ON THE SOLVABILITY OF A SYSTEM OF WAVE
AND BEAM EQUATIONS
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We prove new existence results for linearly coupled system of wave and beam
equations. The main concept is the matrix spectrum which is a natural extension
of standard definition. Using invariant subspaces together with degree theoretic
argument we obtain information about the range of the abstract operator.

1. Introduction

We consider a system of wave and beam operators with linear coupling and
damping having the form

%u  9%u .

W—m—anu—alzv—gl(t’x,u,v)Zhl(t,X) in Q,
9%v 9% v .
m+@+ﬂ§—azlu—azzv—gz(hx,u,v)=h2(t,X) in ,

(1.1)
u(t,0)=u(,7)=0, te]0,2n][,

v(t,0) =v(t,m) = v (t,0) = vxx (¢, m) =0, ¢ €]0,2x[,

u(-,x),v(-,x) are2m-periodic in 7,

where h = (h1, hy) is a given function in L, (€2; R?) with € =10, 27[x]0, [,
B > 0, the function g(z, x, s) = (g1 (¢, x, 5), g2(, x, 5)) from Q x R? to R? is 27 -
periodic in ¢, measurable in (¢, x) for each s € [R? and continuous in s for almost
all (¢#,x) € Q2. Moreover, we assume that g(z, x, -) has at most linear growth.
With suitable nonlinearity g (1.1) provides a reasonable model for a suspension
bridge, where the main cable is described as a vibrating string and the road bed
as a vibrating beam.
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216 On the solvability of a system of wave and beam equations

We will study the existence of weak solutions and therefore it is relevant to
transform system (1.1) into the operator equation

Pu—sAu—N@u)=h, ue D) (1.2)

in % = [L2(2)]%, where N is the Nemytskii operator generated by g, s is the
constant multiplication operator induced by the coupling matrix A := (ay;) and
&£ : D(E) C ¥ — ¥ is the abstract realization of the linear differential operator.
We define the matrix spectrum of & as the set

om(%) ={AeRoya | (£—s)~" : % —> 9 F or is not bounded}.  (1.3)

The set o7 () is closed in Ry 47 and hence the “resolving set” of & is divided
into open components. We will apply the extension of the Leray-Schauder degree
introduced by Berkovits and Mustonen [4] for a class of mappings related to our
model problem. If A ¢ op/(&£), we can use the homotopy argument to obtain
nonresonance results for (1.2) (see [8]). In this note we deal with the resonance
case A € oy (&). Using suitable reduction to invariant subspaces we can find
solution for (1.2), provided N and / satisfy some auxiliary symmetry conditions.
Indeed, if the coupled wave-beam operator & — s{ is completely reduced by a
closed linear subspace V and N (V) C V, any solution of the reduced equation

Plvu—sdlyu—Nyw)=h, ueDE)NV, heV, (1.4)

is also a weak solution for the original equation (1.2). It is possible that A €
op(£) but £y —dA|y is injective in the subspace V and hence we can apply
the known nonresonance results for the reduced equation (1.4).

The method of invariant subspaces is widely used in the study of ordinary
differential equations and for a single wave equation by Coron, Vejvoda, among
others. (See [5, 9, 11, 15].)

Problem (1.1) has been studied mainly in the case of gradient type nonlin-
earities N' with no damping, that is, with 8 = 0. We refer the reader to the
papers of Brezis and Nirenberg [10], Amann [1], Mawhin [13, 14], Fonda and
Mawhin [12], where also a survey on the recent results and relevant references
can be found. For previous results on the existence of the periodic solutions of
the systems of wave equations we also refer to [2, 6, 7].

2. Prerequisites

Let H be a real separable Hilbert space with inner product (-, -) and correspond-
ing norm || - ||. We recall some basic definitions. A mapping F : H — H is

e bounded, if it takes any bounded set into a bounded set,
o demicontinuous, if u ; — u (norm convergence) implies F'(u ;) — F(u)
(weak convergence),
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e monotone, if (F(u)—Fw),u—v)>0forallu,ve H,
e strongly monotone, if there exists o« > 0 such that (F(u) — F(v),
u—v)>alu—v|?forall u,veH,
o of class (Sy), if for any sequence with u; — u, limsup(F(u;),
u;—u) <0, it follows that u; — u,
e guasimonotone, if for any sequence u ; — u, limsup(F (u;),u j—u) > 0.
The class of mappings considered in this paper is given in the following
definitions.

Definition 2.1. A linear densely defined operator L : D(L) C H — H is ad-
missible in H, if it is closed, normal, Im L = (Ker L)L and the inverse K of the
restriction of L to Im LN D(L) is compact on Im L.

Denote by P and Q = I — P the orthogonal projections to Ker L and Im L =
(Ker L), respectively.

Definition 2.2. A bounded, demicontinuous map N : H — H is an admissible
perturbation in H, if there exists a bounded demicontinuous map S : H — H
of class (S4) such that PN = PS.

We are interested in the case where L is not selfadjoint and therefore we
include the complex spectrum of L into consideration. We recall that the com-
plexification Hc = H 4i H of H has the usual linear structure and inner prod-
uct (-,-)c induced by H. For each w = u +iv € Hg it is natural to denote
w = u —iv. We define the complex linear operator L¢ : D(Lc) C Hc — Hc
by setting D(Lc) = D(L)+iD(L) and Lc(u+iv) = Lu+iLv forallu+iv €
D(L¢). Itis clear that Im L¢ = (Ker L), L is normal and its partial inverse
K¢ is compact. Consequently, L¢ has a pure point spectrum oc (L) = {u} ez
with the corresponding orthonormal basis {¢;} jcz of Hc such that

Lc¢j=ﬂj¢j VjEZ. 2.1)

Note that for any complex eigenvalue u; = o; +i; also its complgx conjugate
pj =a; —if; is an eigenvalue with corresponding eigenvector ¢ ;. For each
u € D(L) we have the spectral representation

Lu=>"pnifu.¢;)c0;. (2.2)

jez
For any map N : H — H the equation
Lu—N@u)=0, uecD(L), (2.3)
can be written equivalently as

O(u—KQN@u))+PNu)=0, ucH. (2.4)
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The equivalence of (2.3) and (2.4) is due to the fact that K Q — P is the right
inverse of L — P. If N is bounded, demicontinuous and of class (S.), then there
exists a topological degree for mappings of the foom F = Q(/ +C)+ PN,
where C is compact (see [4]). In fact, it is sufficient that N is admissible, that
is, there exists an auxiliary bounded demicontinuous map S : H — H of class
(S4) such that PN = PS. This observation is quite obvious, since only the
P-component of N appears in F'. However, it has some interesting implications
as we will see later on (see also [3]). The degree theory given in [4] is a unique
extension of the classical Leray-Schauder degree. It is single-valued and has the
usual properties of degree, such as additivity and invariance under homotopies.
Let the corresponding degree function be dg. In order to simplify our notations
we define a further degree function “degy” by setting

degy(L—N,G,0)=dp(QU—KQN)+PN,G,0) (2.5)

for any open set G C H such that 0 ¢ (L — N)(0G N D(L)). By the term
reference map we refer to any linear injection L — Ny with L and Ny admissible.
For a reference map we have (see [4])

degy (L—No,G,y) #0 forany y € (L—No)(D(L)NG). (2.6)

3. On systems

Let H be a real separable Hilbert space and denote # = H" with n > 2. We
assume that Ly : D(Ly) C H — H is a linear densely defined closed, normal
operator with Im L; = (Ker Lk)L foreachk =1,2,...,n. The inverse K of the
restriction of each Ly to Im Ly N D(Ly) is a bounded linear operator on Im L.
We shall further assume that the inverse Kj of each Ly is compact and hence
each Ly is admissible. We define the diagonal operator £ : D(¥) C % — ¥
by setting

Pu = (Llul,Lzuz,...,Lnun)T, u= (u],uz,...,un)T e DY), (3.1

where D(¥) = D(L1) x D(Lp) x---x D(Ly). Now the complexification #¢ =
H+id = (Hc)" and &£ as well as L¢ inherits the properties of the component
operators. We shall use the notations (-,-) and || - || for the inner product and
norm in any real Hilbert space and the subscript “C” whenever the norm, inner
product or spectrum is complex. For simplicity we shall frequently use the same
symbol for an operator and its complexification. The inverse ¥ = £~! : Im &£ —
Im & is compact with Hu = (Kqu1, ..., Kyu,)? forall u = (uy,us, ..., u,)! €
ImZ. We denote by ? and 2 the orthogonal projections onto Ker &£ and Im &,
respectively. Let N : % — %€ be a (possibly nonlinear) bounded demicontinuous
map. As described in Section 2, a topological degree is available for maps of
the form & — N, where & is admissible and N is any admissible perturbation.
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Consider first linear maps of the following type. Let A = (ajx) be a real
n x n-matrix and o : % — ¥ the constant multiplication operator induced by
A, that is, for any u = (ur,ua, ..., un)T €%

&&u:w:(wl,wz,...,wn)T, (3.2)
with w; = Zzz]alkuk, I =1,2,...,n. Clearly o(s) = o(A), a real point

spectrum which may be empty if n is even. Similarly oc(s4) = oc(A) for the
complex spectra. If the matrix A is strictly positive, it is not hard to prove that

(Au,u) > a|ul> Vu e %, (3.3)

where o = min{(Ax, x)grs; |x|gs = 1} is positive. Hence the operator o is of
class (S4). In order to tackle more specific situations we assume that dim Ker Ly
=oo for k =1,2,...,p and dimKerL; < oo for k = p+1,...,n, where
0 < p <n.If p =n we assume that A > 0 and if p = 0, no positivity is needed.
For the general case, we formulate the condition:

(PC) The matrix (alk)f k=1 I8 strictly positive.

We have the following useful result adopted from [3].

LEMMA 3.1. Assume that 1 < p < n and the positivity condition (PC) holds.
Then there exists a bounded linear operator Sy : # — ¥ of class (S1) such
that PS4 = P, that is, A is an admissible linear perturbation.

It is important to realize the meaning of Sg4; it is only needed to guarantee the
existence of the topological degree. All concrete calculations will be done with
A, not with S4. We shall impose a further “common eigenbasis”-assumption:

(CE) The operators L, k =1,2,...,n, have a common complex eigenbasis
{¥jljea-

Here we can assume that the index set A C Z. We denote the corresponding
complex eigenvalues by {,uﬁ.k)} jen- Hence Ly = ,u;k) Y forall je A k=

1,2,...,n. Although assumption (CE) is very restrictive from the general point
of view it can be verified in many applications. It trivially holds in case L =
Ly = --- = Ly,. For any u = (ui,uz,...,uy)’ € 9% we denote i; =

Z’,Zzl (ug, j)cex, where {e;} is the standard basis of R". Hence we can write

u:Zﬁjl/fj, ||14||2:Z“ﬁj|

JEA jeA

2
- (3.4)

It is easy to see that for any u € D(&) we have a quasidiagonal representation

L=y @) =Y [(M;—A)ii;]v;, (3.5)
JeEA
where M; = diag(u(il),u;z),...,;L(].")). By (3.5) we get the following result

(cf. [8]).
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LEmMA 3.2. Assume (CE). The operator £ — A is injective if and only if
det(M; — A) # 0 for all j € A. Moreover, an injective operator £ — A is
onto if and only if sup; ||(M; — A)~!|| < oo.

Note that in case Ly = L for all k = 1,2,...,n, the injectivity condition in
Lemma 3.2 can be written as oc (L) Noc(A) = @. By condition (PC) we get the
following result (cf. [8]).

LeEmMMA 3.3. Assume (PC), that is, the matrix (alk)f w1 LS strictly positive. If the
operator £ — A is injective, then it is bijective.

We get a simple formula for the norm of (£ — ).

LEMMA 3.4. Assume that (CE) and (PC) hold. Then det(M; — A) # 0 for all
j € Z, if and only if the operator & — s is bijective. Moreover, (¥ — i)™ is
bounded and

| —st)~"| = sup |(M;—A)7"| < oc. (3.6)
J

In general, the operator ¥ — s can be injective without being surjective (cf.
[3]). However, in the special case L1 = L, = --- = L,,, injectivity implies bi-
jectivity without any positivity condition (see [7]). We recall now the concept
of the matrix spectrum introduced in [8]. Given a linear operator J with do-
main and range in # = H", we define the matrix resolvent of the operator J as
the set

pm(T) = {A €Ryxn | Im(T —A) =%, I — oA has a bounded inverse}. 3.7
The matrix spectrum of the operator J is then the set

om(T) ={A € Ryxn | A ¢ o (D)}. 3.8)

It is not hard to prove that the matrix spectrum o;(7) is a closed set in R, «,
(see [8]). In the particular case where & has the properties given at the begin-
ning of the section, that is, & is an admissible diagonal operator, it is not hard
to prove that Im(£ — o) is closed whenever the positivity condition (PC) holds.
Then also the degree theory is available and any invertible operator & — o is a
reference map. Recall that a linear operator I is completely reduced by a closed
linear subspace V C # if

Py(D(9)) C D(F),  ITPyu=PyITu Yue D), (3.9)

where Py is the orthogonal projection from € onto V. The use of degree theory
in an invariant subspace is justified by the following result.
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LEmMA 3.5. Assume that L and N are admissible in H, L is completely reduced
by a closed linear subspace V. .C H and N(V) C V. Then L|y and Ny are
admissible in V.

Proof. Denote L= L|y and N = Nly. Itis easy to verify that L: D(L)NV —
V is admissible in V and P = PPy = Py P is the orthogonal projection onto
Ker L. Since N is admissible, there exists a bounded demicontinuous map S :
H — H of class (S;) with PS = PN.Denote S = PyS|y. Then S: V — V is
a bounded demicontinuous map of class (S+). Moreover, PS (u)=PyPS(u) =
PyPNu) = ISN(M) for all u € V. Hence N is admissible in V. O

In the sequel we will need a generalization of the well-known result o (7)) =
o(J|v)Uo (T|y1). The concept of the matrix spectrum is defined in the space
H"™ and hence it is too narrow to deal with invariant subspaces. Therefore we
define more general “spectrum-like” sets. Indeed, let H be any real separable
Hilbert space and T a linear operator with domain and range in H. Denote

peL(T) = {A € L(H) | Im(T —A) =H, T — A has a bounded inverse},

oBL(T) = {A € L(H) | Ag ppL(T)}.
(3.10)
Here “BL” stands for “bounded linear” and L(H) is the space of bounded linear
operators in H. The set oy (T) is closed in L(H). We have in analogy with
Lemma 3.3 the following result.

LEMMA 3.6. Assume that L : D(L) C H — H is admissible and S € L(H) is
some admissible linear perturbation. Then S € oL (L) if and only if L — S is
not injective.

Clearly A € oy (%) if and only if o € opL(¥). Moreover, if & is completely
reduced by a closed subspace V C %, then the sets opr.(¥£|v) and oL (£]y 1)
are well defined. We obtain the following result.

LEmMA 3.7. Assume that & and A are admissible and s is a constant multi-
plication operator induced by the matrix A € Ry, x,. Assume that both ¥ and s
are completely reduced by a closed subspace V.C H". Then

AEOM(ilf) lﬁC ﬂ|v EO'BL(§£|V) or &i|vl EUBL(££|VL). (3.11)

The straightforward proof of Lemma 3.7 is omitted here. If the maps &£ and s
are admissible, then it is easy to prove that the “geometric multiplicity” of any
“eigenmatrix” A € oy (&) is finite, that is, dim Ker(¥ — o) < co. Assuming
(CE), that is, the existence of a common complex eigenbasis, we can write
oy (¥) = (UjeAO'j)UUoo, where oj = {A eRyxn | det(Mj —A)=0}, j €A,
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and oo = {A € Ryxn | A ¢ Ujenoy, sup; (M — A)~!|| = oo}. Now Ujeaa;
corresponds to the usual point spectrum and o, to the continuous spectrum. As
noted above, Lemma 3.3 implies A ¢ 0 whenever the positivity condition (PC)
holds for A and & is admissible. By homotopy argument, we get the following
basic existence result. Using the results in [7, 8] together with Lemmas 3.5 and
3.7 we obtain the following result.

THEOREM 3.8. Assume that & is admissible, the condition (PC) holds for A €
opm (L) and the operators £ and A are completely reduced by a closed linear
subspace V C ¥. Assume that N : % — # is such that N(V) C V and (A +
Ny is admissible in V. If d|y ¢ opL(£L]y) and

[¥a] !

lim sup < — (3.12)
ueV,|ul|—oo fluell “((ﬁE—s&)h/) ”
then the equation
Fu—Au—Nw)=h, ueDE)NV (3.13)

admits at least one solution for any h € V.

4. Wave-beam system

We consider first a linear system of wave and beam equations with linear cou-
pling and damping having the form

%u  9%u .
W_ﬁ_allu_alzl}:hl(t’x) in €2,

9%v 84v+,3 hy(t.x) in

- —a)|u—anv = , X 1m a4,

0 ox AR TRt = 4.1

u(t,0) = u(t,n) =0, te]0,2x][,
U(t,o) = U(t,ﬂ') = Uxx(tyo) = Uxx(tvﬂ) =05 t E]O,ZJT[,
u(-,x),v(-,x) are 2m-periodic in ¢,

where h = (hy, hp) is a given function in L;(2; R?) with =10, 27[x]0, 7[
and 8 > 0. Here, the coupling matrix is

A <a11 a12> 42)

ay an)’ '
Denoting H = L>(R2) and ¢ (¢, x) = (1/m)sin(jx)exp(ikt), (t,x) € 2, j €
Zy, k € Z, the set {¢ i} forms an orthonormal basis in Hc. The wave operator

0t — 0y With periodic Dirichlet boundary conditions has in L, (€2) the abstract
realization

Liu= Zx,k u, $j)c bk 43)
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with ') = j2—k2, j € Zy, k € Z and
D(L)) = {u e Ly | Y72~ kP . )| < oo}. (4.4)
J.k

Clearly L is selfadjoint, Ker L is infinite-dimensional and L has a pure point
spectrum o (L) = {)»yk) | j € Z4, k € Z}. Note that the spectrum is unbounded
from below and from above. The beam operator (with damping) 9;; + 9xxxx + B 9:
has an analogous realization

Lov = Z ()Ll(ii) —}—iﬁk)(v, ¢jk>c¢jk, ve D(Lz), 4.5)
j.k

where )»ﬁ) = j4 — k2, j€Zy,keZ. If B >0, then the operator L, is normal,
KerLs> = {0} and oc(L>) = {j* —k®>+ipk | j € Zy, k € Z}. In case B =0
the operator L is selfadjoint with infinite-dimensional kernel. We will always
assume that 8§ > 0. The diagonal operator & = diag(L, L,) is defined on
D(¥) = D(L) x D(Ly) C % = H?. Then ¥ is normal with compact (partial)
inverse from Im& into Im%. A vector w = (u,v)T € [L2()]* is a weak
solution of the wave-beam system (4.1) if and only if it is a solution of the
operator equation

$w—sAw=h, w=u,v)’ € D& C¥H=H?, (4.6)

where h = (h1,h2)T € ¥. Denote Mj, = diag()»%(), )\ﬁ) +iBk). The operator
¥ — oA is injective if and only if

1
A —ar —ap

det(Mx—A)=det| #0 “@.7)
( ! ) < —any )»ﬁ)-i-iﬂk—azz)

forall j € Z, k € Z. Moreover, assuming the positivity condition (PC), which
in this case means that aj; > 0, the operator &« is admissible and by Lemma 3.3
the injectivity of &£ — s implies its surjectivity and hence & — o is a refer-
ence map. We now study more closely the case A € oy (¥). If a1 > 0, then
dimKer(¥ — ) < oo. In fact, for a wave-beam system (with 8 > 0) it is easy to
see that dimKer(¥ — ) = oo if and only if a;; = 0 and aja2; = 0. Note that
the condition det(M o — A) = 0 is equivalent to j®—ay;j* —ax j>+detA = 0.
Moreover, det(Mjr — A) =0, k # 0, only in the special case, where aj; = )\52
and ajpap; =0.

5. Existence results

Consider now the linearly coupled system (1.1) of wave and beam equations
with some nonlinear perturbation. Indeed, let the given function g(¢, x,s) =
(g1(t,x,s),82(¢,x,5)) from Q x R? to R? be 2m-periodic in ¢, measurable in
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(t,x) for each s € R? and continuous in s for a. a. (r,x) € Q. Assume that g
satisfies the growth condition

lg(t,x,9)| < cols|+ko(t, x) (.1

for all s € R? and a.a. (¢, x) € € with some constant co > 0 and ko € L().
We consider a system of a wave equation and a beam equation with linear
coupling and damping with 8 > 0 and a1 > 0. Assume that A € o) (£). Then
dimKer(¥ —s1) < co. Denote Ag = {(j, k) € Zy x Z | det(M jx — A) =0} and

Wa =spc{vjke [1=1,2,(j.k) € Ao} N%. (5.2)

Then Ker(£ — o) C W4 and the operators & and s are completely reduced by
the finite-dimensional subspace W4. In order to apply Theorem 3.8, the main
problem is to find natural conditions ensuring the condition “N'(V) C V” in
Theorem 3.8. We will deal with three separate cases: g = g(t,s), g = g(x,s),
and g = g(s).

(A) Assume that 8 > 0, a;; > 0, 4+ N is admissible, A € oy (&), g =
g(t,s), that is, g is independent of x, and g(¢,s) is odd in s. For any r > 2,
r € Z4+ we define the space

2 21
Vi=iue#H|ult,x+— )=u(t,x) foraa.r€]0,2x[, x € (0,7 ——|,
r r

2 2
u(t,x) = —u(t, il —x) fora.ar €]0,27[, x € :|0, _n|:}
r r

=%{w,-kel \Lez ke, 1= 1,2}m%.
‘ r

(5.3)
Now the operators & and s are completely reduced by V.. Moreover, we can
take r such that {(j,k) | j/r € Z4, k € Z} N Ao = @ (for instance r > max{J |

(j, k) € Ao}). Then Ay, ¢ opL(£L]y,). It is easy to see that N(V,) C V, and
hence it is relevant to consider the reduced equation

Llyu—sdlyu—Nly, @) =h, weDL)NV,, (5.4)

for any 4 € V,.. Any solution of (5.4) is also a weak solution for the original
equation. The reduced operator £|y, — |y, is injective and hence we can apply
Theorem 3.8. Indeed, we obtain the following result.

THEOREM 5.1. Assume that 8 > 0, aj| > 0, A € oy (£). Moreover, assume that
g =g(t,s), g(t,-) is odd and A+ N is admissible. If {(j, k) | j/r € Z+, k €
ZYN Ao = @ and there exist constants n, > 0 and C, > 0 such that

m< [(E=sol,) |7 N S mllul+C Vue V., (55
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then the equation
Pu—Au—Nw)=h, ueDL)NV,, (5.6)

admits at least one solution for any h € V.

Proof. By the assumptions of the theorem N'(V,) C V, and

) !

p < — 5.7
ueVy.ull—»oo  llull (& —s0ly,) " |

and hence the conclusion follows from Theorem 3.8. O

As a direct consequence of the above theorem we get the following result.

COROLLARY 5.2. If

co < [(@=svlv,)""] ", (5.8)

where cy > 0 is the constant in the growth condition (5.1), then Theorem 5.1
holds with n, = cy.

Note that

—1 —1
[(@=sblv,) "= sup [[(Mj—4)"]. (5.9)
Jj/r€l4 kel
Unfortunately, it seems difficult to find out whether or not the equation admits
a solution for any i € Ker(¥ — o)+ or even for any h € Wj. For a given
concrete A € oy (&) it is easy to find out all the values of r € Z4 for which

dAly, ¢ oL(L]y,).

(B) Assume now that 8 > 0, aj; > 0, { + N is admissible, A € oy (£) and
g = g(x,s), thatis, g is independent of . Moreover, assume that det(M jo—A) #
0 for all j € Z, . This means that j®—ay; j* —axyj2+detA #0forall j € Z,
and hence k # 0 for all (j, k) € Ag. Since A € oy (£) we necessarily have
ay] € o(Ly) and ajzaz; = 0. In this special case we define for any r € Z
the space

21 21
E,={ue#H|ult+—,x ) =u(t,x)foraa.re |0,2n ——|, x €]0,7[
r r

_ . k
=SP<C{1/'jk |jeZy, - eZ}m%.
(5.10)

The operators & and o are completely reduced by E,. Taking r € Z4 such that
{(j, k)| jeZy, k/r e ZYN Ao =@ it is clear that A|g, ¢ oL(£|E,). Since g
is independent of ¢+ we have N(E,) C E,. Hence we get the following result.
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THEOREM 5.3. Assume that 8 > 0, aj| > 0, A € oy (£). Moreover, assume that
g =g(x,s) and A+ N is admissible. If {(j, k)| j € Z+, k/r € ZYN Ay = and
there exist constants n, > 0 and C, > 0 such that

< [(E=sblg) |7 Ve @] <allul+Cr YueE., (5.11)
then the equation
SPu—Au—Nw)=h, ueDL)NE,, (5.12)

admits at least one solution for any h € E,.

Note that in case N(0) # 0, Theorem 5.3 gives nontrivial solution for the
equation fu —Au —N(u) =0,u € D(L). However, since always E,NE,» # {0}
the above result cannot be used to find multiple solutions for equation £u — fu —
N(u) = 0. Of course, an analogous corollary as in case (A) can be formulated.

(C) Assume now that 8 > 0, A € oy (&) is arbitrary (no positivity condition!)
and g = g(s). We assume only that g satisfies the Caratheodory conditions and
the growth condition (5.1). Define first the subspace

Zo={ue¥|u@+n,m—x)=u(,x) foraa rel0,x[, xel0,nx[}
(5.13)

=spc{vjrer | j € Zy, k € Z with j+kis odd, [ = 1,2} N%.
The operators & and s are completely reduced by Zg and N'(Zg) C Zy. The most
remarkable fact is that dim Ker £|z, = {0} implying that the inverse of &£|z, is
compact. Thus we can employ Leray-Schauder degree in the space Zy and no
monotonicity is needed. Moreover, it is easy to see that dim Ker((££ —)|z,) <
oo for all #|z, € opL(£]z,). There are now three separate cases we are able to
deal with.

(i) First, if o]z, ¢ oBL(L]z,) then we obtain the following variant: if

—1y -1
co < [((E=sDlz) | (5.14)
where cg > 0 is the constant in the growth condition (5.1), then the equation
Fu—Au—Nw)=nh, wueD(L)NZy, (5.15)

admits at least one solution for any /# € Zj.

(i) If |z, € opL(£]z,) and g is odd we denote X, = ZoN V,, where
r € Z4 is such that {(j,k) | j/r € Z4, k € Z} N Ap = . In analogy with
Theorem 5.1 we get the result: if

co < |((@=ab)lx,) |7 (5.16)
then the equation
Lu—sAu—N@)=h, ueDL)NX,, (5.17)

admits at least one solution for any /& € X,..
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(iii) Assume that sd|z, € oBL(f]|z,), butdet(M;jo—A) #Oforall j € Zy, j
odd. Hence k # 0 for all (j, k) € Ao, j+k odd. Moreover, necessarily ajpaz; =
0 and ayy = A jx for some pair (j, k) € Zy x Z with j+k odd and k # 0.
Denoting Y, = ZoNE,, where {(j, k) | j € Z+, k/r € Z, j+k odd}NAg =0,
we get as in case (B): if

co < | (E=sply,) ™|, (5.18)
then the equation
Pu—du—Nwu)=h, ueDL)NY,, (5.19)

admits at least one solution for any 4 € Y.
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