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1. Introduction

We will study the global behavior of solutions of the order g Lyness’ difference equation for
g>3anda>0:

a+ Un+g-1 tot+ Up
Upig = ” , U, UL,..., Ug1 > 0. (1.1)
n

The associated dynamical system in R}? is given by the map Fi:

A+2X1+ -+ X1
Fo:x=(x1,...,x5) — Fa(x) = . X1, X2, Xg1 ). (1.2)
q
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The orbit of Mg = (u4-1,...,u1,up) under F, is {Mo, My, ..., M, ,...} where the point M, is
M, = (un+q—1r <oy Uny, un)-

For g = 2, we have so the ordinary order 2 Lyness’ difference equation, which is
studied in some previous papers; see, for example, [1, 7]. This equation was introduced in
1942 by Lyness, for the case a = 1, while he was working on a problem in number theory.
This equation is also used in geometry and frieze patterns (see [3] for references). When
q =3, itis “Todd’s equation,” whose deep study for a #1 is made in [4].

In Section 2 we study the elementary properties of the solutions of (1.1): divergence,
permanent character, and local stability of the equilibrium. Then we look at the first invariant
function for order g Lyness” equation, and prove that the invariant manifolds associated to it
are homeomorphic to the sphere S971.

In Section 3 we look at the second invariant for order g Lyness” equation (g > 3), prove
results about it, and make some conjectures, that we prove for g =3, g =4, and g = 5.

In Section 4 we study, for odd g > 5, the third invariant of order g Lyness’ equation
found in [5] and prove about it results analogous to these ones of Sections 2 and 3.

In Sections 5 and 6 we study the eigenvalues and the global nature of the differential
dF, at the equilibrium, give some elementary results about periods of solutions of (1.1), and
study the possible common periods to all solutions of (1.1).

In Section 7 we study the particular case g = 3. We use another approach than in [4]
(which solves almost completely the case g = 3), using new invariants of the map F2.

In Section 8 we make some general conjectures for the behaviour of the solutions of
order g Lyness’ difference equation.

We have recently received the nice preprint [6], which studies also order g Lyness’
equation, with new and very interesting tools. Some points are common to this paper and to
our one.

2. Elementary Properties, First Invariant Function, and
Invariant Manifolds

We start with a classical result (see [3, 7, 8]).

Lemma 2.1. The function on R}‘

Ga(x1,x2,...,%q) = <1+l )<1+l>~-<1+l )(a+x1+x2+---+xq) (2.1)

X1 X Xq

is invariant under the action of F,. So, the sequence

1 1 1
G.(M,) = <1+ ><1+ > <1+—>(a+un+q,l+un+q,2+~--+un) (2.2)
Un+g-1 Un+g-2 Un

is constant.
Some properties of function G, will be useful.
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Lemma 2.2. (1) The quantity G,(x) tends to infinity when x tends to the point at infinity of R}9;
that is, the sets {x | G4(x) < K} are compact.

(2) Gg has an unique critical point, at its absolute minimum, attained at the equilibrium of
(11) L:=(¢,¢,...,2), where € is the unique positive solution of the equation

X?-(g-1)X-a=0. (2.3)
One has € > q — 1, and the minimum of G, is

+1
K@= (1+7) (a+a0) = C 0> g+ vay. (24)

Proof. (1) On the closed sets {x | G,(x) < K} of RiY we have >, x; < K-aandVi1+1/x; <
K/a, and these estimates define a compact set in R} .

(2) Substracting the two equations 0G,/0x; = 0 and 0G,/0x; = 0 we have (x;—x;)(x; +
xj +1) = 0, and so all the x; are equal at a critical point. Hence, the equation 0G,/0x; = 0
gives x2 — (¢ — 1)x; — a = 0, and then for all i x; = £. So point L is the unique critical point
of G4, and then G, attains only its absolute minimum K (a) at this point. Now, evaluation of
this minimum is obvious. O

So we can apply [17, Proposition 2.1], to give a synthesis of new and older results
about the dynamical system (F,, R}7) (see also [8]).

Proposition 2.3. (1) For K > K(a), the sets
Za(K) = (x| Ga(x) =K}, Za(K) = {x | Galx) < K] (2.5)

are compact in R and invariant by F,. The sets %,(K) are the boundaries of the open sets {x |
G, (x) < K}, which are connected and constitute a fundamental system of neighborhoods of L.

If Go(My) = K, then the orbit of My remains on £,(K) and so is bounded.

(2) If Mo #L, then the sequence (u,) diverges, but for alln a/(K —a) < u, < K -akK =
Ga(My), (uy) is permanent.

(3) The equilibrium L of F, is locally stable.

For q = 2, one knows that %,(K) is homeomorphic to a circle (see [1]). For q > 3 one can
generalize this fact. First one proves a local result.

Proposition 2.4. If K > K(a) is sufficiently near to K(a), then the set S (K) is starlike with respect
to the point L, and a ray from L cuts Z,(K) at exactly one point. Hence Z,(K) is homeomorphic to
an euclidean ball, and %,(K) is homeomorphic to a sphere, if K is sufficiently near to K (a).
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Proof. Put, for p > 0, p < ¢, and % an unitary vector of R, 6;(p) = InG,(L + p). It is
sufficient to prove the relation 6;(p) = pC () + o(p), uniformly with respect to U, with
C(#) > D > 0. In fact, this assertion will prove that 5 (p) > 0 if p is sufficiently small, with
6%(0) = 0. Hence 6 will be increasing on a neighborhood of 0 independent of 7, and the
equation In G, (L + p#) = In K will have a unique solution p if K is sufficiently near to K(a),
because the sets {x | G,(x) < K} are fundamental neighborhoods of L.

But easy calculations give

6'7(p) = ;u]-{ : . }

a+ql+pXu (€+pu]-)2+€+pu]~

1 p i p(2€+u;
- a+q€;uj{<1_ a+ql +o(p)>—<1— a+ql ]+O(p)>} (2.6)

where it is easy to see that o(p) is uniform with respect to #. The vector % is unitary, so
| > uil < /g, and then 2¢ +1 - (3; w)* > g—-1>0,and wecantake D = (g—-1)/(a+ qé)z.
Hence this proves the proposition. O

In fact, the homeomorphism of %,(K) with a sphere is true for every value of K >
K(a).

Theorem 2.5. If K > K(a), then the invariant set % ,(K) is homeomorphic to the (q—1)-dimensional
sphere ST71.

Proof. First, we remark that the set X,(K) is a compact (g — 1)-manifold in R}?, because the
function G, has no critical point in R,7\ {L}.

Now consider the function s(x) := 2?21 x;. Itis a C* function, and has exactly 2 critical
points on X,(K). In fact, if we write the equation ds = AdG,, we find, with p := H;.Ll(l +
1/x;), the relations xi2 +x; = (a+s(x))/(1-1/Ap). By substracting, we get (x; — x;)(x; + x; +
1) = 0, and so at a critical point we would have for all i x; = ¢, for some t > 0. Of course,
at a point (t,¢,...,t) on Z,(K) one has, by symmetry, ds = AdG,. So we have to find the
intersections of X, (K) with the diagonal, id est to solve the equation ¢,(t) := (1+1/t)%(a +
gt) = K. But we have ¢'_(t) = (q/t2)(1+ 1/t)7'[t* - (g — 1)t - a]. So ¢, is decreasing on ]0, ¢]
from +oo to K(a) and increasing on [¢, +oo[ from K(a) to +oo. Hence, for K > K(a), there
are exactly two numbers t; and t,, with 0 < t; < I < t,, such that ¢,(t;) = K. Then, the two
points Ty = (t1,t1,...,t1) and Tr = (2, ts, ..., t2) are the two critical points of the function s on
>, (K).

Now, a classical result of differential topology due to G. Reeb says that if on a
compact manifold there is a smooth function which has exactly two critical points, then
this manifold is homeomorphic to a sphere (see [10, page 116], or [2, page 25]), and so
3. (K) = S, O
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3. The Second Invariant of Order g Lyness” Equation

3.1. General Results

In [5] the authors found new invariants for order g Lyness’ equation.

Proposition 3.1 ([5]). If g > 3, the following function H, on R},

(I+x1+x)(T+x2+x3) - (14 x40 +2x5) (a+ X105+ X1+ X2 + -+ + Xg)

Ha(x) = (3.1)

xl...xq

is invariant under the action of F,.
It is proved in [5] that H, and G, are independent.

Proposition 3.2. (1) The quantity H,(x) tends to infinity when x tends to the point at infinity of
R}, that is, the sets {H,(x) < M} are compact.
(2) H, has a strict minimum at the point L = (¢, ..., £), whose value is

M(a) := (2¢ +1)7¢11. (3.2)

Proof. (1) We have to prove that for M > 0 the closed set Sa(M) := {Ha(x) < M} is compact.
Let h, be the numerator in H,. Every product xlxz---xi_lxizxm---xq, fori =1,2,...,q,
appears in the left-hand member of relation h,(x1,...,x;) < Mx; ---x4. So we have x; < M,
and S,(M) is bounded. One see that every product of g — 1 variables x; appears in the left-
hand member of the inequality h,(x) < Mx; --- x4, with coefficient a. So we have x; > a/M,

and these inequalities imply the compactness of S,(M).

(2) We have not succeed in proving that the only critical point of H, is L (see
Conjecture 1), which would give an easy proof of the second point of Proposition 3.2 (as
for G,), and so we give here a direct proof of this point, with inequalities.

(i) First, we have the inequality, with equality only if x1 + x> = xp +x3 = -+ = x45-1 + X!

q-1 q-1 (
H(1+x]-+x]~+1) > {H(xj+x]-+1)1/(ql) +1} . (33)
1

1

This results from the inequality [T} (1 + 1)"/" > (]_Huj)l/ "+1, with equality only when

the u; > 0 are all equal. This comes from the strict convexity of the function v + In (e” + 1).
(i) Now we write a+x1x5+x1++ - +x5 = a+x1X4+ (x1+x4) /2+(1/2) Z;:ll(x]- +Xj41)-
So we have

x1+xq

[ 1/(3-1)
5 + qT [H(x] + x]-+1)] (34)
1

a+xixg+x1+--+x52a+x1x5+

with equality only if x; + x2 = -+ = x;-1 + x4 (arithmetic-geometric inequality).
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(iii) But for each j € {1,2,...q-1}, we have x; + xj;1 > 2(x; xj+1)1/2 with equality only
if x; = xj;1. So relations (3.3) and (3.4) give easily

gq-1

q-1 o1 4 1/(q-1)
H(1+Xj+Xj+1) > Hx]- +1 (35)
1 X1Xg

1

with equality only if all the x; are equal, and

-1
a+x1xq+x1+~-+xq2a+x1xq+\/x1xq+q—

(3.6)

st g V6D
2 xf]

X1Xg ™y

with equality only if all the x; are equal.
(iv) Now we put ,/X1x; = uand xox3 -+ - x4-1 = t11. From (3.5) and (3.6) we obtain

1
Ha(x1,...,xq) > ¢(t,u) = <2t TAC R l)q <u2 +u+a+(qg-1)t ul/(q_1)>t1‘qu_2 (3.7)

with equality only if all x; are equal.
(v) We have to find the minimum of ¢s(t,u) on R}*. We put s = t u'/) and have

-1 _
gt u)=¢(s,u):= (2 + %)q <u + w + 1>. (3.8)

u

First, it is easy to see that if, for C > 0, g(s,u) < C, then one has 0 < a < s < «' and
0 < p <u < p for some positive constants: § tends to infinity at the infinity point of R}%. So it
has a minimum, which is a critical point. At such a point, we have

w=a+(q-1)s, s(2s+1)—<u2+u+a+(q—1)s>=O. (3.9)

So we obtain u(2u+1) = s(2s+1), and then u = sand u?> - (g—1)u—a = 0, thatis, u = s = €. At
this point, we have @ (s, u) = (2¢ +1)7/¢9°1 = H,(¢, ..., £). This value is then the minimum of
H,, and it can be attained only when the x; are all equal, and then all equal to number ¢. []

3.2. Conjectures about the Second Invariant

As we noticed before, the proof of Proposition 3.2 will be dramatically simpler if the following
conjecture would be true.

Conjecture 1. The point L is the only critical point for H,.
We have a partial result in this direction, for a general type of invariants.
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Definition 3.3. A differentiable numerical function R on R}, invariant under the action of F,,
is said “diagonal” if it has the two properties:

(i) every critical point of R with form (¢,t,¢,...,t) is the point L;

(ii) if g is odd, every critical point of R with form (t,u,t,u,t,...,u,t) is the point L.

Proposition 3.4. Let R be a differentiable diagonal invariant, and suppose q > 3.

(a) If it exists some j € {1,...,q — 1} such that every critical point of R satisfies xj = xj.1,
then R has a unique critical point which is the point L.

(b) If the equalities x1 = x4 and xp = x4-1 are true for every critical point of R, then R has only
one critical point which is the point L.

Proof. We will use the following easy lemma.

Lemma 3.5. If M is a critical point of a differentiable invariant R, all the points Fh(M) are also
critical points of R for p € Z.

This lemma results from the relations R[F,(M)] = R(M) and from the fact that
dF,(M) and dF;'(M) are invertible, which is easy to see from (1.2).

Now, the maps F, and F ;1 act on last or first coordinates of M as right or left shift (j -1
time for F, and g —j —1 times for F, -1), and the equality x; = xj,1 spreads right and left. Then,
such a critical point is (t,¢,...,t) for some t > 0. Because R is diagonal, this point is L; this
gives assertion (a) of the proposition.

In order to prove assertion (b), we suppose that for every critical point M = (x1,...,x4)
we have x; = x5 and x = x4-1.

We write F,(M) = M' = (x'l,...,x:]) =((@a+xy+-+x401)/%Xg,X1,X2,..., Xg-2,X4-1) ,

(3.10)

X1

-1 " " " a+x2+”.+x‘7
F,(M)=M"= Xp, . Xg) = X2, X3, Xg, Xg ———————

So, by Lemma 3.5 we have the implications, if g > 4,{x), = x;_l} = {x1 = x50}, {x] =
} = {x2 = xqfl};

"

X 4-2

;’_1} = {x3 = x4}, then, {x’q_2 = x,} = {x43 = x4-1}. And then, {x] = x
also {x] =x3 } = {x2 = x4}; {x:r1 = x’q_3} = {xg-2 = Xg-4).

At this stage, we have x1 = x3 = x50 = x5 and x2 = x4 = x4.3 = x4-1. If g = 4, all the
x; have the same value. If g > 4, we can continue in this way and obtain by induction the
following:

(%) if g is even, all the x; have the same value s;
(x*) if g is odd, for all i x2;;1 = t and for all j x2; = u for some positive t and u.

If g = 3, the hypothesis said already that the critical point has form (t, u, t).
In all cases, the diagonal character of R gives the result. O

Of course, for proving Conjecture 1 from Proposition 3.4 it suffices to see that H,
is diagonal, and to prove the hypothesis x; = xj;1 or {x; = x5 and x, = x4.1} for one
critical point from the relations 0H,/0x, = 0only, because every critical point satisfies these
equalities. In fact, this will be useful for all usual invariants.
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Lemma 3.6. Invariants G,, H, (for q > 3), and ], (for odd q > 5) are diagonal.

The third invariant J, is defined in Section 4.

Proof. 1t is very easy for G,, and we will not use this result. For H, notice that for the critical
point (,t,...,t) the relation 9H,/9x; = 0 gives the equation t(t+1)(2t+1) = (a+#2 +qt)(t+1),
that is, t = €: this is property (i). If the critical point has the form (t,u,t,u,...,u,t), the same
relation gives (1 +u)/t(1+t+u) = (1 +t)/(a+#> + (m + 1)t + mu), where g = 2m + 1. But the
relation 0H,/0x, = 0 gives 2/(1+t+u) —1/u+1/(a+ >+ (m+ 1)t + mu) = 0. One deduce
from these two relations the equality u(1 + u)/t(1 +t) = 1+t —u, so we have t = u and we
apply property (i).

In order to prove (i) for J,, the relation 0J,/0x; = 01is t/(1 +t)(a + (g — 1)t) =
1/t(1 + t), which gives t = ¢. Now suppose that a point (¢, u,t,u,...,u,t) is critical. When
we write that the two first partial derivatives are zero, we obtain ¢/ (1 + t)(a + m(t + u)) =
[u@+uw)]™/[tA+H)]" " and (1 +u)/u(a+1+ (m+1)(E+u)) = [u@ +u)]™/[t(1 +£)]™". So
we have a + m(t + u) = tu, and by putting this equality in the first previous relation, we get
(1+u)"u™ = (1+¢)™t™*, that is, t = u: we can apply property (i). O

Conjecture 1 would have many consequences.

Definition 3.7. We put, for M > M(a),
Sa(M) = {x | Ho(x) = M},  Sa.(M):= {x| Ha(x) < M}. (3.11)

Obviously, these sets are compact and invariant by the action of F,. From [9,
Proposition 2.1], Conjecture 1 would imply other properties, which are assertions of
Proposition 2.3 for the first invariant G, and are still conjectures for H,.

Conjecture 2. The sets S,(M) are the boundaries of the open sets {x | H,(x) < M}, which are
connected.

Conjecture 1 would imply an important property of S,(M), but we have no proof of
it.

Conjecture 3. The sets S,(M) are, for M > M(a), smooth manifolds of R9.
In fine , we think that Theorem 2.5 is valid for S,.

Conjecture 4. The invariant sets S,(M) are, for M > M(a), homeomorphic to the (g — 1)-
dimensional sphere S7-1.

In fact, Conjecture 4 will be a consequence of Conjecture 1 and of a Conjecture 6 which
will be introduced later. First, we prove a result similar to Proposition 2.4.

Proposition 3.8. Suppose q = 3. If M > M(a) is sufficiently near to M(a), then the set S,(M)
is starlike with respect to the point L, and a ray from L cuts S,(K) at exactly one point. Moreover,
Sa(M) is the boundary of §u(M) and of the set {H, < M}. Hence §a(M) is homeomorphic to an
euclidean ball, and S,(M) is homeomorphic to a sphere, if M is sufficiently near to M(a).

Proof. We start the proof for ¢ > 3. Put, for p > 0, p < £, and % any unitary vector of RY,
63(p) :=In H,y(L + pii). As in the proof of Proposition 2.4, it is sufficient to prove the relation
lim,_0(6:(p)/p) > D > 0, uniformly with respect to %, in order to get the starlikeness of
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§a(M ), and the fact that a ray from L cuts S,(M) at exactly a point. So it is easy to see that
S4(M) is the boundary of the two sets given in the proposition, and then the existence of the
announced homeomorphisms is easy to prove.

Easy calculations give for the value of 6 (p): (2puiug +€(u1 +uy) + ZL u;)/ (20> + €+
p(€(u+ug) +Z?=1 u;) +p2u1uq) +Z}7=_11(u]- +uj1)/(1+2€+p(uj+uji1)) —ZL u;/ (€ +pu;). The
asymptotic expansion of 6';(p) at 0 has the form pA(ﬁ ) + o(p), where o(p) is uniform with
respect to i, and where one has, with the relation Zl.qzl u =1,

I q-1
Q=220 +1)°A = (20 +1)* +2€(2¢ + Duqu, - [Z(ul +ug) + > u,] ~ 23 (uj+uj)’
i=1 j=1

=2€2+4€—[2 Z uiuk+21(u1+uq)§ui+2{€<u%+u§>—<e2_€—1>u1uq}
i=2

2<i<k<g-1

gq-1
+2€2 Z uju]-+1:| .

=1
(3.12)

Now we suppose that g = 3. We have to find an upper bound on the unit sphere of the
quantity in the sqare brackets. It is a quadratic form B, and the eigenvalues of its matrix are
formof A3 <0< Ay < Ay = (£2430-1)/2 = (1/4)[—e2+52+1+\/(22 —50-1)+32(2 + £ +1)"]
So the quadratic form B is majorized by A3. Hence the proposition results from the following
easy lemma. O

So it is clear from this proof that Proposition 3.8 would be true for every g > 4 if the
following conjecture was true.

Lemma 3.9. If ¢ > 2, one has

02150 +1+\(2 50— 1) +32(€2 + £+ 1)
>

20% + 40 - 1 >2 (3.13)
Conjecture 5. For € > g—1 > 3 the quadratic form on RY
q q-1
<2€2 + 4€>in2 - Z uii + € (ug + uq)Zui
i=1 2< i<k< g-1 i=2
(3.14)

+€(u$ + ué) - <€2 -l - 1)u1uq + Zzgujuj+1
i

is positively defined.
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Corollary 3.10. Comnjectures 1 and 5 imply Conjecture 4 (and then all the four conjectures).

Proof. It will be an easy consequence of the classical following result in differential geometry
(see [10, Theorem 50, pages 109-110]). O

Fact 1. Let V be a differential manifold, and f : V — R a smooth function, such that

(i) f has a unique critical point a, at its absolute minimum m = f(a);

(ii) for every A, py such that m < X < p, the subset V)’f ={x| A< f(x) < p}is compact.

Then there is a diffeomorphism of V which maps V; onto Vj,.

We apply this fact with V = R}?, f = H,, « = L, and m = M(a). If M is sufficiently
near to M (a), gva(M) is homeomorphic to the ball, and for M’ > M the set {M < H, < M'} is
compact. So for every M’ > M the set §;(M’) is homeomorphic to a ball, and the set S, (M)
is homeomorphic to the unit sphere S77': this is Conjecture 4.

Remark 3.11. Of course the previous corollary is true for the invariant G,, and then gives an
other proof of Theorem 2.5 which does not use Reeb’s theorem. The analogue of Conjecture 6
is in the proof of Proposition 2.4.

3.3. The Truth of the Four Conjectures for q =3
Theorem 3.12. If g = 3, Conjectures 1, 2, 3, and 4 are true.

Proof. As we saw before, it is sufficient to prove Conjecture 1 (Conjecture 6 is true for g = 3).
We have

I+x+y)(l+y+z)(a+xz+x+y+2)

H,(x,y,z) = e

(3.15)

We write the two equalities (H,)’. = 0, (H,), = 0. Easy calculations give first the relations
x(z+1)(x+y+1) = (y+1)(a+xz+x+z+y)and z(x+1)(z+y+1) = (y+1)(a+xz+x+z+Yy).
So we get x = z. Now the third equation (Hu)'y = 0 is written as

2y<a+x2+2x+y>: (x+y+1)<a+x2+2x>, (3.16)
and the two first equations reduced to the only one

x(x+1)(x+y+l):(y+1)<a+x2+2x+y>. (3.17)

We write (3.16) in the form (y — x)(y +2x + a + 1) = (x + 1)(x* = 2x — a) = 0 and (3.17) in the
form (y — x)(x* + 4x + 2y + a) + (x*> — 2x — a) = 0. These two relations imply the equalities
x=yand x> -2x-a=0.S0 weobtainx =y =z = ¢. O

Corollary 3.13. Let g = 3. If G,(My) = K and H,(My) = M, then the orbit of My remains on the
invariant compact curve (part in R:> of the intersection of two reqular surfaces)

CH(K, M) = 4(K) N Sa(M). (3.18)



Advances in Difference Equations 11
From Theorems 2.5 and 3.12, the two surfaces of previous corollary are homeomorphic

to the 2-dimensional sphere S?. In [4], other and more complicated proofs of these facts are
given.

3.4. The Truth of the First Three Conjectures for q = 4
Theorem 3.14. If g = 4, then Conjectures 1, 2, and 3 are true.

Proof. 1t is sufficient to prove Conjecture 1. We have now

(I+x+y)(Q+y+z)Q+z+t)(a+xt+x+y+z+1)

H,(x,y,z,t) = oyt

(3.19)

We will use Proposition 3.4; so it suffices to see that a critical point (x,y, z,t) satisfies y = z
and x = t. We put D := a + xt + x + y + z + t. The logarithmic derivation gives for a critical
point of H, the four equations (they exchange if we exchange x and t, and y and z):

oH, 1 1+y
=0 —= = , 3.20
Ox D x(1+x+y)(1+1) (3:20)
0H, 1 1+z
R s Bl Te s e g (3:21)
1 1 - y?
OHa o o L__U#0A+3)-y (322)
oy D y(Q+x+y)(1+y+z)
1+6)(1 - z2
0H, _ o 1 _ (+8(1+y)-z (3.23)
0z D z1+t+z)(1+y+z)
From these equations, we will prove two fondamental relations:
xz(z+1) =ty(y+1), (3.24)
Px+1)=(z+1)(a+x+y+z). (3.25)

In order to prove (3.24) we make the ratio of relations (3.20) and (3.21), subtract (3.23) from
(3.22), and make the ratio of the two results. The second one is a consequence of Lemma 3.5:
the point F,(x,y,z,t) = ((a+x+y + z)/t,x,y,z) is a critical point, so its coordinates satisfy
relation (3.24): ((a+x+y +2z)/tH)y(y + 1) = zx(x + 1). We use once more (3.24) for (x,y, z, t)
and obtain (3.25). Now we put A := a+y+z. Relation (3.25) becomes #?(x+1) = (z+1)(A+x).
By exchange of y and z and of x and t we obtain also x?(t + 1) = (y + 1)(A + t). We substract
these two relations and obtain

(t=x)(x+1)(t+1) = A(z-y) +xz - ty. (3.26)

Butwehave t—x = t(1-x/t) = t(1-y(y+1)/z(z+1)) = t(z-y)(y+z+1)/z(z+1), from relation
(3.24), and xz = ty(y+1)/(z+1), and then xz—ty = (ty/(z+1))(y—z). We put these relations in
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(3.26) and obtain the factorization ((z—vy)/z(z+1)) [t(x+1)(t+1) (y+z+1)+tyz—Az(z+1)] = 0.
But from the value of A and relation (3.25) we have A(z + 1) = #*(x + 1) — x(z + 1). We put
these value of A(z + 1) in the previous formula and obtain

(z-y)

z(z+1)

[t(x +1)(t+ 1) (y+z+1) +tyz+xz(z+1) -z (x + 1)] =0. (3.27)

The development of the first term in square brackets in formula (3.27) contains the last term
zt?(x + 1), and so the factor of (z — ) is strictly positive. So we obtain y = z, but the relation
which follows formula (3.26) gives x = t, and this proves the proposition. O

3.5. The Truth of the First Three Conjectures for q = 5
In this section we prove the following result.

Theorem 3.15. If g = 5, then Conjectures 1, 2, and 3 are true.

Proof. As usual, it suffices to prove Conjecture 1. The proof follows the same line as for g = 4.
First we put D := a+x1X5+X1 +X2 + X3 + x4 + x5, and we write the five equations 0H,/0x; = 0:

H;ﬂ‘xlﬁ“Tx%Or (3.28)
1+x1+x2+1+x1+x3_xlz+%=0’ (3.29)
1+x1+x3+1+x1+x4‘x%+%=0r (3.30)
1+x1+x4+1+x;11+x5_xl4+%20’ (3.31)

n;jﬂ‘%*%ﬂ- (3.32)

The difference of (3.28) and (3.29) gives 1/x1 —x5/D—(1+x3)/x2(1+x2+x3) = 0, that is, with
S = Z?Zl xj, (a+S)/D = x1(1 + x3)/x2(1 + x2 + x3). But the left-hand member is invariant
by exchange of x; with x5 and of x; with x4, and so we have x1(1 + x3)/x2(1 + xp + x3) =
x5(1 + x3) /x4 (1 + x4 + x3). So we obtain the fundamental relation, analogous to (3.24) in case

=4

X1X4(1 + X3+ .X'4) = x5x2(1 + X3+ xz). (3.33)

We have three useful consequences of (3.33). By writing from (3.33) the ratio xpx5/x1x4, we
obtain

X1
X1X4 — X2X5 = (X2 — x4)ﬁzixa' (3.34)
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By writing x1 — x5 = x1(1 — x5/x1) and using (3.33) for x5/x1, we have also

x1(1+ x0 + X3 + x4)

X2 (1 + X + Xg,) (335)

x1 — x5 = (X2 — X4)

Finally, we write xox1 — x4X5 = xpx1(1 — (x4/x2)(x5/x1)) and put in this relation the ratio
x5/x1 from relation (3.33); we obtain after easy calculations

) 2
x1 (1+x3) (2 +x4) + x5 + X224 + x,
XpX1 — X3X5 = (X — x4)x— .

2

3.36
1+x+x3 ( )

The essential fact in formulas (3.34), (3.35), and (3.36) is that the three factors of (x, — x4) are
positive. Now (3.28) gives D = x1(1 + x5)(1 + x1 + x2) /(1 + x2), and from invariance of the
left-hand member by exchange of x; with x5 and of x, with x4 we get

x1(1 + .’X'4)(1 + .X'5)(1 +Xx1 + .X'z) — .‘X'5(1 + .X'z)(l + xl)(l + X5 + .X'4) =0. (337)

The goal is to make appear the three first member of (3.34), (3.35) and (3.36) in (3.37). We
obtain (1+x1)(1+xs5)([x1 —x5] + [x12%2 — x2x5]) + 2122 (1 + x4) (1 + x5) —x5x4 (1 +x7) (1 + x2) =0,
or (1T+x1)(1+x5)([x1 = x5] + [x1202 — X225]) + [x02201 — x4x5] + X224 [ 21 — X5] + X1%5(%2 — x4) = 0.
From formulas (3.34), (3.35), and (3.36) we obtain in fine a relation (x; — x4)A = 0, where
A > 0. So if x is a critical point we have x; = x4, and formula (3.35) gives x; = xs.

Then it results from Proposition 3.4(b) that the only critical point is L. O

4. The Third Invariant of Order g Lyness’ Equation When
g=2m+12>5is Odd

In [5], the authors give a simple third invariant of order g Lyness’ equation for odd g > 5.
Proposition 4.1 ([11]). When q =2m +1 > 5 is odd, the function
(a + Z?:l xi>H;11X2]'(1 + ij) + H;ZOXZ]'H (l + x2j+1)

Ja(x1,%2,...,%4) = 7 4.1)
i=1 Xi

is invariant under the action of F,.

See Remark 7.2 of Section 7.1 for an easy proof of Proposition 4.1. It is to be noticed
that J, is invariant under a permutation of variables of odd ranks, and the same fact holds
for even ranks. Then the analogue of Propositions 2.3 and 3.2 is the following.

Proposition 4.2. (1) The quantity J,(x) tends to infinity when x tends to the point at infinity of R}
(q=2m+12>5).
(2) ] 4 has a strict minimum at the point L = (€, ..., £), whose value is

N(a) =2(¢+1)™" ¢, (4.2)
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(3) Jq has only one critical point, its minimum L = (¢,...,£).
(4) For N > N (a) the sets

Ag(N) = {x | Ja(x) = N} (4.3)

are compact (q — 1)-dimensional smooth manifolds in R} which are invariant under the action of F,.
They are the boundaries of the open sets {x | J.(x) < N}, which are connected and form a fundamental
system of neighborhoods of point L.

Proof. (i) It is to see that the closed set ZQ(N ) = {x | Ja(x) < N} is compact. We denote by
IToq the product of the x,j,1, by Iy the analogue for even ranks, and by IT the product of all
the Xi .

From inequality J,(x) < N, we deduce N > (ijH§V+H§d)/H > 2( /X, I3 x 12/
ID = 2,/xj, and so all the x;, are bounded by some a > 0 on Za(N). But we have also
N > (a1 + [Toa)/T1 = 2v/a(vT1/T0) = 24/a/+/T1, and so IT > B for some f > 0. We have
then a?”'xj, > IT> B, and so xj, > y > 0. These inequalities prove the compacity of AL (N).

(ii) Now it suffices to prove point (3) of the proposition: of course, we deduce of it
that J, has a strict minimum at L, whose value N (a) is easy to calculate. Then point (3) and
[17, Proposition 2.1] together imply point (4). In fine, the fact that A,(N) is a manifold comes
from point (3).

(iii) Proof of point (3). We will prove that at a critical point (x1, X2, ... X2,+1) We have
X1 = X2m+1 and x2 = Xpp,. Then, Proposition 3.4 (b) and Lemma 3.6 will give the result.

We have, with evident denotations, J,(x) = (@ + Z)[ [y (1 + x;)/TToaxj + IToa(1 +
x;)/ [ IevXj.- We write the relation 0], /0x1 = 0, which by an easy calculation becomes

X1 _ Hevxf(l + xf)
(I+x1)(a+x2+x3+ -+ x0ma)  [Toqxj(1+x5) '

(4.4)

But the right member of (4.4) is invariant under the exchange of x; and x2,+1, and so the
relation 0],/ 0xom+1 = 0 s

X2m+1 _ Hevxf(l + xf)
(T+xomsr)(@+x1+ 22+ +Xom)  [loax;(1+%;)

(4.5)

Ifweput A=a+xy+x3+: -+ x2, (44) and (4.5) give x1(A + x1)/(1 + x1) = xpms1(A +
X2m+1)/ (1+ X2m+1). The strict monotonicity of the function s — s(A+s)/(1+s) on R}, if A >0,
gives the equality x1 = x2,,,41. By similar calculations, the relation 0J,/0x, = 0 gives by using
symmetry

Hevx. 1+x; 1+.X'2 1 1+me 1
j i) _ _
IToqx; (1 +xj) X2 l+a+x+ ZL X Xom 1+ a+xo, + Z?zl X;

(4.6)

Ifweput B=1+a+ Zi¢2,i¢2mxi > 0, we obtain (1 + 1/x2)/(1 +1/x2,,) = 2xp + xp +
B)/(x3 + 2x9,, + B) = 1+ (x2 — x21s) / (%2 + 2x0,, + B), and so (1/x2 — 1/x2,,)/ (1 + 1/x2,) =
(xy = x2im) / (2 + 2x2,4 + B). Clearly this relation implies the equality x; = x7,. O
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As for invariant H, we make the following conjecture.

Conjecture 6. For N > N(a), the invariant compact (g — 1)-dimensional manifold A,(N) =
{x | Ja(x) = N} is homeomorphic to the sphere S7-1.
We can reduce this conjecture to the following, which can be tested on a computer.

Conjecture 7. For integer m > 2, real numbers a > 0 and N > 0 the two curves in the positive
plane R;?

u(l+t) +t(1+u) = Nu"t 1+, (4.7)

a+ (m+Dt+mu =21+ 6" "D (1 +u)' ™™ (4.8)

have at most two common points (t1, u1) and (fp, uy).
Tests with a graphic computer give a great evidence to Conjecture 7, but its proof
seems not easy.

Proof of Conjecture 7= Conjecture 6. As for invariant G, we will use a smooth function which
will have, by Conjecture 7, exactly two critical points on manifold A,(N); so the theorem of
Reeb will give us the result similarly to the proof of Theorem 2.5.

Let f(x) = 37 x;. We search critical point x of f on A4(N). The relation df = Ad],
means that all the partial derivatives of J, are equal. We write with evident denotations
]a(x) = (11 + Z)(Hev(l + xj)/l_[odxj) + Hod(l + xj)/nevxf and put A= a+2 B =
[Teo(1+xj)/TToqxjand C := [T,4(1 +x;) /T 1,,x;. The equality of 0],/ 0x2i11 with ],/ 0x»; is
B - AB/le-H + C/(l + xzm) =B+ AB/(l + xZ]') - C/le', that is

AB _ X1 (1 + x27)

=~ "7 4.9
C xgi(1+ x2i11) (49)

By writing (4.9) for 2i + 1 and 2j’, we obtain x; = xj, and in the same manner we have
X2is1 = X2i4+1. So all the odd coordinates of a critical point have the same value ¢, and all the
even coordinates of a critical point have the same value u.

Then relation (4.9) becomes (a + (m + 1)t + mu) (1 + )™ /™) (w™ /(1 + )™ = (1 +
u)/u(1 +t), that is, relation (4.8) of Conjecture 7. The relation (¢, u,t,...,u,t) € A,(N) gives

(1+u)™ L £yl

pm+1 yum (4'10)

N = (a+ (m+ 1)t +mu)

We put the value of a + (m + 1)t + mu from (4.8) in this relation and obtain relation (4.7)
of Conjecture 7. This conjecture implies that there is at most two critical points (t,u1,...,t1)
and (tp,uy, ..., t2) of function f on A,(N). But there is at least two such critical points: the
maximum and minimum of f on the manifold; these two numbers are different if N > N (a),
because a compact (g — 1)-manifold in R7 cannot be included in an hyperplane. So we can
conclude by Reeb’s theorem. O
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5. Nature of the Differential dF,(L) at the Equilibrium

Now we look at the eigenvectors of dF,(L). The matrix of the differential dF,(L) is

1 1 1 1
(222 ¢

1 0 0 -+ --- 0

O 1 0 - --- 0

A= . (5.1)

\0 00 -1 0/
So we search a vector x = (x1,...,x,) #0 such that Ax = Ax for some A € C. We get
easily the relations
Mal- (1 A9t =0 =\x, fori=1,2 1 5.2
+ _Z< + A+t >xq— , Xi= xg fori=1,2,...,q-1 (5.2)
So x#0 & x,#0, and we have the equation of the eigenvalues

1
9 -z 2.1 \9 1) =
1741 €<A+)L bt )_0, (5.3)

and, for each such eigenvalue A, a 1-dimensional eigenspace generated by the eigenvector
Vi= (710972, .0, 1).

So we have to determine the nature of solutions of (5.3). The results are not the same
if g is odd or if it is even. Recall that from Lemma 2.2 we have 1/¢ < 1/(q - 1).

5.1. The Eigenvalues When q Is Even
First we study the case where q = 2m is even. We use the following result.

Lemma 5.1. If 0 < z < 1/(2m — 1), the polynomial

Po(A) 1= A2 +1 - z()L A2t )LZ*H) (5.4)

has 2m distinct roots, with modulus 1, different from 1 and —1, hence of the form e*i 9, ji=12,...,m,
with 0; # 0k if j £k, and 0 < 0; < o for all j.

Proof. First it is obvious that 0, 1, —1 are not roots of P,,,. Then the proof has three steps.

First step. Payy, has no real roots.

Because P, is reciprocal, it suffices to show that there is no real root A with 0 < |A| < 1.
If such a root exists, then one has 1 < A2 +1 = Az(1 + L + A2 +--- + A\?"2) < z(2m - 1), and so
z>1/(2m -1), which is false.
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Second step. The roots of P, have modulus 1.
The number z = (A*" + 1)(A = 1) /A(A¥""! — 1) is real, and z + 1 also. Hence we have

(@ =1 = (™ = e - 1), or

(1-T)(a1-1) { ()" (1) a1 (w—l P (x)““) } _ 0.

(5.5)

But A #X; if AL = 1, we have |A] = 1. If not, put r := AL > 0. Because P, is reciprocal, we can
suppose that |[A| < 1. From the equality

()" (1) 1 - (W-l A gy (X)zm_l> ~0,  (56)

we get r27 L 4722 411 < 2mr™ V2, or yV2 4 1/ V2 4o 412 4 1/91Y2 < 2m. But if
r #1, the first member is greater than 2m, which gives a contradiction.

Third step. Roots of Py, are all distinct.

The proof of this step will be given in common with the one of the third step in the
proof of Lemma 5.3. O

5.2, The Eigenvalues When q Is Odd
Now we study the case where g = 2m + 1 is odd. First we have the following result.

Lemma 5.2. If g = 2m + 1 is odd, then -1 is an eigenvalue of dF,(L), for the eigen vector
Vi =(@1,-1,1,...,-1,1), which is a vector tangent at the point L to the hyperbola H, defined in
Theorem 6.1 in Section 6.1.

Proof. A first proof is to see that the vector V_; satisfies the relation (A + I)V_; = 0, which is
obvious. One can also see that —1 is a root of (5.3), which is also obvious. A deeper proof is in
relation with the 2-periodic points of the hyperbola &, (see Theorem 6.1 in Section 6.1). We
have, by Theorem 6.1, the relations (F,(h(t))—-Fa(h(€)))/(t—€) = (h(¢2'(t))-h(P7(€)))/ (t-¥€)
(see the definition of h and ¢} in Theorem 6.1 and formula (6.4)). But the first term tends to
the vector dF,(L) o h'(¢) when t — ¢, and the second tends to the vector (¢™)'(¢) o H'(¢) =
—h'(€).So I'(€) is an eigenvector of dF,(L) for the eigenvalue —1. And it is obvious to see that
He)=(@1,-1,...,-1,1) = V. O

So (5.3) can be written (A+1) (A2 =A2""14...—A+1) = (1/€) (A+1) (1 + A%+ A4+ -4 12772),
Then we cancel the factor A + 1 and add to the two members the quantity A + A3 + -+ + A>"7L,
In fine, we see that the eigenvalues of dF,(L) distinct of —1 are the roots of the polynomial
Popit(A) = A2 4 A2 2 4 A2 41— (T +2)(A+ A2+ A3 + .-+ A2 for z = 1/€. We have
now the following result, analogous to Lemma 5.1.

Lemma 5.3. If 0 < z < 1/2m, the polynomial

Pomst (M) = A2+ 222 4 N2 41— (1 4+ 2) ()L+ JE +-.-+)L2m*1> (5.7)
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has 2m distinct roots, with modulus 1, different from 1 and —1, hence of the form e*i 9, ji=12,...,m,
with 0; # 6k if j #k, and 0 < 0; < o for all j.

Proof. First, it is obvious that 0,1, and -1 are not roots of P,,.1. Then, the proof has three
steps, as for Lemma 5.1.

First step. Poy+1 has no real roots.

A real root A is necessarily positive; because P+ is reciprocal, we can suppose A < 1.
Sowehave 1+1/2m>1+z= 1+ A2+ + A7) /A1 + A2+ -+ A2 2) = 1 /A + 2™ /(1 +
A+ -+ A2m72) > 1/0 + 421 /m. But the function of A in the right-hand member has for
minimum on ]0, +oo[ the positive quantity (2m/(2m —1))((2m - 1)/m)1/2m >1+1/2m, and
this is a contradiction.

Second step. Roots of Pops1 have modulus 1.

Remark that 1+ z = (A#™*2 - 1) /A(A*™ — 1) is real, hence equals to its conjugated. As in
proof of Lemma 5.1, this gives the relation

(1-1)(a3-1) { ()" + ()" AT 1 (w ATy (x)“)} _ 0.

(5.8)

The same method as in Lemma 5.1, with  := A\, supposed to satisfy r < 1, gives the
inequality 7™ + 1/r™ + ™1+ 1/r™ 1 + ... +r+1/r +1 < 2m + 1. But if r # 1, the first member
is greater than 2m + 1, and this is a contradiction.

Third step. roots of Poy.1 are all distinct.

The proof of this step is the same of that one of third step of the proof of Lemma 5.1
and is given below. O

Common proof of third steps of Lemmas 5.1 and 5.3. Roots of equation A9 —z(A97 1 +- .-+ 1) +
1 = 0 are distinct if and only if it is the case for equation A7~ A9+u A-1 =0, where u = z+1,
obtained by multiplication by (A — 1). But a multiple root is a common root to this equation
and to the derivative one (g + 1)A9 — g u A7! + u = 0. We eliminate u between these two
equations, and obtain g = (1 -1%1)/1971(1-1?). So we have 771 = (1 + A2+ A+ .- +12072) /q.
By steps 1 and 2 of the proofs of Lemmas 5.1 and 5.3 we know that 197! is an extremal point of
the unit disk, and so the previous barycentric relation implies that A> = 1, and A = 1, which
is impossible.

5.3. The Global Nature of dF,(L)
From Lemmas 5.1, 5.2, and 5.3, we get the description of dF,(L).

Theorem 5.4. (1) The q eigenvalues of dF,(L) are all distinct and have modulus 1.

(2) When q = 2m is even, dF (L) is linearly conjugated to a product of m rotations in mutually
orthogonal planes, with angles 61,0, ...,0,, €10,ar[ all distinct.

(3) When q = 2m + 1 is odd, dF,(L) is linearly conjugated to a product of m rotations in
mutually orthogonal planes in the hyperplane x; = 0, of angles 01,05, ...,0,, €]0,[ all distinct,
and of an orthogonal symmetry with respect to the hyperplane x4 = 0.
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Proof. Eigenvalues of dF,(L) are distinct in the two cases, and so the matrix is diagonalizable
in a basis of eigenvectors in C7. But it is classical that, with conjugated eigenvalues of modulus
1 and a real matrix for dF,;(L), one can obtain the forms given in the theorem. O

6. Results about Possible Periods of Solutions of (1.1)
6.1. Role of 2-Periodic Points When q = 2m + 1 Is Odd

In [12], the authors found the existence of 2-periodic points when g = 2m + 1 is odd (see also
[4, 13]). There is a theoretical reason to the existence of these points, from Theorem 2.5 and
the following result.

Fact 2. Every continuous map f : S — S§?" has a 2-periodic point.

Proof. 1t is sufficient to prove the result for smooth maps. Put ¢ = f o f and id(x) = x on S*".
If ¢ has no fixed point, then for all x € §*", ¢g(x)# — (~id(x)); so g and —id are homotopic,
and then have the same degree. But deg(g) = [deg(f )]? and deg(-id) = (-1)*™* and this is
impossible (for elementary properties of the degree, see [10, pages 237-239]). O

These 2-periodic points have particular properties. The relations (6.1) of the following
theorem are already in [12]. See also [9] for applications to lacunary Lyness’ difference
equations.

Theorem 6.1. Let g = 2m + 1, m > 1, and a > 0. The locus of 2-periodic points for map F, is the
branch of hyperbola H, C R} whose equations are

mx,+a
x1:x3:...:xq, x2:x4:...:xq71: p m' X1 > m. (6])
1 -

This branch of hyperbola H, passes through the equilibrium L and is invariant by the map F,. The
map

mt+a mt+a mt+a
h:t— (¢t

: Tc R 2
P B ) Jmsoo] — Imrool R (62)

is a parametrization of H ,, which has the property that

Fo(h(t) = h(”ﬁ_jﬂ“) F, (h(’:lt_tn“» — h(t). (6.3)

Moreover, if K > K(a), H#, cuts the manifold 3,(K) at exactly two points PL(K) and P?(K) which
are exchanged by F,, their parameters are ty and t, = (mt; + a)/(t —m) withm <t; <€ < t,.

Proof. The q equations satisfied by a point My = (u4-1,u4-2,...,up) for being 2-periodic are
Up =Up =" = Ug1 , U = U3 =" = Uy anda+uq+~-+u2 = uluq_l.Ifweputuo =Xy =t
and u; = x;1 = s, weobtain t = (a+m(t +s))/s, or s = (mt + a)/(t —m), thatis, (6.1) and the
parametrization (6.2). Conversely the point h(t) is obviously 2-periodic for t > m.
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Now we put, for t > m,

mt+ a

e, (6.4)

¢z () =

which is an involution with fixed point £. We can write h(t) = (t, ¢ (t),t, 7 (t),...,t), and
hence we have h(¢Z'(t)) = (Pu(t),t, ¢UH(¢t),..., ¢ (t)) = Fa(h(t)), for h(t) is 2-periodic. We
have also F,(h(¢(t))) = Fa 0 Fa(h(t)) = h(t).

At last it is to find the points where H#, cuts %,(K). First, we change the parameter
for H,; we have ¢ = m + Vvm?>+a and we put b = VvVm?>+a = € — m; so we
take the new parameter v = (t — m)/b. Hence, v = 1 & t = ¢, and if ¢ =
(¢7 — m)/b, then ¢g(v) = 1/v. So we put the values t = bv + m for xi,x3,...,%,
and ¢)'(t) = m + b/v for x3,x4,...,x41 in the equation G,(x) = K of %;(K). Some
easy calculations (using the relation a + m*> = b? for simplifying) give the equation
(1/0)([b(m + 1) + (m +1)* + b*)v + b(m + 1)]m+1/[bmv2 +(m? +b*)v+bm]") = K. But
the two quadratic polynomials in v are reciprocal, and so we put X = v +1/v > 2 (and
X=2ov=1t=/¢). Then we define f : [2,+00[ = Rby f(X) := (m+1)In[b(m+1)X +
(m+1)* +b?] - mIn [bmX + m? + b2]. We have f'(X) = b(m +1)*/ (b(m+1)X + (m + 1)* + b?) —
bm?/ (bmX +m?+b*) = y(m+1) —y(m), where the function m s y(m) = bm?/ (bmX +m? +b?)
is obviously increasing. So we have f'(X) > 0, and f is increasing, with f(+o0) = +oo. But
f2)=In (b+m+1)""?/(b+m)™ =In((€+1)7"/¢97") = In K(a), and so there is a unique
solution X > 2 to the equation f(X) = In K if K > K(a). This solution gives two solutions v
to the equation v +1/v = X, 0 < v1 < 1 < v,. And this gives two solutions m < t; < £ < t,, and
from the invariance of #, and %,(K) by F, we have t, = ¢7'(t1). O

6.2. The General Case g > 2
We start with a formula easy to prove.

Lemma 6.2. If (uy),, is a solution of (1.1) and K = G,(ug-1,- .., u1,uo), one has the relation

q q-1 .
Vn>0 Zun+i+a+1:KH1unH . (6.5)
i=0 i=1 + Up+i

We deduce from (6.5) the possibility for q + 1 to be a period of some solutions of (1.1).
Proposition 6.3. The only (q + 1)-periodic solutions of (1.1) are the following:

(i) if q is even, the equilibrium L;

(ii) if q is odd, the 2-periodic solutions of Theorem 5.4.

Proof. If (u,), is (q+1)-periodic, the left-hand member of (6.5) is constant when n varies, and
SO Uy, = H?z_ll (tnsi/ (1+1uyy;)) is also constant; so we have v,41/0, = 1 = (Unig/ (1 +tnig)) (1 +
Un+1)/Uns1), and then for all n u,11 = Uy, thatis, (u,), is (g — 1)-periodic. If p is the minimal
period of the sequence 1, p divides g+ 1and g—1,and thenp =1 orp = 2. If p is odd, then
p = 1 and the solution is the equilibrium. If p is even, then p = 2, and g — 1 is a multiple of
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2, and then g is odd; in this case, u, is a 2-periodic solution of Theorem 5.4 (which may be
constant). O

As a consequence, we see that order 2 Lyness’ equation has no solution with minimal
period 3, which was already known. For order 3 equation, consequences are in the following.

6.3. The Case g =3

Proposition 6.4. (1) The only 4-periodic solutions of order 3 Lyness’ equation are 2-periodic, and
given by Theorem 5.4.

(2) Order 3 Lyness’ equation has no solution with minimal period 3.

(3) Order 3 Lyness’ equation has no solution with minimal period 5.

Remark that in [13] authors find an infinity of starting points which are 5-periodic for
order 3 Lyness’ equation, but in [13] this equation is studied in R and not, as we make here,
in RY: their 5-periodic solutions take negative values. In Section 7, we will find again points
(2) and (3) of Proposition 6.4.

Proof. (1) This point is an immediate consequence of Proposition 6.3.

(2) We put up = x, u; =y, up = z, and for finding 3-periodic solutions we must write
the relations us = x, us =y, us = z, thatis, x> =a+y+z, y>=a+z+x,and z2 = a+x+y. By
substracting we get (y — x)(x + y + 1) = 0, and then x = y. In the same way we obtain y = z,
and so the solution is the equilibrium, whose minimal period is 1.

(3) Weputalsouz = s, uy =t. We have to write three conditions: us = ug, ue = w1, uy =
up, and the definition of s and t. We obtain (i) xz = a+s+t, (ii) ys = a+t+x, (iii) zt = a+x+y,
(iv) sx =a+y+z, and (v) ty = a+s+z. From (i), (ii), and (iv) we obtain (vi) z (x>~y-1) =
(y + 1)(a + y) — x%. Relation (ii) where s and t are replaced by their value obtained from (iv)
and (v) gives (vii) z (y>—x-1) = xy (a+x)+ax+a+y-y*(a+y). Inthe same way, relation
(i) gives (viii)) z = (y + 1)(ax + y + a)/(x + 1)(xy — y — 1), for the denominator cannot be
zero because the numerator is positive. The difference of equations (vi) and (vii) gives, after
factorization, (x —y)[z(x +y+ 1)+ (y +1)(a+x+y)] =0. So we have x —y = 0.

In this case (viii) becomes (ix) z = (ax +x + a)/(x? — x — 1). The difference of (i) and
(v) gives x(z—t) = t—z, thatis, z = t. So (iii) becomes z? = a+2x, or x = (z>—a) /2. We put this
value of x in (ix) and obtain, after factorization, the relation (x) (z% -2z —a)(z® +2z? - (a -
2)z-2(a-1)) = 0. But z* > g, so the second factor is greater than a(z+2) - (a-2)z-2(a-1) =
2z +2 > 2, and we have z2 — 2z — a = 0, that is, z = £. But the two relations z2 = 2x + a and
z? = 2z + a imply the relation x = z, and so x = y = z = ¢: the only 5-periodic solution is the
point L. O

6.4. Eigenvalues of dF,(L) and the Possible Common Periods of
Solutions of (1.1)

The question is for which values of a > 0 and g > 2 have all solutions of (1.1) a common
period p? What are these common periods? In the case where such a common period exists,
one say that (1.1) is “globally periodic” or “globally p-periodic”.

The following result is a special case of a deep theorem of Csérnyei and Laczkovich
(see [12, 14] for an extension), which gives the answer to the question.
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Proposition 6.5. There is no period p common to all solutions of order q Lyness” equation (1.1) with
parameter a > 0, except the cases q =2, a =1 (withp =5),and g =3, a =1 (withp = 8).

The proof of [14] is difficult. For the case a = 1, there is in [15] a nice short proof, which
uses the characteristic polynomial of dF;(L*), with L* = (€%,...,€*), £* being the negative root
of X* - (g - 1)X — 1 = 0. Unfortunately this proof does not work for a # 1.

For every value of a > 0, the existence of a common period p to all positive solutions
of order g Lyness” equation would imply that the characteristic polynomial Bg(A) := A7+ 1 —
(1/€)(A77 ' +---+1%+1) would be a factor of the polynomial A, := AP +A72+...+1+1. Indeed,
the relation F, = Id on R}%; gives obviously the equality dF,(L)” = Id on RY, so eigenvalues
of dF,(L) are pth-roots of unity or equal to 1, and by Lemmas 5.1, 5.2, and 5.3, roots of B, are
all distinct. So Proposition 6.5 is related to the following question (where in fact z =1/¢).

Question 1. Let integers g > 2, p > 2, and a number z €]0,1/(q — 1)[. Can it happen that
B,(\) :M—Z<M4+.--+A) +1 (6.6)

were a factor of the polynomial

ApV) =P+ 0P 2441+ 12 (6.7)

Of course a negative answer to Question 1 when g >4,org=3and a#1, or 4 = 2 and
a#1, would prove Proposition 6.5, because it is known that fora =1and g =2 or g = 3 (1.1)
is globally p-periodic, with p = 5 or 8.

But we can have a positive answer to Question 1: some a, p, and g for which B, divides
Ay, that is, all eigenvalues of dF,(L) are pth root of unity, but without (1.1) being globally p-
periodic, such cases are given by the following proposition.

Proposition 6.6. (1) If g = 2, for every p > 13 there is a number (perhaps not unique) z(p), 0 <
z(p) < 1 (and then an a(p)), such that the polynomial B, = A\* — z(p)A + 1 is a factor of A,; that is,
eigenvalues of dFq(,) (L) are pth root of unity.

(2) If q = 3, for every even p > 20 there is a number (perhaps not unique) z(p), 0 < z(p) <1/2
(and so an a(p)), such that the polynomial B3 = \*> = z(p)(A> + 1) +1 = (A + 1) (A% = (z(p) + DA + 1)
is a factor of Ap; that is, eigenvalues of dF,,) (L) are pth root of unity.

Proof of Proposition 6.6. (1) If polynomial A>—zA+1 divides A,, thenitis A -2 cos(2kzr/p)A+1
for some integer k satisfying 1 < k < p/4. So we have z = 2cos(2kxr/p) and a = (1 - z)/2?,
with only the constraint that 0 < z < 1 and a > 0, thatis, 1 < k < p/4 and k > p/6. This is
possible if p = 5,9,10, 11, and if p > 13. This last case gives the first point of Proposition 6.5.
(2) If polynomial (A +1)(A? = (z + 1)A + 1) divides A,, then p = 2m is even, and the
roots of A2 — (z + 1)\ + 1 are pth roots of unity, and then this polynomial has the form \? —
2 cos(koar /m)A+1, for some integer k satisfying 1 < k < m—1.So we have z = 2 cos(kor /m) -1
and a = (1-2z)/z% The only constraintsarea > 0and 1+1/2 > z+1 > 1, thatis,1 <k <m/3
and k > m0, where 0y = (1/)cos™'(3/4) = 0.230. But if m > 1/(1/3 — 6y) = 9.68, there
is an integer k > 1 satisfying the constraints. So if p = 2m > 20, we have the point (2) of
Proposition 6.6. But one can see that some k works also for p = 8,14, and 16 (k = 2), and only
in these cases. O
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Example 6.7. (1) If g = 2 and p = 24, we find that for the equation #,.2 = (2 + 3 - V2 + 3 +
Un+1)/ Uy, the eigenvalues of dF,(L) are 24th roots of unity, but 24 is not a common period to
all solutions.

(2) For p = 30, we find the same fact for (1.1) with g = 3 and a(30) = (3 -
4 cos(4ar/15))/ (2 cos(47/15) — 1)>.

We make the following conjecture.

Conjecture 8. If q > 4, the polynomial B, does not divide the polynomial A, for 0 < z <
1/(g-1) (and then for all a > 0 (1.1) is not globally periodic if g > 4).

7. Order 3 Lyness’ Difference Equation

Before to study this case, we give general results for odd g.

7.1. Invariants for F2 When g = 2m + 1 Is Odd
If g is odd, we have nice invariants for F2.

Proposition 7.1. When q = 2m + 1 is odd, the quantities

1 1 . (1
Ro(x]/--'/xq) ::( +x1)(1+x3) -+ ( +X2m+1), (7.1)
X2X4 Xom

Rtll(xlr---/xq) _ (T+x2)(M+2xq) - (L+2x0m)(@+x1+ 20+ + Xom + Xome1) (7.2)
X1X3 - Xom+1

are exchanged by F:
R°oF,=R,, RloF,=R (7.3)

and then are invariant under the action of F2.
Moreover one has the relations

R°R! =G,, ifqg>5 R°+R.=],. (7.4)

Proof. Relations (7.3) come from and easy calculation, and relations (7.4) are obvious from
the definitions of G, and J,. O

Remark 7.2. Relations (7.4) give simple proof of the invariance of G, and ], under the action
of F, and also of every symmetric function of R’ and R..
Proposition 7.1 has significant consequences in the case g = 3.

7.2. The Case g =3

This case was intensively studied in the nice paper [4], where the authors proved, for the
first time, that there are two curves in R’ invariant by the map F2 and homeomorphic to two
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circles, such that the restriction of F2 to these curves is conjugated to rotations on the circles,
and that these curves are exchanged by the map F,. The authors gave also some interessant
results about possible periods for F2 of some starting points for some values of parameter a
and about initial points whose orbits are dense in the invariant curves.

Authors of [16] have found a remarkable property of even terms u,, and odd terms
Uy Of the order 3 Lyness’ sequence: they are solutions of two-order 2 difference equations
related to two elliptic quartics in the plane. In [4], the authors make the conjecture, in a note
added in proof, that their (difficult) paper would be simpler with the aid of [16]. We will see
that in fact this is right, at least partially, with the aid of invariants R’ and R of F2 (these
invariants are implicit in [16] for the case g = 3). In the case g = 3 these invariants become

1
RO(x,y,z)=w, R(x,y,z) = (+y)(atxty+z) (7.5)
y xz
If we denote, as in [16],
o :=R(My), ¢ = RL(My), (7.6)

the orbit of the starting point M, under the action of F? is on the curve ®(M) defined by the
two equations

1+x)(1+2)-cy=0, (1+y)(a+x+y+z)-c1xz=0. (7.7)

These two surfaces are just quadratic surfaces (“quadrics”) Qp and Qi, and then ®(M,) is
merely a quartic curve. In fact, this curve is included in the curve C(Mp) given in (3.18).

Theorem 7.3. (1) In addition to the first relation (7.5) one has an expression of H, in terms of R°
and R}, and so one has:

G, =R°R}, H,=RR.+R°+R. +2-a. (7.8)

(2) The polynomial equations g(x,y,z) = 0and h(x,y,z) = 0 of X,(K) and of S,(M) given
by formulas (2.5) and (3.11) (where K = G,(My) and M = H,(My)) are polynomial combinations
of the two equations of the curve D(My) given in (7.7):

2¢(x,y,2z) = A(x,y,2) [1+x)(1+ z) —coy] + B(x,y,2) [(1+y)(a+x+y +z) —c1xz],
(7.9)

where A(x,y,z) =cixz+ (1+y)(a+x+y+z)and B(x,y,z) = (1 +x)(1 + z) + coy, and

h(x,y,z) =C(x,y,2) [A+x)(1+z) —coy] +D(x,y,2) [1+y)(a+x+y +z) — c1xZ],
(7.10)

where C(x,y,z) =y*+xy+yz+zx+x+ (a+1)y+z+aand D(x,y,z) = (co + 1)y.
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(3) One has the inclusion

D(My) U Fo(®(Mo)) C C, (7.11)

and the part D*(My) of D(My) which is in Rf is compact.

Proof. (1) The first relation (7.8) is in (7.4), and an easy but tedious calculation proves the
second relation.

(2) The proofs of the two announced expressions for 2¢ and h come from simple but
also tedious calculations using the two relations K = coc; and M = cyc1 +co +¢1 +2—a, which
come from relations (7.8) applied to the point M.

(3) The inclusion (7.11) and then the announced compacity are obvious consequences
of point (2) and of the compacity of C*(My) = R N C(My). O

Remark 7.4. (1) The second formula (7.8) gives, for g = 3, an easy proof of the invariance of
H, under the action of F,.

(2) It is not the case for g > 5, because the second relation (7.8) has no corresponding
one: we know from [5] that G,, H,, and ], are independent and so cannot be all three regular
functions of R” and R1.

We will see that significant properties of maps F2 and F, can be deduce only with the
use of invariants R’ and R.. We start with the identification of F,(®(My)).

Lemma 7.5. (1) If ®(M,) has equations R°(x,y,z) = co and RL(x,y,z) = c1, then the curve
F,(D(My)) is a quartic curve whose equations are

R(x,y,2) =, Rl (x,y,2) = co. (7.12)

These two curves are disjoint if and only if My does not belong to the surface W, of R:> with equation
w(x,y,z) = R(x, v,z) - R. (x,y,2) =0, (7.13)

that is,
&(x,y,z) =xz(l+x)(1+z) -y’ -y*(l+a+x+z)-yla+x+z) =0, (7.14)

where w(x,y,z) = xyz w(x,y, z).
(2) The two parts of R> \ W, denoted by

;= {R>R}, ;= {R <R}, (7.15)

a

are two open sets whose union is dense in RY>, which are exchanged by F,, and so both globally
invariant under the action of F2. If My & W,, one has

D (M) C W, = ¢y > 1 & F(D"(My)) C W,
(7.16)
D (M) C W, = ¢y < ¢c1 & F(D"(My)) C W;.
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(3) The point L lies on W, and W, cuts the diagonal in R}> only at L.

(4) One has W, N H, "R = {L}, where H, is the hyperbola of 2-periodic points.

(5) In fine , W, is the graph of a continuous function ¢ : (x,z) — ¢(x,z) on RF?, whose
epigraph is W, and hypograph is W, which so are connected sets.

Proof. One has M € F,(®(My)) & RY(F,}(M)) = ¢y and RL(F;'(M)) = ¢;. With the
expression F,'(x,y,z) = (y,z (a +y + z)/x) this last condition is easily translated as
Rl(x,y,z) = ¢o and R%(x,y,z) = ¢;. Now conditions (7.13) or (7.14) are obvious, and the
conditions D (M) C W, and D" (M) C W, also.

For the point (3), the equation c(t, t,t) = 0is t2—2t—a = 0, whose only positive solution
is .

For t > 1 the equation @(t, (t + a)/(t — 1),t) = 0is (* = 2t — a)(t* + £2 + at®> + Ba - 2)t +
(a—1)%) = 0. The polynome of degree 4 in t is a degree 2 polynomial in a, which is positive
for t > 1 because its discriminant is —(f — 1)*(3¢ + 4). So the only solution is t = £.

In fine the last assertion is obvious by the study of the function y — @ (x, y, z). O

Remark 7.6. (1) In [4] the surface W0, with (7.14) is obtained as part of the locus of points
where the gradients of G, and H, are parallel (the other points are these ones of the hyperbola
H,).

(2) Points (1), (2), and (3) of Lemma 7.5 are obviously true for every odd g, from
Proposition 7.10. Some easy calculations show that the point (4) is also true for an odd
dimension 4.

(3) The curves D(Mp) and F,(D(M,)) are not disjoint in P?; they have in common four
points at infinity: (0,0,1,0), (0,1,-1,0), (1,0,0,0), and (1,-1,0,0).

From the fact that if My & W0, D(Mo) N Fa(D(Mp)) = 0, the following result is obvious
(and has an obvious generalization to order g Lyness’ equation when g is odd, which is in
[4]) and gives again points (2) and (3) of Proposition 6.4.

Corollary 7.7. No point of R:> \ W,, is periodic under the action of F, with an odd period.

Now we can assert the principal qualitative result on the map F2. Via Proposition 7.13
below we find again a result of [4], but it comes in this last paper from new and interessant,
but sophisticated, arguments, whereas we use here only previous results of [17].

Theorem 7.8. Let Mo ¢ MW, U H,. Then the two quartics D(My) and F,(D(My)) are disjoint,
exchanged by F,, both globally invariant under the action of F2. The positive and compact parts
D (My) and F,(D(My)) are both homeomorphic to the circle, and the restrictions of F3 to each
of these two curves are conjugated to rotations on the circle, with the same angle.

Proof. We can suppose that My € €07, that is, ¢y > ¢, the proof is the same in the other case.
(1) Let or be the projection on the (x, z)-plane, and put

Eo(Mp) := m(D(Mo)). (7.17)

First we remark that o is injective on the surface R°(x, y, z) = ¢y, because it is the graph of the
function (x, z) — y = (1+x)(1+z)/co. So the projection ur is a homeomorphism of the compact
curve ®* (M) onto its projection Ej(Mp) = Eo(Mp) N R:2.

(2) We search the conjugated of the restriction of F2 to ©*(My) by the projection s. We
have easily F2(x,y,z) = ((a+x+y +az+xz)/yz, (a+x+vy)/zx),and if (x,y,z) € D(Mp),
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we have y = (1 + x)(1 + z) /cp, and so we obtain (after simplification by the factor 1 + z) that
if (x, z) € E;(Mp), then

Jr[Fﬁ(yr_l(x,z)ﬂ = <(1 +tooa) +(1+ CO)x,x). (7.18)

z(1 + x)

So we conclude that the restriction of F2 to ©*(M)) is conjugated by o to the restriction
to Ej(My) of the map

Ta(co) : Rf — RIZ D (x,z) — <(1 +coa) + (1+ CO)x,x).

z(1+ x) (7.19)

(3) But this map T,(cg) in R}? is studied in [17]. We know from this paper (see its
introduction and part 4: “The homographic case”) that there is an invariant of this map and
of the associated difference equation x,.0x, = ((1 + coa) + (1 + co)xu+1)/ (1 + x441) . More
precisely, put

po=1+coa, qgo=1+co; (7.20)

then one has

pPo + qox _ (po + gox) (qo + x) _ad+bx+ ' x?

= = , 7.21
1+x (1+x)(qo +x) ¢ +dx+x? (7.21)
a’ = poqo, b =po+q, c' = qo, d=qgo+1. (7.22)
Then we see in [17] that the quantity
— 1 2.2 U 122 2 / )
Vo(x, z) == ps <x z +dxz(x+z)+c<x +z ) +b(x+z)+a> (7.23)

is invariant under the action of T,(cp). So the curves I'x with equations Vy(x,z) = k are
invariant by T,(cp), and it is proved in [17] that these curves are, if k > k,,, elliptic quartics,
which are homeomorphic to circles, and that the restriction of T, (cg) to I'x is conjugated to a
rotation. So the theorem will be proved if we show that the curve Ey(My) is a curve I'y, for a
k satisfying k > k,, , that is, if I'r does not reduce to the fixed point of T,(cp).

So we will determine the equation of Eq(My). We take y from the relation R%(x, y, z) =
¢o and put it in the relation Rl(x, Y, z) = c1. We obtain for equation of Ey(M)

<1+w> <a+x+z+w> — (7.24)

Co Co
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An easy calculation gives the form of the equation

X227+ 2+ co)xz(x +z) + (co+ 1) <x2 + zz)

(7.25)
+ (1 +coa + (co + 1)2>(x +z) - xz(c%cl - B+a) —4> =0
or, from (7.20) and (7.22), Vo(x, z) = ko; that is, Eo(M)) is the curve I'y, where
ko = cic1 — (3 +a)co — 4. (7.26)

It remains to show that this curve I'y,, which passes through the point my = (xo, zo) = 7 (M),
does not reduce to the fixed point of T,(cp), which has the form x = z = t where

2+ t2 = (1+co)t — (1 +coa) = 0. (7.27)

If it were the case, we would have xg = zg = t,and so ¢y = (1 + t‘)2 /yo. If we put this value in
the equation giving ¢, we obtain the relation ((1 + 2/ yo)(a+t) =8 +t2—t—1,and this gives
Yo = (t+a)/(t-1). So the point My = (t,(t + a)/(t — 1) ,t) would be in the hyperbola #,,
because it is easy to see that the solution ¢ of (7.28) is greater than 1. But we have supposed
that My ¢ H,, and so the curve Ey(Mj) does not reduce to the fixed point of T,(cp) (besides,
it was clear that if My € H#,, it would be a fixed point for F2). Remark that we do not use
the hypothesis My & 10,; so the precedent results are true if only My & H,, but we will see in
Proposition 7.11 what happens when My € W, \ {L}.

(4) Then we know from [17] that there is a homeomorphism ¢ of Ej(Mp) onto the unit
circle T (built with the Weierstrass” function) such that the map Ta(co) g (n,) is conjugated by
¢ to a rotation on T by an angle 27r0,(Mj) well defined, where 6,(Mj) €]0,1/2[. So by the
map ¢ o o the restriction of F2 to the curve ®*(M)) is conjugated to the same rotation on T.
Moreover the map ¢ oo F,! is an homeomorphism of F,(®*(Mp)) onto T, which conjugates
F ﬁl F.(@+(My)) to0 the same rotation on T. 0

One can see in Figure 2 the arrangement of the curves and surfaces of Lemma 7.5 and
Theorem 7.8.

From the parts (1) and (2) of the proof, which do not use the hypothesis My & W,UH,,
we find again the result of [16], which is proved in this paper by the “QRT method” (remark
that the value of ko is not given in [16]).

Corollary 7.9 ([16]). If (un),, is a Lyness’ sequence of order 3 (a solution of (1.1)), then the sequences
Xp = Upp and Yy, = Upps1 are solutions of two second order “homographic” difference equations

(1 + aco) + (1 + co)xXns1 1+ acy) + (1 +c1)xpa1

Xn2Xp = ’ Yn+2Yn =

7.28
1+ Xn+1 ( )

1+ 2441
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where cg = (1 +ug) (1 +up)/uy and ¢; = (1 +up) (1 +uz)/ux = (1 + uy)(a + uo + uy + uz) /ush.
The orbit of (xn+1,xy) is on EJ(My), and the orbit of (Yu+1, Yn) is on the quartic

E} (M) = Ej (M) = 7(Fa(D* (Mo))), (7.29)

and the equation of E1(My) is the same as this one of Eq(My) with c¢; and ¢y exchanged.

Proof. The proof is obvious for x,, = uy,, because 7r(My,) = (Uzn+2, U2,) and that 7 (Mppi2) =
(F2(Myy,)) = T,(r(Ma,)). For Yn = Uons1 the proof is the same, starting from My = F,(M,) =
(u3, up, up), with the quartic curve E;(My) := Eo(M1) = 7 (F,(D(My))), whose equation is
the same as this one of Ey(My) with (1 + u1)(1 + u3)/u, in place of ¢y, and this number is
c1 = (1+u1)(a+up+us + uz) /uouy. The value k; in the equation Vi (x, z) = ki of E;(M)) is,
by (7.26), cicz — (3 + a)cy — 4, where ¢; = ¢;(M1) = RL(M1) = RL(Fa(My)) = Ro(Mp) = co; s0
kq is nothing that ko where ¢y and ¢ are exchanged. O

Now there are some questions. First, what does happen if My € H#, \ W, = #, \ {L}?
Secondly, what does happen if My € 70, \ {L}? Third, which information can one have about
the numbers 0,(M) with our method (such informations are of course in [4])? Fourth, what
are exactly the relationships between the curves ®(M;) and C(My) ?

For the first question, we know the action of F, and F2 on My, by Theorem 5.4: if
My=(t(t+a)/(t-1) ,t) forsomet>1,then F,(My) = ((t+a)/(t-1),t,(t+a)/(t—1)) and
F2(M,) = M. But it is not clear a priori that D (M) reduces to the point M. It is actually
the case.

Proposition 7.10. If My € H,, then D (My) = { Mo}.

Proof. We search the fixed point of T,(co) if Mo = (¢, (t + a)/(t — 1),t) for some ¢t > 1. Its
coordinates are x = z = X, where X is the positive solution of the equation

X3+ X? - (1+¢)X - (1+coa)=0. (7.30)

But this equation is satisfied by X = ¢; so the fixed point is (¢,t) = o (Mp), and by [17] the
quartic Ej(My) = o (D*(Mp)) reduces to {(t,t)}, and so D*(Mp) reduces to { Mo}.
For the second question, we have a partially answer. O

Proposition 7.11. If My € W, \ {L}, one has the following properties:

(1) the curves D(My) and F,(D(My)) coincide;

(2) the solution (u,) of the order 3 Lyness’ difference equation is such that the sequence s, :=
(1 + uy)/co is a solution of an order 2 Lyness’ equation with negative parameter —1/cy: Spi2Sn =
Sn+1 — 1/ co;

(3) the curve D* (M) is homeomorphic to the circle T, globally stable by F,, and the restriction
of F2 to this curve is, as in Theorem 7.8, conjugated by this homeomorphism to a rotation by angle
2716, (My).
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Figure 1

Proof. First we note that if My € W, \ {L}, then R°(My) = ¢y = c1 = RL(M)). So the equations
of (M) and F,(D(My)) are the same, by (7.12). Moreover we have

(It ugns2) (1 +uzn) _ (A +uo)(1+up) _ o= cf = (I +up) (1 +us)

U1 Uy Uz
(7.31)

_ (1 + u2p41) (1 + Ups3)

Un+2

by the invariance under the action of F2. So we have for all 7 (1 + 1,)(1 + Ups2) /Uns1 = Co.
If we put s, = (1 + u,)/co, we obtain the announced order 2 Lyness’ difference equation
S$n+2Sn = Sps1 — 1/cg. For the final assertion on the restriction of Fﬁ to D*(Mjy), we note that
the proof of Theorem 7.8 is valid in this case, and it uses only the hypothesis My & . O

We have given in Theorem 7.8 and Proposition 7.11 a description of F §|%+( Mo)- We have
also a good description of the restriction of F, to 9 (My) U F,(D*(My)).

Theorem 7.12. Suppose a#1 and My & W, U H,. Then the restriction of F, to the set D+ (My) U
Fo(D*(My)) is conjugated to the following map in the set {-1,1} x T:

(6,2) ¥— (—¢,¢e(z)), wheree=%1, ¢p1=1d, ¢p_1(z) = z¢?m0a(Mo) (7.32)

See Figure 1 for this map.

Proof. It is easy from the proof of Theorem 7.8, where now we distinguish the two circles by
a product by {1} or {-1}. O

Now we will give an answer to the question about relationship between curves D (M)
and C(My), which will give again, with Theorem 7.8, the principal result of [4].

Proposition 7.13. When M & W,UH 4, the curve C(My) is the union of 8 straight lines dy, ... ,ds
not included in D(My) nor in F,(D(My)), and of the two disjoint quartics D(My) and F,(D(My)):

C(Mp) =d1UdrU---UdgUD(Mp) U Fa(D(My)), (7.33)
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and the straight lines d; do not intersect R}, So one has
C"(My) = D" (Mo) U Fo(D"(My)). (7.34)

Proof. We write the equations of C(Mp) in homogeneous coordinates, for taking in account
the points at infinity:

(t+x)(t+y)(t+z)(at+x+y+z)— Kxyzt =0,

(7.35)
(t+x+y)(t+y+z)<at2+xz+tx+ty+tz> - Mxyzt = 0.
So it is obvious that the following straight lines (the two first are at infinity)
{t=0, x=0}; {t=0,z=0}; {x=0,y=-1}; {x=0, a+y+z=0};
(7.36)

{z=0,y=-1}; {z=0,a+x+y=0}; {y=0,x=-1}; {y=0 z=-1}

satisfy the two equations of the surfaces whose intersection is C(Mp). But the curve C(My)
has degree 16, and so we can write it as the union of the 8 straight lines and of a degree 8
algebraic curve C(M). But we have the following result. O

Lemma 7.14. The quartic curves D(My) and F,(D(My)) do not contain any straight lines.

So, because the union of the two quartic curves has degree 8, we conclude that C(My) =
D(Mo) U F(D(My)), and this proves the proposition.

Proof of Lemma 7.14. The proof is the same for the two curves. If ®(Mj) contains a straight
line, then this line is a generatrix of the quadric Qp with equation (1 + x)(1+ z) —coy = 0. It is
easy to see that these generatrices are the two families defined by

Dy:1+x=) coy=M1+z); D;l:1+z=,u, coy = p(1 +x) <)L,/1€P1(R)>. (7.37)

But it is obvious to see that none of these straight lines can be contained in the second quadric
Q1 with equation (1 + y)(a + x + y + z) — c1xz = 0 (the conditions of inclusion are a = 1 and
c1 = -1, or M =0, which are impossible). ]

Now, we return to the curve Ey(My) when My ¢ H#,, by using [17]. First, we put x =
uX and z = uZ, where pu = v/ar = \/po = \/1 + cpa. So the (X, Z) equation of the curve is

X272 + dXZ(X + Z) + c<x2 + zz) +b(X+2Z)+1=KoXZ, (7.38)

where one has

+2
p=P B 4L . Kp=22, (7.39)

p? Po vPo Po
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It is proved in [17, Table 8.1, rows 2 and 7] that T,(co) is globally 4-periodic if and only if
b =dand c =1, thatis, py = qo, or a = 1. In this case, the restrictions of Fﬁ to D*(Mjy) and
to F(D*(My)) are 4-periodic for every My ¢ H,, and so F, is 8-periodic on Rf, as it is well
known. In fact it is easy to prove, by using T,(co), that if some My = (x9, Yo, zo) With x¢ # 2o
is 8-periodic, then a = 1, but this result is already in [3].

Now suppose that a#1. Then py #4go, and so d#1 and b#d from (7.39). Under this
hypothesis it is proved in [17] that limk _, .,,0(k) = 1/4, where k is the value of the invariant
function V; of (7.26) for the the dynamical system (R+?, Ta(co)).

Then we can look at the question about numbers 6,(My). The first result comes from
calculations which are made in [17], and that one can read again in the present context.

Lemma 7.15. The function © : (a, My) — 0,(M) 10, +oo[x(R}3 \ #,) —10,1/2] is analytical
(as function of a, xo, Yo, zo) on each of the sets 10, 1[x(RF3\ Hy) and 11, +oo[x (RF2 \ H,).

Proof. The calculations of [17] show that © is an analytical function of Ky, and in fact, if we
look at the formulas of [17], of the coefficients b, c,d of (7.38), if a#1. So it is an analytical
function of py, qo, ko, and then of a and ¢, ¢; (see (7.21)), that is, of a and xy, yo, Zo.

The following result will be useful. O

Lemma 7.16. If a#1, there is an a > 1 and a map t — My(t) : ]a,+oo[— W, such that
lim; 4,0, (My(t)) = 1/4.

Proof. The dynamical system in the (x, z)-plane T,(co)(x,z) = ((p + gx)/z(1 + x), x) depends
only on ¢y and so is the same for all the points of the quadric Qp. Let My € W, with
R(Mp) = co < ¢1 = RL(My). Put My(t) == (t,(1+ )%/ co,t), for t > 0. The point My(t) lies
on a parabola Py C Qp (see Figure 2), and so for every ¢ such that ¢; (t) := RL(My(t)) > co, the
dynamical system in the (x, z)-plane associated to My(t) is the same. Moreover the number
k(t) := cécl(t) — (B+a)cy—4 of (7.27) has for value (1+ (1 + )2 /co)(a+2t+ (1 +£)*/co)(1/12),
which tends to +oo when t — +oo. So for t > a one has ¢;(t) > ¢y. Now we have seen that
0(k) — 1/4whenk — +o00,s060,(My(t)) =0(k(t)) — 1/4whent — +co. O

Now we have a dichotomy result.

Theorem 7.17. One has only two mutually exclusive possibilities.

(1) The function 0, is constant on the open dense set R:S \ H,, and then a = 1 and F, is
globally 8-periodic.

(2) one has a #1, and the interior of the image of the map 0, is a nonempty interval |a, [; in
this case, one has the four properties:

(a) the initial periodic points My for F2 are dense in R>;

(b) the initial points My whose orbit for F2 is dense in ©* (M) are dense in RS\ Ha;

(c) for every a#1 there exists an integer N (a) such that for every integer n > N (a) there is a
starting point Mg which is n-periodic for F%;

(d) each point My € R\ H,, has sensitivity to initial conditions: it exists a number 6,(My) >
0 such that in every neighborhood of My there exists M}, such that d(F2"(M,), F2"(M})) > 6.(Mo)
for infinitely many n.

These four properties are denoted in [17]: invariant pointwise chaotic behavior (IPCB).

Proof. Its principle is the same as in papers [1, 17]. From the analyticity, the two exclusive
possibilities are obvious (recall that the values of 6 are the same in W}, and in %;). What does
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Figure 2

happen in each of them? In the first case, Lemma 7.16 shows that the constant value of 8, is
1/4. So all points of R” \ #, have the same period 4 for F2, and by continuity all points have
period 8 for F,; so we have a = 1.

In the second case, the density of points My of cases (a) and (b) comes from the
nonconstancy of 8, on each little ball. The result of point (c) is similar to this one of [1]
or [17]: fractions r /n with prime integer r not factor of n exist in ]a, p[ if n > N (a) (recall that
the image of 6, depends only on (a), by the classical Chebychef’s inequalities and a classical
majorization of the number of distinct prime factors of an integer n by C(In n/ In(In n)). For
the sensitivity to initial conditions, we know that the dynamical system (]RIZ, T,(cop)) has such
a pointwise sensitivity. So if My € R}3\ H,, for every ball B(My, ) the set or(B(My, €) N Qo)
is a neighborhood of my = w1 (Mj) (Qo is the quadric which pass through Mj); so there is
a point my in this neighborhood such that d(Ta(co)" (mo), Ta(co)" (1)) > 6(myp). If we put
M|, = &' (m})) (remember that Qo is a graph), we have d(F2"(M,), F2"(M})) > 6(my) for
infinitely many n. O

It is also possible to have more information about the behavior of the function 6,, by
using Proposition 2.4, Theorem 7.8, Lemma 6.2, formula (6.3), and a natural 3-dimensional
generalization of Zeeman'’s differential method easy to prove (see [11, 19]).

Proposition 7.18. One has the following limit result:

hm GH(MO) = lcos_lm.

7.40
My—L, Mg H, ar 2a ( )

So the image of the function 0, contains the interval I} = 11/4, (1/7r) cos ' (W1+a+a-1)/2a)|
if a > 1ortheinterval I := |(1/x)cos H(V1+a+a—-1)/2a),1/4[ifa< 1.
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Then one has

UIm(Qa) D ] %cos‘lz,% [ , (7.41)

a>0

and (1/)cos™1(3/4) = 0,230053456 ... . Moreover, 1/3 & U0 [m(0,) and 1/5 & U o0 Im(6.,).

Proof. The formula (7.40) comes from the extension of Zeeman's differential method and from
the eigenvalues of dF,(L), the intervals I} and I, comes from Lemma 7.16 and the connexity
of Rf \ #,, and the formula (7.41) comes from the variations of the function of a in formula
(7.40). O

Of course, formula (7.41) enables us to determine a set of even periods of solutions
(uy), of order 3 Lyness’ difference equation, for some initial points (u, 11, 1p) and some a > 0.

Corollary 7.19. Every even integer p > 42 is the minimal period of some solution of an order 3
Lyness’ difference equation u,.3u, = a + Upsz + Uys1, for some a > 0.

Proof. 1t sufficies to use exactly the same method as in [1, Theorem 4]. We do not make here
the calculations, and we give only their principle: first, the use of the prime numbers theorem
and of a computer gives N = 1541; then the method of successives blocks gives N = 54; at
last, tests on the integers less than 54 give N = 21. O

Problem 1. What is exactly the interval | .o Im(6,)?
So we stop here the study of order 3 Lyness’ difference equation by other methods
than in [4] and refer the lector to [4] for another study and more informations.

8. General Conjectures about Order g Lyness” Difference Equation

We give here conjectures about the behavior of the map F, in R;?, which extend known
results of [1, 19] in case g = 2, and of [4], or Section 7 of the present paper, in case g = 3. These
conjectures seem to be common with these ones of [6]. The first one extends a conjecture in

[5].

Conjecture 9. Let q =2m —1or g =2m (m > 2, q > 4). Then there are m differential invariants
G1,Gy, ..., Gy which tend to +oo at the infinite point of the locally compact space R and
satisfy the Conjectures 1, 2, 3, and 4 of Section 3.2.

The following conjecture describes the behavior of the map F, when restricted to the
invariant set defined by the previous invariant.

Conjecture 10. Let g = 2m or q = 2m + 1, m > 1. There is an open dense subset U} of R}? such
that for every My € U the following properties are satisfied by the invariant set C* (M) =
ﬂ[w%z] {M e R®| G{(M) = Gi(My)} (which contains My).

(1) If g = 2m (there are m invariants), C*(M)p) is a m-manifold which is homeomorphic
to the m-dimensional torus T™ (T = R/Z), and the restriction of F, to C* (M) is conjugated to
a well defined m-rotation Rg,,_g,) on T™: (z1,22,...,2m) > (21€27%, 2,e%7%2 7, e%70n),
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(2) If g = 2m + 1 (then there are m + 1 invariants), C*(M)) is a m-manifold which
is homeomorphic to the union of two m-dimensional torus, that is, {-1,1} x T™, and the
restriction of F, to C*(M)) is conjugated to the following map:

(&2, Zm) — (=& §L(z1), §2(22), . $1(2m)), (8.1)

where e = 1, ¢, = Id, ¢’ (z) = ze*79.

(3) In the two cases, the map My +— (0, ..., 0,,) is continuous, and it is constant on no
open set in U}

Moreover, the limit of (84,...,0,,) when My — L is, apart from a permutation, the
angles of Theorem 5.4 on dF,(L) if g is even, and twice these angles if g is odd.

We give some comments. Put p = [(g + 1)/2]. If we define G := (Gy,...,Gp) : R} —
R;?, the set V of points where the rank of dG is maximum is open, and the set R} \ V, is

q

empty interio;;: V is dense. The set V is invariant under the action of F,, and so if My € V its
orbit is included in V. It is possible that one can take V for the set U} of Conjecture 9. Perhaps
another approach when g is odd could be to find sufficiently invariants for the map F2.

defined by ( ) algebraic equations (nullity of determinants), and so it is a closed set with
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