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Let K be a nonempty subset of a Hausdorff topological vector space X, and let f be a real-valued continuous function on X. If for
each x = (x},%,,...,x,) € X", there exists k, € K such that Fi(x) = Y| f(x; — ko) = inf{}}., f(x; —k) : k € K}, then K is called
f-simultaneously proximal and k; is called f-best simultaneous approximation for x in K. In this paper, we study the problem
of f-simultaneous approximation for a vector subspace K in X. Some other results regarding f-simultaneous approximation in

quotient space are presented.

1. Introduction

Let K be a closed subset of a Hausdorft topological vector
space X and f a real-valued continuous function on X. For
x € X, set Fy(x) = infix f(x — k). A point k, € K is
called f-best approximation to x in K if Fi(x) = f(x — k).
The set PIJ;(x) = {k € K : Fg(x) = f(x — x)} deno-
tes the set of all f-best approximations to x in K. Note
that this set may be empty. The set K is said to be f-pro-
ximal (f-Chebyshev) if for each x € X, PIJ;(x) is nonempty
(singleton). The notion of f-best approximation in a vector
space X was given by Breckner and Brosowski [1] and in
a Hausdorft topological space X by Narang [2, 3]. For a
Hausdorft locally convex topological vector space and a
continuous sublinear functional f on X, certain results on
best approximation relative to the functional f were proved
in [I, 4]. By using the existence of elements of f-best
approximation, certain results on fixed points were proved by
Pai and Veermani in [5]. In addition, for a topological vector
space X relative to upper semicontinuous functions, some
results on best approximation were proved by Haddadi and
Hamzenejad [6]. Moreover, Naidu [7] proved some results on
best simultaneous approximation related to f-nearest point
and topological vector space X.

Analogous to the problem of simultaneous approxima-
tion [8], we introduce the concept of best f-simultaneous
approximation as follows.

Definition 1. Let K be a non-empty subset of a Hausdorft
topological vector space X, and let f be a real-valued
continuous function on X. A point k, € K is called f-
best simultaneous approximation in K if there exists x =
(x1,%5,...,x,) € X" such that

FK(x):inf{if(xi—k):keK]» :if(x,»— ko) -
_ B W

The set of all f-best simultaneous approximations to x =
(%1, %55 ...,x,) € X" in K is denoted by

PL(x) = «{keK:FK(x) :Zf(xi—k)}. )

i=1

The set K is called f-simultaneously proximal (f-sim-
ultaneously Chebyshev) if for each x = (xy, x,,...,x,) € X",
Pg(x) # ¢ (singleton). If n = 1, simultaneous f-proximal is
precisely f-proximal.



We remark that if f(x) = ||x||, then the concept of f-best
approximation is precisely the best approximation.

A set K is said to be inf-compact at a point x =
(%, %5, ...,%,) € X" [5] if each minimizing sequence in K
(e, Y, f(x;—k,) — Fg(x))hasa convergent subsequence
in K. The set K is called inf-compact if it is inf-compact at
each x = (xy,%,,...,x,) € X".

It is easy to see that if K is compact or inf-compact, then
K is f-simultaneously proximal.

In this paper, we introduce the concept of f-simultaneous
approximation and study the existence and uniqueness
problem of f-simultaneous approximation of a subspace K
of a Hausdorff topological vector space X. Certain results
regarding f-simultaneous approximation in quotient spaces
are obtained by generalizing some of the results in [9].

Throughout this paper, X is a Hausdorff topological
vector space and f is a real-valued continuous function on
X.

2. f-Simultaneous Approximation

In this section, we give some characterizations of f-proximal
sets in X. We begin with the following definitions.

Definition 2. A function f : X — R is called absolutely
homogeneousif f(ax) = |a| f(x),forallx € Xandall« € R.

Definition 3. A subset K of X is called f-closed if for all
sequences {k,,} of K and for all x = (xy,x%,,...,x,) € X",
such that Y, f(x; —k,,) — 0, wehavex € K".

Definition 4. A subset K of X is called f-compact if for every
sequence {k,} in K there exist a subsequence {k,, } of {k,} and
ko € K such that f(k,, —k,) — 0.

Definition 5. For x,y € X, where x = (x,x,,...,x,) € X"
and y = (1, Y5, .- -» ¥,) € X, x is said to be f-orthogonal to
y denoted by x L py,if Y7, f(x;) < Y7L, f(x; +ay;) for every
scalar « € R. Also, x is said to be f-orthogonal to a set K if
xL gk, forallk € K.

Definition 6. We say that K is w-compact if every net {k,} in
K has a convergent subnet.

Theorem 7. Let K be a subset of X. Then, one has the
following.

1 FK+y(x+Y) = Fr(x), forallx = (xy, x,, ..., x,), where
Y=0,y...,y) e X".
2) Pf;y(x +Y) = Pg(x) +y, forall x = (x1,x5,...,%,).

(3) K is f-simultaneously proximal (f-simultaneously
Chebyshev) if and only if K + y is f-simultaneously
proximal ( f-simultaneously Chebyshev) for every y €
X.

Moreover, if f is absolutely homogeneous function,
then one has the following.

(4) Fyx(ax) = |&|Fg(x), for all x = (x,x,,...
and o € R.

,x,) € X"

Abstract and Applied Analysis

(5) PO{K(ocx) = ocPIﬁ(x), forall x = (x;,x,,...
and o € R.

,x,) € X"

(6) K is f-simultaneously proximal (f-simultaneously
Chebyshev) if and only if aK is f-simultaneously
proximal (f-simultaneously Chebyshev), & € R.

(7) If f is convex function and K is a convex set, then PIJ;(x)
is convex.

Proof. (1) Letx = (x;,x,,...
Then

,x,)andY = (. y,...,y) € X",

FK+y(x+Y):£2£;f((xi+)’)—(’<+)’)):FK(X)~
(3)

(2) The equation

31 (k=) = inf Y £ (G54 9) ~ (k-4 )
- - @

B

=inf Y £ (5, k)

implies that k, + y € PI£+y(x +Y)ifand only if k, € PIJ;(x).
Thus,

Pl (x+Y)=PL(x)+y. 5)

(3) The proof follows immediately from part (2) above.
(4) Let x = (x;, %5, ..., %,) € X", « € R. Then,

Fo (ax) = inf Z [ (ax; — k)
o (6)
= la] inf > f(x;—k) = la| Fg (x).
3

(5) If & = 0, then we are done. If ¢ # 0 and k,, € PD{K((XX),
then k, € aK and

-

1]
—_

flax;—ko) = inf 1:21 f (ax; - ak). )

This implies that

n

Y F (% 2k ) = Fe 0, ®)

i=1

which implies that (1/a)k, € PL(x).
(6) The proof follows immediately from part (5) above.
(7) Letky, k, € PIJ;(x). Since K is convex, then Ak, — (1 -
Mk, € K. We must show that Ak; — (1 - M)k, € Pg(x); that is,

-

1l
—

£ G- Ok - 00K =0 Y F-R). ©)

1
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So,
> (= (M = (1= D)ky))
i=1
=Y F(A (= k) + (1= Q) (x; — ky))
i=1
n n 10
A Fa-k) -0 Y fl-ky)
i=1 i=1
= AFy (x) + (1= A) F (%)
= Fe(x) =) f(x;-k),
i=1
which implies that PIJ;(x) is convex. O

Example 8. Let X = R?andK = {(x1,x,) € R?: xf+x§ < 4},
and let f(x, y) = x* - yz. Ifz = ((0,0), (0,1)) € X?, then one
can show that Fi(z) = f(0,1/2) = -1/4.

Theorem 9. Let f be an absolutely homogeneous real-valued
function on X and M a vector subspace of X. Then,

(1) Fy(ax) = |a|Fpg(x), for all x = (x,x,,...,x,) € X",
o € R —{0};
(2) PI{,I((xx) = ocP]{,I(x), forall x = (x,%,,...,x,) € X",
o € R —{0}.
Proof. (1) Let x = (x;,X,,...,x,). Then,
Fyf(ax) = inf ) f (ax; — m)
meM P
(11)

n
= i f ;= ! = F .
jod inf Zl f(x=m') = |a| Fyy ()
(2) Letm, € PI{,I((xx). Then,

Y flax,—mg) = inf Y flax,=m)  (12)
i=1 i=1

if and only if

> f (3= 2mg) = inf Y f(x-n) = Ey () (13)

!
= m eM

for all @ € R — {0}, which implies that (1/a)m, € PI\J;I(x), S0,
my € ocPI{/I(x). O

Theorem 10. Let f be a positive real-valued function on X
such that x = 0 if and only if f(x) = 0. Then, if K is f-
simultaneously proximal, then K is f-closed.

Proof . Since f is a positive function, then Y\ f(x;) > 0 for
all x = (x,%,,...,x,) € X". Let {k,,} be a sequence of K and

x = (x1,%...,x,) € X", such that Y, f(x; - k,,) — 0.
This implies that

Fe()=inf 3 f(x;=k) <) f(xi—k,) —0. (4)
i=1 i=1

Since K is f-simultaneously proximal, then there exists k; €
K such that

Fe(x) =) f(x;— ko) =0. (15)
i=1

Hence, for alli = 1,2,...,n, f(x; — k;) = 0. Using the
assumption it follows that x;—k, = 0,and, hence, x; = k, € K.
Consequently, x € K" and K is f-closed. O

Theorem11. Let X be a topological vector space and K a vector
subspace of X. Suppose that f is continuous function and K is
w-compact; then, K is f-simultaneously proximall.

Proof. Let x = (x1,%,,...,%,) € X". Since

Fy (x) = inf i f(x;—k), wherekeK, (16)

i=1

then, for any constant «, there exists {k,} such that

if(xi_k(x) Sif(xi—k)‘l'é. (17)

But K is w-compact; then, there exists a subnet {k%} such
that k(xﬁ — k. Thus,

xi—k%—>xi—k0, Vi=1,2,...,n. (18)

Since f is continuous, then

Flxiky) <y Fo-R+= (9)
i1 i=1
Also,
if(xi — k,) = liminf Z f(xi-kay)
i=1 i=1 (20)
SZ f(x;—k).
i1
Hence, k; € Plﬁ(x). ]

For a subset K of X, let us define K}, to be such that

,X,) € X" F (x) = if(xi)}'

Ky = {x = (x1, %5, ...
i=1
(21

Example 12. Consider X = (IRZ)2 and K = {((x}, y1), (x5,
¥y) : x; = v, for all i = 1,2}. Let f(x, y) = x* + y% then,
one can see that

IC = {((xl’_xl)’(xZ’_xz))}' (22)



Using the previous definition of Ky, we prove the fol-
lowing theorem characterizing f-simultaneously proximal
subspaces.

Theorem 13. Let K be a vector subspace of X. Then, K is f-

simultaneously proximal in X if and only if X" = D, + K,
where Dy = {(k,k,...,k) : k € K}.

Proof. Suppose that X" = D, + K. Then, for x = (x,, x,,
.o x,) € X", there exists k; = (ko ky,...,ky) € Dy and
V= Voo V) € K such that x = y+k,.Hence, x—k, =
y € Ky, and

FeO)=Fev k)<Y flu-k) (3

and so
> (ko) = jnf X (= ko =)

i=1

(24)
= inf Zf(xi—k’) = Fy (x).

!
K'eKk ‘o

So, K is f-simultaneously proximal.

Conversely, suppose that K is f-simultaneously proximal
and x = (xy,%,,...,x,) € X". Then, there exists k, € K such
that

-

I
—

f(xi—ko):}cggz:f(xi—k)

1

(25)
. !
:llgg{{';f(xl_(k +k0)),
where k = k' + k,. If k, = (kg ks ..., ky) € Dy, then
Zf(xi—ko)zFK(x—kJ’ (26)

1]
—_

which implies that x — k, = k, € K and X" = D, + K. [

Proposition 14. Let X be a topological vector space and Kf -
simultaneous proximal subset of X. Then,

(1) ky € PL(x) ifand only if x — k, € Kp;

(2) if f is symmetric (i.e., f(-x) = f(x) forall x € X),
then x € Ky if and only if -x € Kg;

(3) if xLpK, then x € Kg, where x = (x,, X5,...,X,);

4)ifx € I?; and aK = K, then xL1pK, where x =
(%1, %5, .05 X,,).

Proof. (1) Let k, € PL(x) if and only if ¥, f(x; — ko)
inf{3", f(x; — k) : k € K}.
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Thus,

n

Z f (%~ ko)

i=1

:inf{if(x,-—k0+k0—k):keK]» (27)

i=1

=inf<|if(xi—k0—k,):k'€K]>,

which implies that x — k, € K.
(2) Let x = (x1,%,...,%,) € K. Since f is symmetric,
then

> Fx)= f ()

=inf{

inf {Z f(=(-x;+k)): —k € K}

inf {

Hence, Y, f(-x;) = inf{}, f(-x; + k) : -k € K},
which implies that

M=

flx-k):keK

—_

(28)

N

M=

f(—x,.+k);—ke1<}.

i1

—x = (=X}, =X ..., —%,) € Kp. (29)

(3) Let x = (x1, x5, ..., x,). Since x L K, then

if(xi)ﬁzn:f(xﬁcxk) Va e R, k e K.

= if (x; - (-ak)) VaeR, keK. (30

So,
if(xi) Si f(x-K), Kek 31)

Hence, x = (x,,Xy,...,X,) € K.
(4) Let x € Kp and K = K. Then,

> f(e)=in 3 /5K

n

;1?61;( ,; f(x;—ak), since aK =K, (32)

inf i f(x;+ (—ak)), VkeK.
i=1
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Thus,

Z fx;) < (xl- +oc'k), Vo' € R, Vk e K. (33)
i=1 i=1

Hence, x 1 ;K. O

Theorem 15. Let K be a vector subspace of X. If n(Ky) =
X" Dy, then K is f-simultaneously proximal, where 7t is the
canonical map x — x + Dj.

Proof. Let m(Ky) = X"/Dy and x = (x,,%,,...,%,) € X".
Then, x+ Dy = y+Dy forsome y € K. Hence, x— y = k, for
some k, € Dy. Thus, x = y + k, € Kz + Dj. Therefore, K, +
D, = X". By Theorem 15, K is f-simultaneously proximal.

O

3. f-Simultaneous Approximation in
Quotient Space

Definition 16. Let K and M be two vector subspaces of X
such that M is closed and M < K. Suppose that f is a
positive real-valued function defined on X. Then, a function

f:x/my"

— R can be defined as follows:

fx, +M,x,+M,...

n (34)
:inf{Zf(xi+y):yeM]»

i=1

, X, + M)

for each (x;,x5,...,x,) € X".

Theorem 17. Let K and M be two vector subspaces of X
such that M ¢ K. If ky is a point of f-best simultaneous

approximation to (x,, x,, ..., x,,) in K, then ky+M is an f-best
simultaneous approximation to (xy, x,,...,x,) + M in K/M.

Proof. Suppose that k, + M is not f-best simultaneous
approximation to (x, + M, x,+M, ..., x,+M) in K/M. Then,

(=Ko + M) ) £ F((x,—k+M)L) (35
for atleast k € K, say k; € K, such that
F(i—ky+M)L) < f(xi—ko+M)L).  (36)

Since

f((xi—k0+M)?_l):inf{zn:f(xi—k0+y):yeM}

i=1

SZ f(xi = k)
i=1
(37)

we have

f((xi —k, +M):'1=1) < Z fxi—k). (38)

Thus, for some m,, € M, we have

™M=

(i = key +my) <Zf(x— (39)

i=1

SO,

™M=

1 (x; = (ky = my)) <Zf(x— ko).  (40)

Il
—

Since M ¢ K implies that k; — m, € K, therefore, k, is not
f-best simultaneous approximation to (x;,x5,...,x,) in K,
which is a contradiction. O

Corollary 18. Let K and M be two vector subspaces of X such
that M c K. Then, if K is f-simultaneously proximal in X,

then K/M is f-simultaneously proximal in X /M.

Proof. If K is f-simultaneously proximal in X, then there
exists at least ky € K such that k, is f-best simul-
taneous approximation to (x;,x5,...,x,) in K. Thus by
Theorem 11, k, + M is an f-best simultaneous approximation
to (x;,%,,...,x,)+Min K/M, so, K/M is f—simultaneously
proximal in X/M. ]

Theorem 19. Let K and M be two vector subspaces of X such
that M ¢ K. If M is f-simultaneously proximal in X and
K/M is f-simultaneously proximal in X/M, then K is f-
simultaneously proximal in X.

Proof. Since K/M is f-simultaneously proximal in X/M,

then there exists k, € K such that k, + M is f-best
simultaneous approximation to (x,x,,...,xX,) + M from
K/M, so,

F(Go—ko+ MY) < F(( -k MYL). VK€K,

=

f((xi L) +M)?:1) = ,;21{4 Z f (% = ko +m)

< inf Zf x;—k+m),

meM 4
(41)
for all k € K. Note that
nlqrgl{/l Z f(x; — ko +m)
(42)

= Fyp (% — koo x5 — kg -, X, — k)

<Fy(x—kx,—k...,x,—k).



Since M is f-simultaneously proximal in X, then there exists
mgy € M such that

Fo (%) — koo x5 — kgs -, X, — k)

i1 (43)
<Y f(x-k-m),
forallm € M and k € K. So,
Y fl=Goem)) <Y fls-Gem).
for allm € M and k € K. Hence,

Zf(xi_(ko"’mo))
- (45)
:inf«[Zf(xi—(k+m)):meM,keK]».

i=1

So, k, + mg is an f-best simultaneous approximation to
(x1,%5,...,x,) from K and K is f-simultaneously proximal
in X. O

Theorem 20. Let K and M be two vector subspaces of X
such that M ¢ K. If M is f-simultaneously proximal in X

and K is f-simultaneously Chebyshev in X, then K/M is f-
simultaneously Chebyshev in X /M.

Proof. Suppose not, then there exists (x;,x,,...,x,) + M €

X/M,and k; + M, k, + M € P ((x,,%,,...,%,) + M) such
that k;, + M #k, + M. Thus, k, — k, ¢ M. Since M is f-
simultaneously proximal in X, then

PJ\f/I (x1 —kpxy —kp,oox, —ky) #6,

(46)
PAf/I () —kyoxy —kyy ooy x, — ky) £
Letm, € PI{/I(x1 —ky,x, —kys..x, —ky)andm, € PI{/I(x1 -
ky, x, — ky,...,x, — k,). By Theorem 13, k; + m, and k, +
m, are f-best simultaneous approximation to (x;, x,, ..., x,)
from K. Since K is f-simultaneously Chebyshev in X, then
k, +my = k, + m,, and, hence, k; —k, = m; —m, € M, which
is a contradiction. O

Theorem 21. Let K and M be two vector subspaces of a
topological vector space X. If M is f -simultaneously Chebyshev
in X, then the following assertions are equivalent:

(i) K/M is f -simultaneously Chebyshev in X/ M;

(ii) K + M is simultaneously Chebyshev in X.
Proof. (i = ii) By hypothesis, (K + M)/M = K/M is
f-simultaneous Chebyshev. Assume that K + M is not

Abstract and Applied Analysis

f-simultaneous Chebyshev in X. Then, there exists x =
(x1,...>%,) € X" which has two distinct f-best simultaneous
approximations, say €, and ¢, € K + M. Thus, we have ¢, and
l € P£+M(x). Since M < K + M, we have that £, + M and

6+ M e P(J;<+M)/M(x +M) = Pé/M(x + M). By hypothesis,

K/M is f-simultaneous Chebyshev, and so €, + M = €, + M.
Then, there exists m, € M \ {0} such that ¢, = ¢, + m,. Thus,
we conclude that

~ inf {z £, - (8 + m))} (47)

=Fy (x-£).

So, m, and 0 are f-best simultaneous approximations to
x—¢, from M. Hence, M is not f-simultaneously Chebyshev.
This is a contradiction.

(ii = i) Assume that (i) does not hold. Then, there exists
x + M € K/M which has two distinct f-best simultaneous
approximations, say k + M and k' + M € K/M; thus, k— k' ¢
M. Since M is f-simultaneously proximal, so there exist f-
best simultaneous approximations m and m’ to x—k and x—k’
from M, respectively. Therefore, we have m € P]{,I(x — k) and
m' e PAf/I(x—k').SinceM CK+Mk+Mandk' + M €
PIJ;/M(x + M) = P(j;GM)/M(x +M),sok+mand k' +m’ €

PIJ; m(%). But K + M is f-simultaneously Chebyshev. Thus
we get k +m = k' + m', and therefore k — k' € M. This is a

contradiction. O

Definition 22. A subset K of X is called f-quasisimultane-
ously Chebyshev if PI);(x) is non-empty and f-compact set in
X, forall x = (x,x,,...,x,) € X".

Theorem 23. Let f be a positive function, M an f-simu-
Itaneously proximal vector subspace of X, and K f-quasisimul-
taneously Chebyshev of X such that M c K. Then, K/M is

f-quasi-simultaneously Chebyshev in X" M.

Proof. Since K is f-simultaneously proximal in X, then by

Corollary 12, K/M is f-simultaneously proximal in X/M.
Let x = (x1,%5,...,%,) € X" and (k, + M) a sequence in

P£/M(x + M). For every n, there exists m,, € M such that

k,+m, =k € PIJ:(x). But since M is a vector subspace, we
have

k. +M=k,+m,+M =k, +M. (48)
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Since K is f-quasi-simultaneously Chebyshev of X, the
sequence {k,} has a subsequence {k, } which is f-convergent

tok, € PIJ;(x), meaning that

f (K, —kg) — 0. (49)
But
f(k, —ko+ M) < f(k, —ky) — 0. (50)
Hence,
f(k, —ky+ M) — 0. (51)

Consequently, P£/M(x + M) is f—compact and K/M

is f-quasi-simultaneously Chebyshev. This completes the
proof. O
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