (x;) € A}

(32)

is called the multiplier space of the spaces A and y. With the
notation of (32), the alpha-, beta-, and gamma-duals of a
sequence space A, which are, respectively, denoted by A%, A?,
and ', are defined by

M.=s (A, cs),

A% ::S(/\,fl), AV =S4, bs).

(33)

Since the case 0 < p, < 1 may be established in similar
way to the proof of the case 1 < p, < H < 00, we omit the
detail of that case and give the proof only for the case 1 < p; <
H < o0 in Theorems 10-12 below.

We begin with quoting three lemmas which are needed in
proving Theorems 10-12.

Lemma 7 ([23, (i) and (ii) of Theorem 1]). Let A = (a,,;) be
an infinite matrix. Then, the following statements hold.

(i) Let 0 < py < 1 forallk € N. Then, A € (€(p) : €.,) if
and only if

P
sup |a,|™ < oo. (34)
n,keN

(ii) Let 1 < p < H < oo for all k € N. Then, A € (£(p) :
€.) if and only if there exists an integer M > 1 such
that

supz"'ankalrp;c < 00. (35)
neN

Lemma 8 ([23, Corollary for Theorem 1]). Let0 < p, < H <
oo forall k € N. Then, A = (a,) € (€(p) : c) if and only if
(34) and (35) hold, and

nli—pgoank = ﬁk’ Vk e N. (36)
Lemma 9 ([24, Theorem 5.1.0]). Let A = (a,;) be an infinite
matrix. Then, the following statements hold

(i) Let 0 < pp < 1 forallk € N. Then, A € (¢(p) : €,) if

and only if

Pr
Zank < 0. (37)

neN

sup sup
NeF keN

(ii) Let 1 < p < H < oo for all k € N. Then, A € (¢£(p) :
¢,) if and only if there exists an integer M > 1 such that

sup Z Z a,

NeF [ |neN

< 00. (38)

Theorem 10. Define the sets S,(p) and S,(p) by

M>1

s (p)=UJ {«F(ak) cw:

( 1)}1 —k n— 15 Pk
supz Z H / <oop,
NeF L lnen  Tn kT
_l)n—k n-1 s Pk
S =4qa=(a)cw: supsuy —a,| <oof.
2 () (a)cw: supsup ;V . grj
(39)
Then,
Y S , 1<p.<H<oo, Vk €N,
{E(B,p)} _ S1 (p) P (40)
,(p), 0<pe<1, VkeN.

Proof. Let us take any a = (a,) € w. By using (13) we obtain
that
( 1)?1 —k n— 15]

T'n ]er

-3

Yk (41)



holds for all #n € N which leads us to

n (_l)n k n— 15

anxnzz H_nk_cy
k=0

Tn GekTi

(neN), (42)

where C = (¢, ) is defined by
1y k n-1 s,
& —]an, 0<k<n,
Cnk = Tn =k T (43)
Os k >n

for all k,n € N. Thus, we observe by combining (42) with the
condition (37) of Part (i) of Lemma 9 that ax = (a,x,) € ¢
whenever x = (x;) € €(B, p) if and only if Cy € £, whenever

= () € &(p). That means {£(B, p)}* = S,(p). O

Theorem 11. Define the sets S;(p), S,(p), and Ss(p) by
S;(p) =

(44)

= 8 |Ss(p)nS,(p), 1<p<H<ooVkeN,
le(B.p) - g0 oiey [ <hester
(45)

Proof. Take any a =
obtained with (13) that

(a;) € w and consider the equation

n

i=0 T j=k Ty
n n i-k i— 46)
() (

= —a; | Yk
I;) |:1—Zk Ti gﬁ

= (Dy),»

where D = (d,;) is defined by
L ()T
= 0<k<n,
PP P H : (47)
k>n

forallk,n € N. Thus, we deduce from Lemma 8 with (46) that
ax = (a;x;) € cs whenever x = (x;) € €(B, p) if and only if
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Dy € ¢ whenever y =
(35) and (36) that

(y) € €(p). Therefore, we derive from

n (_l)i—k i-1 Sj . P;’(
supz Z H—aiM >
neN iz i kT
(48)
['s) 1
Y& l_[—]
=k Vi kT
This shows that {£(B, p)} = S;(p) N S,(p). O
Theorem 12.
= v _ |Ss(p), 1<p,<H<oo, VkeN,
) O

Proof. From Lemma 7 and (46), we obtain that ax = (g;x;) €
bs whenever x = (x;) € £€(B,p) if and only if Dy € £,
whenever y = (y,) € €(p), where D = (d,;) is defined by
(47). Therefore, we obtain from (34) and (35) that {£(B, pY =

S;(p) for 1 < py, {€(B, p)}Y = S5(p) for p < 1. O

4. Matrix Transformations on
the Sequence Space ¢(B,p)

In this section, we characterize some matrix transformations
on the space €(B, p). Theorem 13 gives the exact conditions of
the general case 0 < p, < H < 0o by combining the cases
0<p.<land1 < p, < H < 0o. We consider only the case
1 < pp < H < co and leave the case 0 < p, < 1 to the reader
because it can be proved in similar way.

Theorem 13. Let A = (a,;) be an infinite matrix. Then, the
following statements hold.

(i) Let1 < p, < H < coforallk € N. Then, A € (€(§,p) :
€..) if and only if there exists an integer M > 1 such
that

Pk

_1)1 —k i 1
sggz Z - 1_[ < 00, (50)
n k |i=k i k

00 '—115
—a < 00. (51)
i= Ti ]k]

(ii) Let 0 < py < 1 forallk € N. Then, A € (e(B, p):fy)
if and only if the condition (51) holds, and

sup (52)

k
( 1)1 k i-1 S] '
n,keN k

ik i j=

Ty

Proof. Suppose that the conditions (50) and (51) hold, and
x € ¢(B, p). In this situation, since {g,; }ren € {e(B, p)}‘6 for
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every fixed n € N, the A-transform of x exists. Consider the
following equality obtained by using the relation (13) that

i—-k i—1
z _yyens [T2aun (53)
k=0i=k i j=k Ty

for all m, n € N. Taking into account the hypothesis we derive
from (53) asm — oo that

S = Yy

k i=k Ti

i-k i-1 ¢

Sj
H Ui Vi
j=k

]

for each n e N. (54)

Now, by combining (54) with the following inequality (see
[23]) which holds for any M > 0 and any a,b € C

lab| < M <|aM‘1|" + |b|P>, (55)

where p > 1and p™' + p'!

Zankxk

= 1, one can easily see that

sup
neN

i-k i-1 ¢

J
Ay
j=k

J

2D
2

i=k Ti

< supz

neN"

|J’k|

’

® i-lg. Pr
< supZM Z— La, M+ |y
neN k i r; r;

ki j=k"j
o 1 il P
<M supz Z— La,M7Y| o+ Z|yk|P" < 0.
neN |izkTi j=k T k
(56)
Conversely, suppose that A ¢ (¢(B, p) : €y)and 1 <

P < H < ooforall k € N. Then Ax exists for every
x € €(B, p) and this implies that {a,};n, € {€(B, p)}¥ for
all n € N. Now, the necessity of (51) is immediate. Besides,
we have from (54) that the matrix B = (b,,) defined by

b = 2o (1) /)T (s /r))ay for all n k € N, is in the
class (€(p) : £.,). Then, B satisfies the condition (35) which is
equivalent to (50).

This completes the proof. O
Lemma 14 ([25, Theorem 1]). A = (a,,) € (£(p) : f) if and
only if (34) and (35) hold, and

Joy € C> f -lima, = oy for every fixed k € N. (57)

Theorem 15. Let the entries of the matrices E = (e,;) and F =
(for) be connected with the relation
(o] iizlg.
€n = Skt fukor T T Suk O S = Z Hr_]
ik i j=k"J
(58)

for all k,n € N. Then, E € (E(E,p) :
(e(p): f)and

f)if and only if F €

F'e(e(p):c) (59)
for every fixed n € N, where F" = ( fr:“k) ) with

11 i-1 §.
) 1‘[—’ 0<k<m,

f(ﬂ) ;

forallm, k € N.

Proof. Let E = (e,;) € (€(B,p) : f) and take x € ¢(B, p).
Then, we obtain the equality

m m k (_l)k—i k-1 S]
Zenkxk = Zenk Z - Hr—)"
i j=i ']

k=0 k=0 i=0 -
(61)
m 1)1 i-1 S
S1Y 5= 35
k=o | i=k Ti G=kTj k=0
for all m,n € N. Since Ex exists, F" € (€(p) : c). Letting

m — oo in the equality (61) we have Ex = Fy. Since Ex € f,
then Fy € f. Thatis F € (¢(p) : f).

Conversely, let F € (€(p) : f),and F" € (£(p) : ¢), and
take x € €(B, p). Then, since (f)ren € {e(p)}f and F ¢
(e(p) : f) we have (e, )1 € {€(B, p)}f for all n € N. So,
Ex exists. Therefore we obtain from equality (61) asm — o
that Ex = Fy, thatis E € (e(B, p): f). O

Theorem 16. Let 0 < p, < H < oo for all k € N. Then,
A € (¢(B, p) : ¢) if and only if (50)-(52) hold and

( l)k ik— lS

lim Z H—]a « = 0 for every fixed k € N.
n_>00 k ] ; J

(62)

Proof. Let A € (e(B, p):candl < p < H < oo for all
k € N. Then, since the inclusion ¢ ¢ €., holds, the necessities
of (50) and (51) are immediately obtained from part (i) of
Theorem 13.

To prove the necessity of (62), consider the sequence b*®
defined by (31) which is in the space £(B, p) for every fixed
k € N. Because the A-transform of every x € (B, p) exists
and is in ¢ by the hypothesis,

Ap® = {Z( 1) li—[

k=i Jj=i

} €c (63)
neN

for every fixed k € N which shows the necessity of (62).



Conversely suppose that conditions (50), (51), and (62)
hold, and take any x = (x;) in the space £(B, p). Then, Ax
exists. We observe for all m,n € N that

mm(l)kzkls —lpk
M
Z::kz:: Tx nrj nk
., (64)
m|m _1)k ik— lg J
< supz Z —ankM < 00,
neNI =i Tk j=i Ty

which gives the fact that by letting m,n — oo with (50) and
(62) that

ol s
i $I8 0 v
(65)
m m( —i k— p”‘
<supzz H—J nkal < 00.
neN k| k=i j=iTi

This shows that Y, oM™ IPL < 00 and so ()rey €
{e(B, p)}ﬁ which implies that the series ), ox; converges for
every x € £(B, p).

Let us now consider the equality obtained from (54) with
a, — o instead of a,;,

( l)k ik— 15
Z(ank ) Xy = ZZ 1_[ (G = o) ¥,
i k=i j=i ] (66)
= Zcm-y,-, Vn e N,
k
where C = (c,;) defined by ¢, =

Zk:i((—l)k_’/rk)]_[];;il(sj/rj)(ank - o) for all n,i e N.
Therefore, we have at this stage from Lemma 8 that the
matrix C belongs to the class (£(p) : ¢) of infinite matrices.
Thus, we see by (66) that

nligrgO; (e — o) %, = 0. (67)

Equation (67) means that Ax € ¢ whenever x € £(B, p) and
this is what we wished to prove. O

Therefore, we have the following

Corollary 17. Let 0 < p, < H < oo for all k € N. Then,
A € (¢(B, D) : &) if and only if (50)-(52) hold, and (62) also
holds with oy, = 0 for all k € N.

Now, we give the following lemma given by Basar and
Altay [26] which is useful for deriving the characterizations
of the certain matrix classes via Theorems 13, 15, and 16 and
Corollary 17.

Lemma 18 ([26, Lemma 5.3]). Let A, u be any two sequence
spaces, let A be an infinite matrix, and let B also be a triangle
matrix. Then, A € (A : ug) ifand only if BA € (A : ).
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It is trivial that Lemma 18 has several consequences.
Indeed, combining Lemma 18 with Theorems 13, 15, and 16
and Corollary 17, one can derive the following results.

Corollary 19. Let A = (a,;) be an infinite matrix and define
the matrix C = (c,;) by

n

Cake = Z <1]1> (1- t)n_jfjajk, Vn, k € N. (68)

j=0

Then, the necessary and sufficient conditions in order to A
belongs to anyone of the classes (£(B, p) : ef)o), (6B, p) : ez)
and (£(B, p) : eg) are obtained from the respective ones in
Theorems 13, 16 and Corollary 17 by replacing the entries of
the matrix A by those of the matrix C; where 0 < t < 1, e’
and é', e, respectively, denote the spaces of all sequences whose

E'-transforms are in the spaces €, and c, ¢, and are recently
studied by Altay et al. [27] and Altay and Basar [28], where E'
denotes the Euler mean of order t.

Corollary 20. Let A =
the matrix C = (c,;) by

(a,) be an infinite matrix and define

Gk = 8G, 1 +1ay, YnkeN. (69)
Then, the necessary and sufficient conditions in order to A
belongs to the class (6(B, p) : f) is obtained from Theorem 15
by replacing the entries of the matrix A by those of the matrix

C; where r,s € R\ {0} and [ denotes the space of all sequences
whose B(r,s)-transforms are in the space f and is recently
studied by Bagsar and Kiris¢i [29].

Corollary 21. Let A =
the matrix C = (c,.) by

(a,i) be an infinite matrix and define

Gk =ty i +SA, 1 +1ay, VmkeN. (70)
Then, the necessary and sufficient conditions in order to
A belongs to the class (¢(B, p) f(B)) is obtained from
Theorem 15 by replacing the entries of the matrix A by those of
the matrix C; wherer, s,t € R\ {0} and f(B) denotes the space
of all sequences whose B(r, s, t)-transforms are in the space f
and is recently studied by Sonmez [30].

Corollary 22. Let A = (a,;) be an infinite matrix and define
the matrix C = (c,) by

Cok = Za]k, Vn, k € N. (71)

n+1

Then, the necessary and sufficient conditions in order to A
belongs to the class (€(E,p) : f) is obtained from Theorem 15
by replacing the entries of the matrix A by those of the matrix C,
where f denotes the space of all sequences whose C, -transforms
are in the space f and is recently studied by Kayaduman and
Sengoniil [31].
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Corollary 23. Let A = (a,;) be an infinite matrix and let t =
(t;) be a sequence of positive numbers and define the matrix
C=(cq) by

1 n
Cok = —thajk, Vn, k € N, (72)
Tnj:o

where T,, = Y _,t; for all n € N. Then, the necessary and
sufficient conditions in order to A belongs to anyone of the
classes (€(B, p) rgo), (e(B, p) rz) and (€(B, p) : rf))
are obtained from the respective ones in Theorems 13, 16 and
Corollary 17 by replacing the entries of the matrix A by those
of the matrix C, where r'_, r', and ry are defined by Altay and
Basar in [32] as the spaces of all sequences whose R'-transforms
are, respectively, in the spaces €., ¢, and ¢,, and are derived
from the paranormed spaces rf)o( p); rC’( p) and r(’)( p) in the case

P = pforallk e N.

Since the spaces rf_, !, and r; reduce in the case t = e to
the Cesaro sequence spaces X, ¢, and ¢, of nonabsolute type,
respectively, Corollary 23 also includes the characterizations
of the classes (¢(B, p): Xoo) (¢(B, p):©),and (¢(B, D) : &)
as a special case, where X and ¢, ¢, are the Cesaro spaces of
the sequences consisting of C,-transforms are in the spaces
¢, and ¢, ¢y and studied by Ngand Lee [33] and Sengoniil and
Bagsar [34], respectively, where C; denotes the Cesaro mean of
order 1.

Corollary 24. Let A = (a,;) be an infinite matrix and define
the matrix C = (¢,;.) by ¢ = Gy — a1 foralln, k € N. Then,
the necessary and sufficient conditions in order to A belongs
to anyone of the classes (£(B, p) : €.,(A)), (£(B,p) : c(A))
and (¢(B, p) : ¢(A)) are obtained from the respective ones in
Theorems 13 and 16 and Corollary 17 by replacing the entries
of the matrix A by those of the matrix C, where €., (A), c(A),
¢ (A) denote the difference spaces of all bounded, convergent,
and null sequences and are introduced by Kizmaz [35].

Corollary 25. Let A = (a,) be an infinite matrix and define
the matrix C = (¢) by ¢ = Z?zo aj for alln,k € N. Then
the necessary and sufficient conditions in order to A belongs to
anyone of the classes (¢(B, p) : bs), (¢(B, p) : cs) and (e(B, p):
cs,) are obtained from the respective ones in Theorems 13, 16
and Corollary 17 by replacing the entries of the matrix A by
those of the matrix C, where cs,, denotes the set of those series
converging to zero.

5. Conclusion

The difference spaces €,,(A), c(A), and ¢, (A) were introduced
by Kizmaz [35]. Since we essentially employ the infinite
matrices which is more different than Kizmaz and the other
authors following him, and use the technique of obtaining
a new sequence space by the matrix domain of a triangle
limitation method. Following this way, the domain of some
triangle matrices in the sequence space £(p) was recently
studied and were obtained certain topological and geometric
results by Altay and Basar [14, 16], Choudhary and Mishra

[10], Basar et al. [36], and Aydin and Basar [13]. Although
bv(e, p) = [€(p)], is investigated, since B(1,—1) = A, our
results are more general than those of Basar et al. [36]. Also
in case p, = p for all k € N the results of the present study
are reduced to the corresponding results of the recent paper
of Kiris¢i and Bagar [9]. We should note that the difference
spaces Agy(p), Ac(p) and Al (p) of Maddox’s spaces ¢;(p),
c(p), and €, (p) were studied by Ahmad and Mursaleen
[37]. Of course, a natural continuation of the present paper
is to study the sequence spaces [¢,(p)]ps5), [c(P)]prs and
[€oo(P)]pis to generalize the main results of Ahmad and
Mursaleen [37] which fills up a gap in the existing literature.

It is clear that A) can be obtained as a special case of
B(7,5) for 7 = eand § = —e and it is also trivial that B(7,3)
is reduced in the special case 7 = re and § = se to the
generalized difference matrix B(r, s). So, the results related to
the domain of the matrix B(F, S) are much more general and
more comprehensive than the corresponding consequences
of the domain of the matrix B(r,s). We should note from
now that the main results of the present paper are given as
an extended abstract without proof by Nergiz and Bagar [38],
and our next paper will be devoted to some geometric and
topological properties of the space (B, p).

Acknowledgments

The authors would like to thank Professor Bilal Altay, Depart-
ment of Mathematical Education, Faculty of Education,
Inénti University, 44280 Malatya, Turkey, for his careful
reading and constructive criticism of an earlier version of this
paper which improved the presentation and its readability.
The main results of this paper were presented in part at
the conference First International Conference on Analysis
and Applied Mathematics (ICAAM 2012) to be held October
18-21, 2012, in Gumiighane, Turkey, at the University of
Gimiushane.

References

(1] L. J. Maddox, “Spaces of strongly summable sequences,” The
Quarterly Journal of Mathematics, vol. 18, pp. 345-355, 1967.

[2] S. Simons, “The sequence spaces €(p,) and m(p,),” Proceedings
of the London Mathematical Society, vol. 15, pp. 422-436, 1965.

[3] H. Nakano, “Modulared sequence spaces,” Proceedings of the
Japan Academy, vol. 27, pp. 508-512, 1951.

[4] G. G. Lorentz, “A contribution to the theory of divergent
sequences,” Acta Mathematica, vol. 80, pp. 167-190, 1948.

[5] P.D. Srivastava and S. Kumar, “Fine spectrum of the generalized
difference operator A, on sequence space ¢,;” Thai Journal of
Mathematics, vol. 8, no. 2, pp. 221-233, 2010.

[6] P.D. Srivastava and S. Kumar, “Fine spectrum of the generalized
difference operator A, on sequence space ¢,,” Applied Mathe-
matics and Computation, vol. 218, no. 11, pp. 6407-6414, 2012.

[7] B. L. Panigrahi and P. D. Srivastava, “Spectrum and fine
spectrum of generalized second order difference operator A”,
on sequence space ¢,, Thai Journal of Mathematics, vol. 9, no. 1,
pp. 57-74, 2011.

[8] A.M. Akhmedov and S. R. El-Shabrawy, “On the fine spectrum
of the operator A, over the sequence space ¢,” Computers &



10

Mathematics with Applications, vol. 61, no. 10, pp. 2994-3002,
2011.

[9] M. Kiris¢i and F. Basar, “Some new sequence spaces derived
by the domain of generalized difference matrix,” Computers ¢
Mathematics with Applications, vol. 60, no. 5, pp. 1299-1309,
2010.

[10] B. Choudhary and S. K. Mishra, “On Kothe-Toeplitz duals
of certain sequence spaces and their matrix transformations,”
Indian Journal of Pure and Applied Mathematics, vol. 24, no. 5,
pp. 291-301, 1993,

[11] E Basar and B. Altay, “Matrix mappings on the space bs(p) and
its a-, - and y-duals,” The Aligarh Bulletin of Mathematics, vol.
21, no. 1, pp. 79-91, 2002.

[12] E Basar, “Infinite matrices and almost boundedness,” Bollettino
della Unione Matematica Italiana, vol. 6, no. 3, pp. 395-402,
1992.

[13] C. Aydin and F. Bagar, “Some generalizations of the sequence
space a;,;” Iranian Journal of Science and Technology, vol. 30, no.

2, pp. 175-190, 2006.

[14] B. Altay and F. Basar, “On the paranormed Riesz sequence
spaces of non-absolute type,” Southeast Asian Bulletin of Math-
ematics, vol. 26, no. 5, pp. 701-715, 2003.

[15] B. Altay and F. Bagar, “Some paranormed sequence spaces
of non-absolute type derived by weighted mean,” Journal of
Mathematical Analysis and Applications, vol. 319, no. 2, pp. 494-
508, 2006.

[16] B. Altay and F. Basar, “Generalization of the sequence space £(p)
derived by weighted mean,” Journal of Mathematical Analysis
and Applications, vol. 330, no. 1, pp. 174-185, 2007.

[17] B. Altay and E. Basar, “Certain topological properties and duals
of the domain of a triangle matrix in a sequence space,” Journal
of Mathematical Analysis and Applications, vol. 336, no. 1, pp.
632-645, 2007.

[18] C. Aydin and F. Basar, “Some new paranormed sequence
spaces,” Information Sciences, vol. 160, no. 1-4, pp. 27-40, 2004.

[19] K.-G. Grosse-Erdmann, “On ¢'-invariant sequence spaces,’
Journal of Mathematical Analysis and Applications, vol. 262, no.
1, pp. 112-132, 2001.

[20] 1. J. Maddox, Elements of Functional Analysis, Cambridge
University Press, Cambridge, UK, 2nd edition, 1988.

[21] A. Wilansky, Summability through Functional Analysis, vol. 85
of North-Holland Mathematics Studies, North-Holland Publish-
ing, Amsterdam, The Netherlands, 1984.

[22] A. Jarrah and E. Malkowsky, “BK spaces, bases and linear
operators,” Rendiconti del Circolo Matematico di Palermo, vol.
52, pp. 177-191, 1990.

[23] C. G. Lascarides and I. . Maddox, “Matrix transformations
between some classes of sequences,” Proceedings of the Cam-
bridge Philosophical Society, vol. 68, pp. 99-104, 1970.

[24] K.-G. Grosse-Erdmann, “Matrix transformations between the
sequence spaces of Maddox,” Journal of Mathematical Analysis
and Applications, vol. 180, no. 1, pp. 223-238, 1993.

[25] S. Nanda, “Matrix transformations and almost convergence,’
Matematicki Vesnik, vol. 13, no. 3, pp. 305-312, 1976.

[26] E Bagsar and B. Altay, “On the space of sequences of p-
bounded variation and related matrix mappings,” Ukrainian
Mathematical Journal, vol. 55, no. 1, pp. 136-147, 2003.

[27] B. Altay, E Bagar, and M. Mursaleen, “On the Euler sequence
spaces which include the spaces €, and €. I, Information
Sciences, vol. 176, no. 10, pp. 1450-1462, 2006.

Abstract and Applied Analysis

[28] B. Altay and E Bagar, “On some Euler sequence spaces of
nonabsolute type,” Ukrainian Mathematical Journal, vol. 57, no.
1, pp. 1-17, 2005.

[29] E Bagar and M. Kirig¢i, “Almost convergence and generalized
difference matrix,” Computers & Mathematics with Applications,
vol. 61, no. 3, pp. 602-611, 2011.

[30] A. Sonmez, “Almost convergence and triple band matrix,’
Mathematical and Computer Modelling, 2012.

[31] K. Kayaduman and M. $engoniil, “The spaces of Cesaro almost
convergent sequences and core theorems,” Acta Mathematica
Scientia, vol. 32, no. 6, pp. 2265-2278, 2012.

[32] B. Altay and E Bagar, “Some paranormed Riesz sequence spaces
of non-absolute type;” Southeast Asian Bulletin of Mathematics,
vol. 30, no. 4, pp. 591-608, 2006.

[33] P.N.NgandP.Y. Lee, “Cesaro sequence spaces of non-absolute
type,” Commentationes Mathematicae Prace Matematyczne, vol.
20, no. 2, pp. 429-433,1978.

[34] M. §engoniil and F. Basar, “Some new Cesaro sequence spaces of
non-absolute type which include the spaces ¢, and ¢,” Soochow
Journal of Mathematics, vol. 31, no. 1, pp. 107-119, 2005.

[35] H.Kizmaz, “On certain sequence spaces,” Canadian Mathemat-
ical Bulletin, vol. 24, no. 2, pp. 169-176, 1981.

[36] F. Bagar, B. Altay, and M. Mursaleen, “Some generalizations
of the space bv, of p-bounded variation sequences,” Nonlinear
Analysis: Theory, Methods & Applications, vol. 68, no. 2, pp. 273
287,2008.

[371 Z. U. Ahmad and Mursaleen, “Kothe-Toeplitz duals of
some new sequence spaces and their matrix maps, Institut
Mathématique, vol. 42, pp. 57-61, 1987.

[38] H. Nergiz and F. Bagar, “Some topological and geometric
properties of the domain of the double sequential band matrix

B(7,5) in the sequence space €(p),” AIP Conference Proceedings,
vol. 1470, pp. 163-168, 2012.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



