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Values of A are determined for which there exist positive solutions of the system of dy-
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[0,1]y, satisfying the boundary conditions, u(0) = 0 = u(c?(1)), v(0) = 0 = v(g(1)),
where T is a time scale. A Guo-Krasnosel’skii fixed point-theorem is applied.
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1. Introduction

Let T be a time scale with 0, 02(1) € T. Given an interval ] of R, we will use the interval
notation

Jr:=]nNnT. (1.1)

We are concerned with determining values of A (eigenvalues) for which there exist
positive solutions for the system of dynamic equations

ubb(t)+Aa(t) f (v(o(r))) =0, te[0,1]y,
0 (1.2)

VAA(E) +Ab(t)g(u(a(t))) =0, te[0,1]y,
satisfying the boundary conditions

u(0) =0 = u(a*(1)), v(0) =0 =v(d%(1)), (1.3)
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where
(a) f.g € C([0,9),[0,0)),
(b) a,b € C([0,0(1)]r,[0,0)), and each does not vanish identically on any closed
subinterval of [0,0(1)]r,
(o) all of fy :=limy_o+ (f(x)/x), go := lim ¢+ (g(x)/x), foo :=limy_.o(f(x)/x), and
oo 1= lim . (g(x)/x) exist as real numbers.

There is an ongoing flurry of research activities devoted to positive solutions of dy-
namic equations on time scales (see, e.g., [1-7]). This work entails an extension of the
paper by Chyan and Henderson [8] to eigenvalue problems for systems of nonlinear
boundary value problems on time scales. Also, in that light, this paper is closely related
to the works of Li and Sun [9, 10].

On a larger scale, there has been a great deal of study focused on positive solutions of
boundary value problems for ordinary differential equations. Interest in such solutions is
high from a theoretical sense [11-15] and as applications for which only positive solutions
are meaningful [16-19]. These considerations are caste primarily for scalar problems,
but good attention has been given to boundary value problems for systems of differential
equations [20-24].

The main tool in this paper is an application of the Guo-Krasnosel’skii fixed point-
theorem for operators leaving a Banach space cone invariant [12]. A Green function plays
a fundamental role in defining an appropriate operator on a suitable cone.

2. Some preliminaries

In this section, we state the well-known Guo-Krasnosel’skii fixed point-theorem which
we will apply to a completely continuous operator whose kernel, G(t,s), is the Green
function for

Mg,
y(0)=0=y(a*(1)). 20
Erbe and Peterson [6] have found that
T R
from which
G(t,5) >0, (t,5) € (0,0%(1))1 x (0,0(1)), (2.3)
_0(9)(e*(1) —0(s))

G(t,s) < G(o(s),s) t€[0,6%(1)] s€[0,0(1)]p, (2.4)

o2(1) ’

and it is also shown in [6] that

G(t,s) = kG(o(s),s) =k

0(s)(0*(1) — a(s)) ‘e [02(1) 30*(1)

0_2(1) 4 > 4 ]T’SE [0’0(1)]T)

(2.5)
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where

1 o%(1)

= min 5 g o))

(2.6)

We note that a pair (u(t),v(f)) is a solution of the eigenvalue problem (1.2), (1.3) if and
only if

(1)

a(1)
u(t) :AL 1 G(t,s)a(s)f()tj G(a(s),r)b(r)g(u(a(r)))Ar)As, 0<t=<o(1),

0

a(l)
W(t) = AJ Gt,9)b(s)g (u(0(s))As, 0=t < aX(1).
0
(2.7)
Values of A for which there are positive solutions (positive with respect to a cone) of
(1.2), (1.3) will be determined via applications of the following fixed point-theorem [12].
TaeoreM 2.1. Let B be a Banach space, and let P C B be a cone in B. Assume that Oy
and Q, are open subsets of B with 0 € Q; C Q; C Qy, and let

be a completely continuous operator such that either
1) N1Tull < llull, u e PN oQy, and | Tull = ||lull, u € P N oQ,, or
(i) 1 Tull = lull, u € P N oy, and | Tull < llull, u € P N Q.
Then, T has a fixed point in P 0 (Qy \ Q).

3. Positive solutions in a cone

In this section, we apply Theorem 2.1 to obtain solutions in a cone (i.e., positive solu-
tions) of (1.2), (1.3). Assume throughout that [0,02(1)]y is such that

E:min{teTltZ 02(1)},

4
a):max{teTlts #}; oy
both exist and satisfy
“zil) <i<ws 3"1(”. (32)
Next, let 7 € [£,w]t be defined by
G (1,8)a(s)As = ténax J G(t,s)a(s)As. (3.3)
£l
Finally, we define
= min M (3.4)

sel002(Dly G(o(s),s)
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and let
m = min {k,[}. (3.5)

For our construction, let & = {x: [0,6%(1)];—R} with supremum norm |x|| =
sup {|x(¢)]:t € [0,0%(1)]1} and define a cone P C R by

P ={xe® | x(t)=00n[0,6°(1)]y, and x(t) = mllx||, for t € [£,0(w)|g}.  (3.6)
For our first result, define positive numbers L, and L, by

L:= max{[me G(T,s)a(s)Asfoo]_l, [m J’: G(T,S)b(S)ASgw]_l})

1 -1

Lyi=min{| | " G(a(s),s)a(s)m], U:m Glo@hs)beas | |,

0

(3.7)

where we recall that G(o(s),s) = a(s)(0%(1) — a(s))/0%(1).

THEOREM 3.1. Assume that conditions (a), (b), and (c) are satisfied. Then, for each A satis-
fring

L, </1<L2, (38)

there exists a pair (u,v) satisfying (1.2), (1.3) such that u(x) > 0 and v(x) >0 on (0,0%(1))y.
Proof. Let A be as in (3.8). And let € > 0 be chosen such that

o[ [ im0t -] HG” e ] =n

A< min{[ OU(I)G(o(s),) (s)As(fo+e€) ] [J G(o b(s)As( 0+(—:)]_1}.
(3.9)

Define an integral operator T : % —% by

a(l) a(l)
Tu(t)::)LL G(t,s)a(s)f()tjo G(a(s),r)b(r)g(u(a(r)))Ar)As, we®.  (3.10)

By the remarks in Section 2, we seek suitable fixed points of T in the cone %.
Notice from (a), (b), and (2.3) that, for u € P, Tu(t) = 0 on [0,0%(1)]y. Also, for
u € %P, we have from (2.4) that

a(1)

Tu(t) = AE(U G(t,9)a(s) f (A L
(1)

a(1)
SAL 1 G(a(s),s)a(s)f(A O

G(o(s),r)b(r)g(u(a(r)))Ar) As
(3.11)

G(o(s>,r)b(r)g(u(o(r)))Ar)As
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so that

a(1) a(1)
||Tu||sx\J0 G(o‘(s),s)a(s)f(ljo G(o(s),r)b(r)g(u(o(r)))Ar)As. (3.12)

Next, if u € P, we have from (2.5), (3.5), and (3.10) that

a(1)
min Tu(t) = min A G(t,s)a(s) < J G(a(s),r)b(r)g(u (a(r)))Ar)As

te[éwly tel§wly Jo

>/1mj s)a(s) ( J G(o(s),r)b(r)g(u(o ()))Ar)As

= ml| Tull.
(3.13)

Consequently, T : —%. In addition, standard arguments show that T is completely con-
tinuous.
Now, from the definitions of f; and g, there exists H; > 0 such that

fx)<(fote)x, glx)<(g+e€)x, 0<x<H,. (3.14)
Let u € % with ||u|| = H;. We first have from (2.4) and choice of €, for 0 < s < (1),

that

(1) a(l)
/\IO G(a(s),r)b(r)g(u(a(r)))ArS/\0 G(o(r),r)b(r)g(u(a(r)))Ar

o(1)

<1 . G(a(r),r)b(r)(go +€)u(r)Ar (3.15)

o(l)
<A . G(a(r),r)b(r)Ar(go+e€)llull

< |lull =

As a consequence, we next have from (2.4) and choice of €, for 0 < t < ¢2(1), that

AJ G(t,s)a(s) ( J G(o b(r)g(u(o (r)))Ar)AS
sAJ G(a(s>,s)a<s>(fo+e)AJ0 G(o(s),r)brg(u(an))ards o
<AJ o(s),5)a(s) (fo + €) Fi As
< H; = ||lull.
So, || Tull < [lull. If we set
Qi ={xeB | lxl <Hl, (3.17)

then

ITull < llull, forue P noQ,. (3.18)
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Next, from the definitions of f., and g, there exists H, >0 such that
f(x) = (fo —€)x, g(x)=(go—€)x, x=H,.
Let

H2 = max {ZHl,&}
m

Let u € % and ||u|| = H,. Then,

min u(t) = m|lul| = H,.
tel&wlr

Consequently, from (2.5) and choice of €, for 0 < s < (1), we have that

a(l) w
A . G(G(S),r)b(r)g(u(a(r)))ArZAL G(a(s),r)b(r)g(u(a(r)))Ar

> /\Lw G(,7)b(r)g(u(a(r)))Ar
> AJ: G(1,7)b(r) (ge — €)u(r)Ar

> mh Lw G(2,)b(r) (ge — €) Arlull

= |[ull = Ha.

And so, we have from (2.5) and choice of € that

(1)

(1) o
Tu(r):)tjo G(T,S)ﬂ(S)f()LL G(U(s),r)b(r)g(u(a(r)))Ar)As

(1l

a(l) )
> AI l G(t,s)a(s)(fo —€)A G(o(s),r)b(r)g(u(o(r)))ArAs
0 0

(1)
> AL G(1,9)a(s)(fo — €)HaAs

> mH, > H; = ||lul|.
Hence, || Tull = ||ull. So, if we set
Q= {xeRB | x|l < H},
then

I Tull = llull, forue P noQ,.

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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Applying Theorem 2.1 to (3.18) and (3.25), we obtain that T has a fixed point u €
PN (Qy\ Q). As such, and with v being defined by

a(1)
) = AJ G(t,9)b()g (u(0(s))) As, (3.26)
0
the pair (u,v) is a desired solution of (1.2), (1.3) for the given A. The proof is complete.
(]
Prior to our next result, we introduce another hypothesis.
(d) g(0) =0, and f is an increasing function.
We now define positive numbers L; and L, by
) -1
Ls:= max{ [m J; G(T,s)a(s)Asfo] s [ J G(1,s)b Asgo] },
o B B (3.27)
La=min{[ [ Gloto)awass.] [ Glolsbeag.] |
THEOREM 3.2. Assume that conditions (a)—(d) are satisfied. Then, for each A satisfying
L3y <A< Ly, (3.28)

there exists a pair (u,v) satisfying (1.2), (1.3) such that u(x) > 0 and v(x) >0 on (0,0%(1))y.
Proof. Let A be as in (3.28). And let € > 0 be chosen such that

max{[meG(‘r,s)a(s)As(fo —€ ] [ j G(1,5)b(s)As(go —E)]_l} <A,

A< rnin{[J:(l)G(U(s),s)a(s)As(foo +€)] ,[L G(0(s),5)b(s)As(gw +e)]l}.
(3.29)

Let T be the cone preserving, completely continuous operator that was defined by
(3.10).
From the definitions of f; and go, there exists H; > 0 such that

fx)=(fo—€)x, gx)=(g—€)x, 0<x=<H,. (3.30)
Now, g(0) = 0, and so there exists 0 < H, < H; such that

H,
17D G(a(s),5)b(s)As

Choose u € % with ||u|| = H,. Then, for 0 < s < (1), we have

Ag(x) < 0<x<H,. (3.31)

fg“’c< (s),r)b(r)H, Ar
fo ( o(s), )b( )As =

ATV G(a(s),r)b(r)g(u(a(r))) Ar < (3.32)
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Then,
a(1) a(1)
Tu(t) = AL G(t,s)a(s) f (A L G(a(s),r)b(r)g(u(a(r)))Ar) As
W (1)
> AL G(r,8)als) (fy - e)AL G(o(s),r)b(r)g(u(o(r))) ArAs

> AL“’ G(,s)a(s)(fo — e)AL“’ G(1,r)b(r)g(u(c(r))) ArAs

(3.33)
> AJ’: G(1,8)a(s)(fo—€)Am Lw G(1,r)b(r) (g0 — €) llullArAs
> ALW G(t,s)a(s)(fo —€)llullAs
zAmj: G(1,9)a() (fo - €) lullAs > [lull
So, [|Tull = |lull. If we put
Q) ={xeB |lxll <Hy}, (3.34)
then
[Tull = llull, forue€ P noQ,. (3.35)
Next, by definitions of f. and g.., there exists H, such that
fx)<(fo—€)x, gx)<(g—-€)x, x=H,. (3.36)

There are two cases: (a) g is bounded, and (b) g is unbounded.
For case (a), suppose N >0 is such that g(x) < N for all 0 < x < co. Then, for 0 <s <
o(l)andu € P,

a(l) a(1)

A . G(o(s(r)))b(r)g(u(o(r)))Ar < NA . G(o(r),r)b(r)Ar. (3.37)
Let
a(l)
M= max{f(x) [0sx=NL| G(a(r),r)b(r)Ar}, (3.38)
and let
a(l)
H; > max {ZHZ,MAJ G(a(s),s)a(s)As}. (3.39)
0

Then, for u € P with ||u|| = Hs,

a(l)
Tu(t) < AL G(o(s),s)a(s)MAs
< Hj3 = |lull

(3.40)
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so that || Tul|l < ||ul]. If
O ={xeB | lxl <Hs}, (3.41)
then
Tull < llull, forue P noQ,. (3.42)

For case (b), there exists H; > max {2H,,H,} such that g(x) < g(Hsz), for 0 < x <
Hs. Similarly, there exists Hy > max {H3,A[5" G(a(r),r)b(r)g(Hs)Ar)} such that f(x) <
f(Hy), for 0 < x < Hy. Choosing u € % with |lu|| = Hy we have by (d) that

a(1) a(1)
Tu(t)sx\JO G(t,s)a(s)f(AL G(a(r),r)b(r)g(H3)Ar)As

a(1)
<A 1 G(t,s)a(s) f (Hy)As
0

(3.43)
a(l)
<A G(o(s),s)a(s)As(fe +€)Hy
0
< Hy = [lull,
and so || Tul| < ||ul]. For this case, if we let
Qz = {x cRB | ||X|| < H4}, (344)
then
[ Tull < |lull, foruecPnoQ,. (3.45)

In either cases, application of part (ii) of Theorem 2.1 yields a fixed point u of T be-
longing to P N (Q, \ Q1), which in turn yields a pair (u,v) satisfying (1.2), (1.3) for the
chosen value of A. The proof is complete. O
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