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1. Introduction

In this paper, we study periodic and almost periodic solutions of the following functional
difference equations with finite delay:

x(n+1)=F(n,x,), n=0, (1.1)

under certain conditions for F(n, -) (see below), where #, j, and 7 are integers, and x,, will
denote the function x(n+j), j = —7,—7+1,...,0.

Equation (1.1) can be regarded as the discrete analogue of the following functional
differential equation with bounded delay:

% =%(t,x;), t=0, x(0) =x(t+0) = ¢(t), —-o<t<0. (1.2)
Almost periodic solutions of (1.2) have been discussed in [1]. The aim of this paper is to
extend results in [1] to (1.1).

Delay difference equations or functional difference equations (no matter with finite or
infinite delay), inspired by the development of the study of delay differential equations,
have been studied extensively in the past few decades (see, [2-11], to mention a few, and
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references therein). Recently, several papers [12—17] are devoted to study almost periodic
solutions of difference equations. To the best of our knowledge, little work has been done
on almost periodic solutions of nonlinear functional difference equations with finite de-
lay via uniform stability properties of a bounded solution. This motivates us to investigate
almost periodic solutions of (1.1).

This paper is organized as follows. In Section 2, we review definitions of almost pe-
riodic and asymptotically almost periodic sequences and present some related proper-
ties for our purposes and some stability definitions of a bounded solution of (1.1). In
Section 3, we discuss the existence of periodic solutions of (1.1). In Section 4, we discuss
the existence of almost periodic solutions of (1.1).

2. Preliminaries

We formalize our notation. Denote by Z, Z*, Z~, respectively, the set of integers, the set
of nonnegative integers, and the set of nonpositive integers. For any a € Z, let Z; = {n:
n=a, n € Z}. For any integers a < b, let dis[a,b] = {j:a< j<b, j € Z} and dis(a,b] =
{j:a<j<b, j€Z} be discrete intervals of integers. Let E¥ denote either R?, the d-
dimensional real Euclidean space, or C, the d-dimensional complex Euclidean space. In
the following, we use | - | to denote a norm of a vector in E4.

2.1. Almost periodic sequences. We review definitions of (uniformly) almost periodic
and asymptotically almost periodic sequences, which have been discussed by several au-
thors (see, e.g., [2, 18]), and present some related properties for our purposes. For almost
periodic and asymptotically almost periodic functions, we recommend [19, 18].

Let X and Y be two Banach spaces with the norm || - ||x and || - ||y, respectively. Let Q
be a subset of X.

Definition 2.1. Let f : Zx Q — Y and f(n, -) be continuous for each n € Z. Then f is said
to be almost periodic in n € Z uniformly for w € Q if for every € > 0 and every compact
> C Q corresponds an integer N(2) > 0 such that among N, (X) consecutive integers there
is one, call it p, such that

[|f(n+p,w)— f(n,w)||y <e VneZ wex. (2.1)

Denote by A% (Z x Q) : Y) the set of all such functions. We may call f € AP(ZxQ:Y)
a (uniformly) almost periodic sequence in Y. If Q) is an empty set and Y = X, then f €
AP(Z : X) is called an almost periodic sequence in X.

Almost periodic sequences can be also defined for any sequence { f (1)} 54, 0 f : Z} —
X by requiring that any N,(X) consecutive integers is in Z.
For uniformly almost periodic sequences, we have the following results.

THEOREM 2.2. Let f € AP(Z < Q:Y) and let X be any compact set in Q. Then f(n,-) is
continuous on X uniformly for n € Z and the range f(Z X X) is relatively compact, which
implies that f(Z X X) is a bounded subset in Y.
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THEOREM 2.3. Let f € AP(Z x Q:Y). Then for any integer sequence {ay.}, oy — oo ask —
oo, there exists a subsequence {oy} of {og}, ax — 0 ask — oo, and a function& : Z xQ —Y
such that

f(n+aw) — &E(n,w) (2.2)

uniformly on Z X ¥ as k — oo, where X is any compact set in Q. Moreover, £ € AP(Z x Q0
Y), that is, £(n,w) is also almost periodic in n uniformly for w € Q.

If Q is the empty set and Y = X in Theorem 2.3, then {{(n)} is an almost periodic
sequence.

THEOREM 2.4. If f € AP(Z X Q:Y), then there exists a sequence {o}, ax — % ask — oo,
such that

f(l’l+(Xk,W) - f(i’l,W) (2.3)

uniformly on Z X ¥ as k — oo, where X is any compact set in Q).
Obviously, {ax} in Theorem 2.4 can be chosen to be a positive integer sequence.

Definition 2.5. A sequence {x(n)},ez+, x(n) € X, or a function x: Z* — X, is called
asymptotically almost periodic if x = x1|z+ + x3, where x; € AP(Z,X) and x, : Z+ — X
satisfying [|x,(n)|[x — 0 as n — co. Denote by AAP(Z*,X) all such sequences.

THEOREM 2.6. Let x : Z* — X. Then the following statements are equivalent.

(1) x € AAP(Z,X).

(2) For any sequence {0} C Z*, ax >0, and o — 0 as k — oo, there is a subsequence
{Br} € {ax} such that B — co as k — oo and {x(n+ i)} converges uniformly on Z* as
k — oo,

Similarly, asymptotically almost periodic sequence can be defined for any sequence
{x(n)}nza> or x: 2} — X.

The proof of the above results is omitted here because it is not difficult for readers
giving proofs by the similar arguments in [19, 18] for continuous (uniformly) almost
periodic function ¢ : R x Q — X (see also [2] for the case that X = Y = [E9).

2.2. Some assumptions and stability definitions. We now present some definitions and
notations that will be used throughout this paper. For a given positive integer 7 > 0, we
define C to be a Banach space with a norm || - || by

C={¢|¢:dis[-7,0] — E% [l¢ll = max{|¢(j)|} for j € dis[7,0]}. (2.4)

It is clear that C is isometric to the space E4*(7+1),
Let ng € Z* and let {x(n)}, n = ny — 7, be a sequence with x(n) € E9. For each n > ny,
we define x,, : dis[—7,0] — E4 by the relation

x,(j) =x(n+j), jedis[-1,0]. (2.5)



4 Advances in Difference Equations

Let us return to system (1.1), that is,
x(n+1) =F(n,x,), (2.6)

where F: Z x C — E% and x,, : dis[-7,0] — C.

Definition 2.7. Let ny € Z* and let ¢ be a given vector in C. A sequence x = {x(1)} y>p, I
[ is said to be a solution of (2.6), passing through (19, ¢), if x,,, = ¢, that is, x(no + j) =
¢(j) for j e dis[—7,0], x(n+ 1), and x, satisfy (2.6) for n > ny, where x, is defined by
(2.5). Denote by {x(n,¢$)} =4, a solution of (2.6) such that x,, = ¢. No loss of clarity
arises if we refer to the solution {x(#n,¢)} >, as x = {x(1)} y2p,-

We make the following assumptions on (2.6) throughout this paper.
(H1) F:Zx C — E4 and F(n, ) is continuous on C for each n € Z.
(H2) System (2.6) has a bounded solution u = {u(n)} 20, passing through (0,¢°), $° €
C.
For this bounded solution {u(n)},=¢, there is an « > 0 such that |u(n)| < aforalln > —7,
which implies that [|u, || < @ and u, € Sy = {¢: |¢pll < aand ¢ € C} forall n > 0.

Definition 2.8. A bounded solution ¢ = {g(n)},=¢ of (2.6) is said to be

(1) uniformly stable, abbreviated to read “r is WUY,” if for any € > 0 and any integer
ngy = 0, there exists §(¢) > 0 such that [[x,, — x, || < 8(¢) implies that ||z, — x, |l < €
for all n = ng, where {x(n)} >y, is any solution of (2.6);

(ii) uniformly asymptotically stable, abbreviated to read “r is UAY,” if it is uni-
formly stable and there exists &y > 0 such that for any € > 0, there is a positive
integer N = N(¢) > 0 such that if ny > 0 and [|x,, — Xp, || < 8o, then ||, — x,ll <&
for all n = ny + N, where {x(n)},>,, is any solution of (2.6);

(iii) globally uniformly asymptotically stable, abbreviated to read “r is ‘GUAS,” if
it is uniformly stable and ||z, — x,|l — 0 as n — oo, whenever {x(n)},>p, is any
solution of (2.6).

Remark 2.9. Tt is easy to see that an equivalent definition for r = {g(n)} >0 being UAY is
the following:
(ii*) r = {x(n) }uzo is UAY, if it is uniformly stable and there exists §; > 0 such that
if np > 0 and |lx,, — xn, Il < 8o, then [lx, — x, |l — 0 as n — oo, where {x(n)} 5y, is
any solution of (2.6).

3. Periodic systems

In this section, we discuss the existence of periodic solutions of (2.6), namely,
x(n+1)=F(n,x,), n=0, (3.1)

under a periodic condition (H3) as follows.
(H3) The F(n,-) in (3.1) is periodic in n € Z, that is, there exists a positive integer w
such that F(n+ w,v) = F(n,v) foralln € Zand v € C.
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We are now in a position to give our main results in this section. We first show that if
the bounded solution {u(#n)},x0 of (3.1) is uniformly stable, then {u(#)},-¢ is an asymp-
totically almost periodic sequence.

THEOREM 3.1. Suppose conditions (HI1)—(H3) hold. If the bounded solution {u(n)}n=o of
(3.1) is WS, then {u(n)}n=o is an asymptotically almost periodic sequence in E4, equiva-
lently, (3.1) has an asymptotically almost periodic solution.

Proof. Since |lu,ll < a for n € Z*, there is bounded (or compact) set Sp C C such that
u, € Sy for all n = 0. Let {nx}r>1 be any integer sequence such that nx >0 and ny — o as
k — oo. For each ny, there exists a nonnegative integer lx such that rw < ny < (I + 1)w.
Set nx = lrw + 7. Then 0 < 7 < w for all k > 1. Since {7x}r>1 is bounded set, we can
assume that, taking a subsequence if necessary, 7 = jy for all k = 1, where 0 < j, < w.
Now, set u*(n) = u(n + ng). Notice that u,,, (j) = u(n+ng+ j) = uk(n+ j) = uk(j) and
hence, u,,, = uk. Thus,

Wn+1)=u(n+n+1) = F(n+ngytipin) = F(n+np,uk) = F(n+j*,u’,‘l), (3.2)

which implies that {u*(n)} is a solution of the system
x(n+1)=F(n+ jsxn) (3.3)

through (0, uy,). It is readily shown that if {z(#)} >0 is US, then {1k (1)} a0 is also UY
with the same pair (¢,8(¢)) as the one for {u(n)},50.

Since {u(n+ny)} is bounded for all n > —7 and ng, we can use the diagonal method to
get a subsequence {ny; } of {ny} such that u(n+ ny,) converges for each n > —7 as j — co.
Thus, we can assume that the sequence u(n + ng) converges for each n > —7 as k — oo.
Notice that ué(j) =uk(0+ j) = u(j +ng). Then for any € > 0 there exists a positive integer
N (¢) such that if k,m > N (¢), then

[l — ug']] < 8(e), (3.4)
where §(¢) is the number for the uniform stability of {u(#)},-0. Notice that {u™(n) =
u(n+ 1)} aso is also a solution of (3.3) and that {t*(n)} =0 is uniformly stable. It follows
from Definition 2.8 and (3.4) that

[|uk —um||<e Vn=zo0, (3.5)

and hence,
|WF(n) —um(n)| <e Vn=0, k,m=N(e). (3.6)
This implies that for any positive integer sequence n, 1y — o as k — o, there exists a
subsequence {nkj} of {ny} for which {u(n+ nkj)} converges uniformly on Z* as j — co.

Thus, {u(n)} =0 is an asymptotically almost periodic sequence by Theorem 2.6 and the
proof is completed. O
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LEMMA 3.2. Suppose that (H1)—(H3) hold and {u(n)} =0, the bounded solution of (3.1), is
US. Let {ni}k=1 be an integer sequence such that ni >0, ng — % as k — oo, u(n+ng) —
n(n) for each n € Z* and F(n+ ni,v) — G(n,v) uniformly for n € Z* and £ as k — oo,
where X is any compact set in C. Then {1(n)}n=0 is a solution of the system

x(n+1) = G(n,x,), n=0, (3.7)

and is WS. Moreover, if {u(n)} n=o is WAS, then {n(n)} =0 is also UAS.

Proof. Since u¥(n) = u(n+ ny) is uniformly bounded for n > —7 and k > 1, we can as-
sume that, taking a subsequence if necessary, u(n + ny) also converges for each n € dis
[—7,—1]. Define #(j) = limg— u(j + ng) for j € dis[—7,—1]. Then u(n+ny) — n(n) for
each n € dis[—1, ), and hence, u'fl — 1, as k — oo for each n > 0. Notice that uﬁ € S,
foralln>0, k > 1, and #, € S, for n > 0. It follows from Theorem 2.4 that there exists
a subsequence {ng, } of {m}, M, — 0 as j — oo, such that F(n+nkj,v) - G(n,v) uni-
formly on Z X S, as j — o and G(n, -) is continuous on S, uniformly for all n € Z. Since

u(n+ng +1) = F(n+1’lkj,uﬁj) and

F(n+nkj,ulff) - G(n,n,)
= F(n+ng,ui ) — G(n,ur' ) + G(n,un' ) — G(n,1,) — 0 as j — oo,

we have (n+1) = G(n,1,) (n = 0). This shows that {#(n)} >0 is a solution of (3.7).

To prove that {5(n)} >0 is USL, we set ng = [yw + j as before, where 0 < j, < w. Then

uki(n) = u(n+ny,) — n(n) for eachn € Z* as j — co. Since F(n+ng;,v) = F(n+ js,v) —

G(n,v) as j — oo, we have G(n,v) = F(n+ js,v). For any € > 0, let §(¢) > 0 be the one for
uniform stability of {u(n)},~¢. For any ny € Z*, let {x(n)},>0 be a solution of (3.7) such

that (|9, — Xp, |l = 4 < 8(¢). Since uy — ln as j — oo for each n > 0, there is a positive
integer J; > 0 such that if j > J;, then

k,
|1ty = 11| | < 8(e) — . (3.9)
Thus, for j > J;, we have
||“no+j*+lkjw —Xn0|| = ||“no+j*+lkjw - ’1no|| + ||’1no - xno“ <d(e). (3.10)

Notice that {u(n+ jx +Ix,w)} (n > 0) is a uniformly stable solution of (3.7) with G(n,x,)
=F(n+ js,xy). Then,

|thnsjost 0 — Xn|| <€ Vn=mng. (3.11)
]

Since {#(n)} is also a solution of (3.7) and u]:,j — 1, for each n = 0 as j — oo, for an
arbitrary v > 0, there is J, > 0 such that if j > J,, then

||71H0 - ung+j*+lk].w|| < 6(1/)) (312)
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and hence, |17, — Untjutlw I < for all n = ny, where (v,8(v)) is a pair for the uniform
stability of u(n + j + lk;w). This shows that if j = max(J1,/>), then

rtn = all < {110 = v | + |t vt 0 = xal| < e+ (3.13)
J ]

for all n > ny, which implies that |77, — x, || < e for all n = ng if |71, — x4, || < §(€) because
v is arbitrary. This proves that {#(#)},>¢ is uniformly stable.

To prove that {7(n)} n=0 is UAS, we use definition (ii* ) in Remark 2.9. Let {x(n)} be
a solution of (3.7) such that ||#,, — xu, |l < &y, where & is the number for the uniformly
asymptotic stability of {u(n)}. Notice that u(n + jx + Iy, w) = 1% (n) is a uniformly asymp-
totically stable solution of (3.7) with G(n,¢) = F(n + j«,¢) and with the same §; as the
one for {u(n)}. Set 11, — Xn, | = p < 8. Again, for sufficient large j, we have the simi-
lar relations (3.10) and (3.12) with ||un0+j*+lkjw — Xy, Il < 8 and ||unl,+j*+lk].w — |l < .
Thus,

Mn = Xnl| = |[Nn — Untj+l, 0 Untjtl, 0 — Xn|| — .
o=l <] o vt ] — 0 on

as n — oo if |up, — x|l < 8o, because {uki(n)}, {x(n)}, and {n(n)} satisfy (3.7) with
G(n,¢) = F(n+ jx, ). This completes the proof. O

Using Theorem 3.1 and Lemma 3.2, we can show that (3.1) has an almost periodic
solution.

TueoreM 3.3. If the bounded solution {u(n)} >0 of (3.1) is WY, then system (3.1) has an
almost periodic solution, which is also U .

Proof. Tt follows from Theorem 3.1 that {u(n)},= is asymptotically almost periodic. Set
u(n) = p(n) +q(n) (n = 0), where {p(n)},=0 is almost periodic sequence and g(n) — 0
as n — oo, For positive integer sequence {nrw}, there is a subsequence {nk, w} of {nrw}
such that p(n +ng,w) — p*(n) uniformly on Z as j — co and {p*(n)} is almost periodic.
Then u(n+ ng,w) — p*(n) uniformly for n > —7, and hence, Untmo = prforalln = 0as
j — oo. Since

u(n+ngw+1) = F(n+nkjw,u,,+nkjw) = F(n,un+nkjw) — F(n,p¥) (3.15)

as j — co, we have p*(n+1) = F(n,p¥) for n = 0, that is, system (3.1) has an almost
periodic solution, which is also US by Lemma 3.2. O

Now, we show that if the bounded solution {u(n)} is uniformly asymptotically stable,
then (3.1) has a periodic solution of period mw for some positive integer m.

TaEOREM 3.4. If the bounded solution {u(n)},=0 of (3.1) is WAY, then system (3.1) has a
periodic solution of period mw for some positive integer m, which is also UAS.

Proof. Set uk(n) = u(n+kw), k=1,2,.... By the proof of Theorem 3.1, there is a subse-
quence {u¥i(n)} converges to a solution {#(n)} of (3.3) for each n > —7 and hence, ugj -

fo as j — oo. Thus, there is a positive integer p such that || ug" - uﬁ“‘ I <8 (0<ky<kpi1),
where §y is the one for uniformly asymptotic stability of {u(n)},=0. Let m =k, — k,
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and notice that u™(n) = u(n + mw) is a solution of (3.1). Since uZ;w(j) =u"(kpw +j) =
u(kpriw+ j) = uk,,,0(j) for j € dis[-7,0], we have

kps k
| o = eyl = Ntipr0 = vl = [lig"™" — ug”[] < o, (3.16)
and hence,
[|[ult —up|| — 0 asn— oo (3.17)

because {u(n)},50 is UAS (see also Remark 2.9). On the other hand, {u(n)} >0 is asymp-
totically almost periodic by Theorem 3.1, then

u(n) = p(n)+q(n), n=0, (3.18)

where {p(n)},ez is almost periodic and g(n) — 0 as n — . It follows from (3.17) and
(3.18) that

|p(n) — p(n+mw)| — 0 asn— oo, (3.19)

which implies that p(n) = p(n+mw) for all n € Z because {p(n)} is almost periodic.
For integer sequence {kmw}, k = 1,2,..., we have u(n + kmw) = p(n) + g(n + kmw).
Then u(n + kmw) — p(n) uniformly for all n = —7 as k — oo, and hence, tyikmw — Pn
for n > 0 as k — co. Since u(n + kmw + 1) = F(n, Upskme)> we have p(n+1) = F(n, p,)
for n = 0, which implies that (3.1) has a periodic solution {p(#n)},>¢ of period mw. The
uniformly asymptotic stability of { p(n)},-¢ follows from Lemma 3.2. O

Finally, we show that if the bounded solution {u(n)} is ‘9UAS, then (3.1) has a peri-
odic solution of period w.

TaEOREM 3.5. If the bounded solution {u(n)},=o of (3.1) is GUAY, then system (3.1) has
a periodic solution of period w.

Proof. By Theorem 3.1, {u(n)},>¢ is asymptotically almost periodic. Then u(n) = p(n) +
q(n) (n = 0), where {p(n)} (n € Z) is an almost periodic sequence and q(n) — 0 asn — .
Notice that u(n + w) is also a solution of (3.1) satisfying u, € S,. Since {u(n)} is GUAS,
we have |lu, — Uyl — 0 as n — oo, which implies that p(n) = p(n+w) for all n € Z. By
the same technique in the proof of Theorem 3.4, we can show that { p(n)} is an w-periodic
solution of (3.1). O

4. Almost periodic systems

In this section, we discuss the existence of asymptotically almost periodic solutions of
(2.6), that is,

x(n+1) =F(n,x,), n=0, (4.1)

under the condition (H4) as follows.
(H4) F € AP(Z x C: E9), that is, F(n,v) is almost periodic in n € Z uniformly for
veC.
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By H(F) we denote the uniform closure of F(#n,v), that is, G € H(F) if there is an integer
sequence {ay} such that ax — o and F(n+ ax,v) — G(n,v) uniformly on Z X X as k — oo,
where X is any compact set in C. Note that H(F) C A%(Z x C : E?) by Theorem 2.3 and
F € H(F) by Theorem 2.4.

We first show that if (4.1) has a bounded asymptotically almost periodic solution,
then (4.1) has an almost periodic solution. In fact, we have a more general result in the
following.

THEOREM 4.1. Suppose (H1), (H2), and (H4) hold. If the bounded solution {u(n)}.=o of
(4.1) is asymptotically almost periodic, then for any G € H(F), the system

x(n+1) = G(n,x,) (4.2)

has an almost periodic solution for n = 0. Consequently, (4.1) has an almost periodic solu-
tion.

Proof. Since the solution {u(#)},=o is asymptotically almost periodic, it follows from
Theorem 2.6 that it has the decomposition u(n) = p(n) +q(n) (n = 0), where {p(n)},cz
is almost periodic and g(n) — 0 as n — oo. Notice that {u(n)} is bounded. There is com-
pact set S, € C such that u, € Sy and p, € S, for all n > 0. For any G € H(F), there is
an integer sequence {n}, nx > 0, such that nx — o as k — oo and F(n+ ng,v) — G(n,v)
uniformly on Z X S, as k — co. Taking a subsequence if necessary, we can also assume
that p(n+ng) — p*(n) uniformly on Z and {p*(n)} is also an almost periodic sequence.
For any j € dis[—7,0], there is positive integer ko such that if k > ko, then j +n; = 0 for
any j € dis[—7,0]. In this case, we see that u(n+ni) — p*(n) uniformly for all n > —7 as
k — o0, and hence, ty4n, — p; in C uniformly for n € Z* as k — oo. Since

u(n+ng+1) = F(n+ng, tpin,)
= [F(”+nk’un+nk) _F(”+nkip;zk)] (4.3)
+[F(n+n,py) = G(npy) ] +G(npy),
the first term of right-hand side of (4.3) tends to zero as k — co by Theorem 2.2 and
F(n+ni,p¥) — G(n,p) — 0 as k — oo, we have p*(n+1) = G(n, p}) for all n € 7+,

which implies that (4.2) has an almost periodic solution {p*(n)},=¢, passing through
(0, pg ), where pg () = p*(j) for j € dis[—7,0]. O

To deal with almost periodic solutions of (4.1) in terms of uniform stability, we assume
that for each G € H(F), system (4.2) has a unique solution for a given initial condition.

LemMA 4.2. Suppose (H1), (H2), and (H4) hold. Let {u(n)},=0 be the bounded solution
of (4.1). Let {ny}r=1 be a positive integer sequence such that ny — o, u,, — v, and F(n+
ne,v) — G(n,v) uniformly on Z X X as k — co, where X is any compact subset in C and
G € H(F). If the bounded solution {u(n)},=o is WS, then the solution {n(n)},=o of (4.2),
through (0,v), is WY. In addition, if {u(n)} =0 is WAL, then {n(n)} =0 is also UAL.

Proof. Set u*(n) = u(n+ny). It is easy to see that u*(n) is a solution of

x(n+1) =F(n+ng,x,), n=0, (4.4)
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passing though (0,u,,) and uk € S, for all k, where S, is compact subset of C such that
lluy |l < « for all n > 0. Since {u(n)},=o is UYL, {t*(n)} is also US with the same pair
(&,0(¢)) as the one for {u(n)},=0. Taking a subsequence if necessary, we can assume that
{u¥(n)}r=1 converges to a vector 5(n) for all n > 0 as k — co. From (4.3) with p = #7,,, we
can see that {#(n)},=0 is the unique solution of (4.2), through (0, y).

To show that the solution {#(n)},=¢ of (4.2) is WS, we need to prove that if for any
€ >0 and any integer ny > 0, there exists 6*(e) > 0 such that [|#,, — yn, |l < 8§*(e) implies
that ||, — yll < & for all n = ny, where {y(n)},>,, is a solution of (4.2) passing through
(no,¢) with y,, = ¢ € C.

For any given ny € Z*, if k is sufficiently large, say k > ko > 0, we have

||uﬁ0—'1no||<%5<§>, (4.5)

where §(¢) is the one for uniform stability of {u(n)},»0. Let ¢ € C such that

||¢—r1nn||<%8<§> (4.6)

and let {x(n)},>n, be the solution of (4.1) such that x,,,+», = ¢. Then {xk(n) = x(n+ne)}
is a solution of (4.4) with xﬁo = ¢. Since {uF(n)} isUSL and ||xﬁ() - uﬁﬂ | < 6(e/2) fork = ko,
we have

||u],§—x’n‘||<§ V= ng, k= ko. (4.7)
It follows from (4.7) that
||x{g||s||uf;||+§<a+§ Vi = no, k= ko. (4.8)

Then there exists a number a* > 0 such that xX € S,« for all n > 0 and k > ko, which
implies that there is subsequence of {xk(n)} k=k, for each n = ny — 7, denoted by {xk(n)}
again, such that x*(n) — y(n) for each n > ny — 7, and hence, xk — y, foralln > ngask —
oo, Clearly, y,, = ¢ and the set S, is compact set in C. Since F(n,v) is almost periodic in n
uniformly for v € C, we can assume that, taking a subsequence if necessary, F(n + ng,v) —
G(n,v) uniformly on Z X Sy« as k — co. Taking k — o0 in xK(n+1) = F(n+ n,,,xk), we
have y(n+1) = G(n, y,), namely, { y(n)} is the unique solution of (4.2), passing through
(n9,¢) with y,, = ¢ € C. On the other hand, for any integer N > 0, there exists ky = ko
such that if k > ky, then

€ e
||xﬁ_}/n||<1> ||u’,j—r]n||<1 forng <n<mny+N. (4.9)

From (4.7) and (4.9), we obtain
[/l = yal| <& formg <m<mny+N. (4.10)

Since N is arbitrary, we have |7, — yull < € for all n = ng if [|¢ — 1,1l < [6(e/2)]/2 and
¢ € C, which implies that the solution {#(n)},~¢ of (4.2) is UF.
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Now, we assume that {u(1)} =0 is UAS. Then the solution {u¥(n)} of (4.4) is also
UAS with the same pair (8o,¢,N(¢)) as the one for {u(n)},=¢. Let (§*(¢),€) be the pair
for uniform stability of {r(n)}.

For any given ny € Z*, if k is sufficiently large, say k > ko > 0, we have

]
ek, = 1,1 < 5 00, (4.11)

where &) is the one for uniformly asymptotic stability of {u(n)},=¢. Let ¢ € C such that
[ — 74, Il < (80/2) and let {x(1)},=n,, for each fixed k > ko, be the solution of (4.1) such
that Xy, = ¢. Then {x*(n) = x(n+ nk)} is a solution of (4.4) with xk = ¢. Since {u*(n)}
is UAS and ||x’,§0 - u’,;o | < (60/2) for each fixed k > k¢, we have

||uﬁ—xﬁ||<§ Vn2n0+N(§),kzk0. (4.12)

By the same argument as the above, we can assume that, taking a subsequence if neces-
sary, {x*(n)} converges to the solution {y(n)} of (4.2) through (ng,¢) and F(n + ng,v) —
G(n,v) uniformly on Z X Sg+ as k — co, where Sy« is compact set in C with |xk(n)| < a*
forall k = ko and n = ny — 7. Then {y(n)} is the unique solution of (4.2), passing through
(n9,¢) with y,, = ¢ € C. On the other hand, for any integer N > 0 there exists ky = ko
such that if k > ky, then

€

v ||u’,‘,—r1n||<i fornm—N(%)snsno-kN(g)-kN (4.13)

s = yull <

and hence, ||y, — #ull < € for ng + N(&/2) < n < nyg+N(e/2) + N. Since N is arbitrary, we
have

lyn —1all <& VﬂZﬂoJrN(g) (4.14)

if [[¢ — 1y Il < (80/2) and ¢ € C. The proof is completed. O

Before dealing with the asymptotic almost periodicity of {u(n)}, we need the following
lemma.

LemMa 4.3. Suppose that assumptions (H1), (H2), and (H4) hold, the bounded solution
{u(n) = u(n,y°)} of (4.1) is WA and for each G € H(F), the solution of (4.2) is unique for
any given initial data. Let S 2 Sy be a given compact set in C. Then for any € > 0, there exists
6 = 6(e) >0 such that if ng = 0, |[uy, — Xn, |l < 8, and {h(n)} is a sequence with |h(n)| < §
for n = ny, one has |lu, — x| <€ for all n = ny, where {x(n)} is any bounded solution of the
system

x(n+1)=F(n,x,) +h(n), n=ng, (4.15)

passing through (ng,xp,) such that x, € S for all n = ny.
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Proof. Suppose that the bounded solution {u(n)},so of (4.1) is UAS with the triple
(8(-),00,N(+)). In order to establish Lemma 4.3 by a contradiction, we assume that
Lemma 4.3 is not true. Then for some compact set Sy 2 S,, there exist an ¢, 0 < € < Jy,
sequences {nx} C Z*, {ry} C Z*, mapping sequences hy : dis[ng, ) — E%, ¢ : dis[ny —
7,1;] — E4, and

1 1
k
Up, — X0 || < 7> |hk(n)| =~ forn=mn,
b < & )] = 1 e
lun—xk||<e formesn<m+r—1, |l —x5 . ll2¢
for sufficiently large k, where {x*(n)} is a solution of
x(n+1) =F(n,x,) + he(n), n=ng, (4.17)

passing through (nx,¢*) such that xk € S, for all n > ny and k > 1. Since S, is bounded
subset of C, it follows that {x*(ng + i + 1)1 and {x*(nx + n)}ks; are uniformly
bounded for all n;x and n > —7. We first consider the case where {ri}r=1 contains an
unbounded subsequence. Set N = N(¢) > 1. Taking a subsequence if necessary, we may
assume that there is G € H(F) such that F(n+ ng + rx — N,v) — G(n,v) uniformly on
7" X Sy, xXk(n+np+r. —N) = z(n),and u(n+ng +r. —N) - w(n) forn € Z* as k — oo,
where z,w: Z* — E4 are some bounded functions. Since

(n+nme+re—N+1) =F(n+nk+rk—N,x’;JrnkJrrk_N)+hk(n+nk+rk—N),
(4.18)

passing to limit as k — oo, by the similar arguments in the proof of Theorem 4.1, we
conclude that {z(n)} =0 is the solution of the following equation:

x(n+1)=G(n,x,), neZ. (4.19)
Similarly, {w(n)},ez+ is also a solution of (4.19). Since xﬁkm_N(j) =xF(ng+r—N+j) —
z(j) = z0(j) and uprr,—N(j) = u(ng + 1 = N + j) — w(j) = wo(j) as k — oo for all j €
dis[—7,0], it follows from (4.16) that |[wo — 2ol < limk— o Wy 4r-N — Znerr—N 1l < €< 8p.
Notice that {w(n)},ez+ is a solution of (4.19), passing through (0,wy), and is UAS by
Lemma 4.2. We have ||[wy — zy || < €. On the other hand, since

Unrr () =u(N+j+ne+re—N) — w(N+j) = wn(j),

(4.20)
Xk () =xF(N+j+me+re—j) — 2(N+j) = z2n(j)
as k — oo for each j € dis[—1,0], it follows from (4.16) that
I = 2l = Jim [, — 55,0 2 6 (421)

This is a contradiction. Thus, the sequence {rx} must be bounded. Taking a subsequence
if necessary, we can assume that 0 < 7, = ry < co. Moreover, we may assume that x*(ny +
n) — zZ(n) and u(ng +n) — w(n) for each n > —7, and F(n+ ng,v) — G(n,v) uniformly
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on Z X S, for some functions z(n), w(n) on Z*, and Ge H(F). Since u,, (j) = u(n +
i) — w(j) = wo(j) and x£ (j) = xF (i + j) — 2(j) = Z(j) as k — o for all j € dis[—7,0],
we have [|Wy — Zo| = limg—c [[t4n, — XK || = limg—co |1, — ¥l = 0 by (4.16), and hence,
Wo = 2o, that is, w(j) = 2(j) for all j € dis[—7,0]. Moreover, Z(n) and W(n) satisfy the
same relation

x(n+1) = G(nx,), nez. (4.22)

The uniqueness of the solutions for the initial value problems implies that z(n) = w(n)
for n € Z*, and hence, ||W,, — Z,, || = 0. On the other hand, since 4+, (j) = u(ng +ro +
j) = wlro+ j) = Wy, (j) and x5, (j) = x*(nc + 1o+ j) — Z(ro + j) = Z,(j) as k — oo for
all j € dis[—7,0], from (4.16) we have

||{4V/fo - 570” = ;im ||”nk+rk _xﬁkﬂk” =€ (4.23)
This is a contradiction. This contradiction shows that Lemma 4.3 is true. O

We are now in a position to prove the following result.

THEOREM 4.4. Suppose that for each G € H(F), the solution of (4.2) is unique for the initial
condition. If the bounded solution {u(n)},s0 of (4.1) is WAY, then {u(n)} =0 is asymptot-
ically almost periodic. Consequently, (4.1) has an almost periodic solution which is UAS .

Proof. Let the bounded solution {u(n)} of (4.1) be UAY with the triple (&(-),80,N(-)).
Let {ni}r>1 be any positive integer such that nj — co as k — oo. Set uk(n) = u(n+ ny).
Then u*(n) is a solution of

x(n+1) =F(n+ng,x,) (4.24)

and {uk(n)} is UAS with the same triple (8(-),8,N(-)). By Lemma 4.3, for the set S,
and any 0 < € < 1 there exists §;(¢) > 0 such that |h(n)| < §;(¢) and ||x§0 — X, I < 61(€)
for some ny > 0 imply that [|xX — x, || < (¢/2) for all n > ny, where {x(n)} (n>no) is a
solution of

x(n+1) = F(n+ng,x,) +h(n), (4.25)

through (n9,x,,) and x, € S, for n > ng. Since {t*(j) = u(nk + j)} is uniformly bounded
forall k > 1 and j > —1, taking a subsequence if necessary, we can assume that {z*(j)} is
convergent for each j € dis[—7, ), F(n+n*,v) — G(n,v) uniformly on Z* x S,. In this
case, there is a positive integer k; (¢) such that if m,k > k; (¢), then

|[u — || < 81 (e). (4.26)

On the other hand, {u™(n) = u(n+ny)}, ult € S, for n € Z*, is a solution of (4.25) with
h(n) = hgm(n), that is,

x(n+1) = F(n+ng,x,) + him(n), (4.27)
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where hy ,,(n) is defined by the relation
hem(n) = F(n+np,ull) — F(n+ng,ul), nez'. (4.28)

To apply Lemma 4.3 to (4.24) and its associated (4.27), we will discuss the properties
of the sequence {h,u(1)}n=0. Since F(n+ ng,v) — G(n,v) uniformly on Z* X S,, for the
above 8 (¢) > 0, there is a positive integer k, (&) > ki (¢) such that if k,m > k(e), then

|F(n+nm,,v) —F(n+n,v)| <8i(e) VneZ",ves, (4.29)

which implies that |hg ., (n)| = |F(n+ ny,ull) — F(n+ ng, ul?)| < 81 (¢) for all n € Z. Ap-
plying Lemma 4.3 to (4.24) and its associated (4.27), with the above arguments and con-
dition (4.26), we conclude that for any positive integer sequence {#x}k=1, nx — 0 as
k — oo, and € > 0, there is a positive integer k; (&) > 0 such that

[k —um||<e Vn=0ifk,m>ky(e), (4.30)

and hence, [u¥(n) — u™(n)| = [u5(0) — u(0)| < e forall n > 0 if k,m > ky(e). This implies
that the bounded solution {u(n)} ¢ of (4.1) is asymptotically almost periodic sequence
by Theorem 2.6. Furthermore, (4.1) has an almost periodic solution, which is UAS by
Theorem 4.1. This ends the proof. O
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