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1. Introduction

Recently, there have been many papers working on the existence of positive solutions to
boundary value problems for differential equations on time scales; see, for example, [1-
20]. This has been mainly due to its unification of the theory of differential and difference
equations. An introduction to this unification is given in [11, 12, 18, 19]. Now, this study
is still a new area of fairly theoretical exploration in mathematics. However, it has led to
several important applications, for example, in the study of insect population models, neural
networks, heat transfer, and epidemic models; see, for example, [10, 11]. For some other
excellent results and applications of the case that boundary value problems on time scales
to a variety of problems from Khan et al. [21], Agarose et al. [22], Wang [23], Sun [24], Feng
et al. [25], Feng et al. [26] and Feng et al. [27].

Motivated by the works mentioned above, we intend in this paper to study the
existence of multiple positive solutions for the second-order m-point nonlinear dynamic
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equation on time scales with polynomial nonlinearity:

A
PO vt = FEx®), h<t<tn,

m-1
ax (1) = fp () x7 (1) = D> aix (&), (1.1)
i=2
m-1
Yx (tm) + 5P (tm) xY (tm) = Zbix (t:),
i=2
where T is a time scale,
p.q: [tlltm] - (0/ OO) ;P € CA [tlr tm) ; q eC [tlltm]/ (12)

the points t; € ’]I",: forie {1,2,...,m} witht; <tp <--- <ty

a,v,B,6€[0,00) ay+ab+py>0, ai,b;j€[0,00), i€{2,3,... m—-1}; (1.3)

ftx)= icj (t)x", cj € C([ty,tm],[0,+x)), vj€[0,00), j=1,2,...,n (1.4)
=1

Recently, Xu [28] considered the following second-order two-point impulsive singular
differential equations boundary value problem:

n
Y+ Da()x% =0, 0<t<l, t#h,
j=1

(1.5)
Ayl =1 (y (t)),

y(0)=y@)=0.
By means of fixed point index theory in a cone, the author established the existence of two
nonnegative solutions for problem (1.5).
More recently, by applying Guo-Krasnosel’skii fixed point theorem in a cone,

Anderson and Ma [6] established the existence of at least one positive solution to the
multipoint time-scale eigenvalue problem:

v’]" 0 -a0y @ ah 0 F ) =0, t<t<t,

n-1

ay (h) = Pp (1) y¥ (h) = Daiy (k) (1.6)
i=2

n-1
Yx (tn) + 6p (ta) xV (tn) = Zbi]/ (t:),

i=2

where f : [0,00) — [0, o0) is continuous.
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As far as we know, there is no paper to study the existence of multiple positive
solutions to problem (1.1) on time scales with polynomial nonlinearity. The objective of the
present paper is to fill this gap. On the other hand, many difficulties occur when we study
BVPs on time scales. For example, basic tools from calculus such as Fermat’s theorem, Rolle’s
theorem and the intermediate value theorem may not necessarily hold. So it is interesting and
important to discuss the problem (1.1). The purpose of this paper is to prove that the problem
(1.1) possesses at least two positive solutions. Moreover, the methods used in this paper are
different from [6, 28] and the results obtained in this paper generalize some results in [6, 28]
to some degree.

The time scale related notations adopted in this paper can be found, if not explained
specifically, in almost all literature related to time scales. The readers who are unfamiliar with
this area can consult for example [11, 12, 18, 19] for details.

For convenience, we list the following well-known definitions.

Definition 1.1. A time scale T is a nonempty closed subset of R.

Definition 1.2. Define the forward (backward) jump operator o(t) at f for t < sup T (p(t) at ¢
fort>inf T) by o(t) =inf{r >t: 7€ T} (p(t) =sup{r<t:TeT})forallteT.

We assume throughout that T has the topology that it inherits from the standard
topology on R and say t is right-scattered, left-scattered, right-dense and left-dense if o(t) >
t,p(t) <t,o(t) = tand p(t) = t, respectively. Finally, we introduce the sets TX and T. which are
derived from the time scale T as follows. If T has a left-scattered maximum ¢}, then Tk = T-t3,
otherwise TX = T. If T has a right-scattered minimum ¢, then Ty = T - £}, otherwise Ty =T.

Definition 1.3. Fixt € T and let y : T — R. Define y*(t) to be the number (if it exists) with
the property that given £ > 0 there is a neighborhood U of t with

[y @) -y )] -y* O o) -s]| <elo®) -5 (1.7)

for all s € U, where y* denotes the (delta) derivative of y with respect to the first variable,
then

t
gt = J w(t,T)AT (1.8)

a

implies
t
gh(t) = f w® (t,T)AT+w (o (),T). (1.9)

Definition 1.4. Fix t € T and let y : T — R. Define y"(t) to be the number (if it exists)
with the property that given ¢ > 0 there is a neighborhood U of t with

[y (e ®) -y )] -y O [p ) =s]| <elp(t) 5| (1.10)

for all s € U. Call " (t) the nabla derivative of y(t) at the point ¢.
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If T =Rthen fA(t) = fY(t) = f'(t). f T = Z then f2(t) = f(t+ 1) — f(t) is the forward
difference operator while fV(t) = f(t) — f(t — 1) is the backward difference operator.

Definition 1.5. A function f : T — R is called rd-continuous provided it is continuous at all
right dense points of T and its left sided limit exists (finite) at left dense points of T.We let
C(r)d(T) denote the set of rd-continuous functions f : T — R.

Definition 1.6. A function f : T — R is called ld-continuous provided it is continuous at
all left dense points of T and its right sided limit exists (finite) at right dense points of T.
We let C?d (T) denote the set of Id-continuous functions f : T — R.

Definition 1.7. A function F : TF — Ris called a delta-antiderivative of f : TF — R provided
FA(t) = f(t) holds for all t € T. In this case we define the delta integral of f by

Itf (s)As=F(t)-F(a), (1.11)

forall a,t € T.

Definition 1.8. A function @ : Ty — R is called a nabla-antiderivative of f : Tx — R
provided @V (¢) = f(t) holds for all t € T. In this case we define the nabla integral of f by

ff(S) Vs =0 (t) - D (a), (1.12)
forall a,t € T.

2. Preliminaries

In this section, we provide some necessary background. In particular, we state some
properties of Green'’s function associated with problem (1.1), and we then state a fixed-point
theorem which is crucial to prove our main results.

The basic space used in this paper is E = C[p(t1), t]. It is well known that E is a
Banach space with the norm || - || defined by [|x|| = supte[P(tl),tm]lx(t)L Let P be a cone of E,
P, ={xeP:|x||<r}, OP, ={x € P :|x| =r}, where r > 0.

In this paper, the Green’s function of the corresponding homogeneous BVP is defined

by

1 {w(t)qb(S), i p(h) <St<S <ty o

G(ts) =~
v g (s)p(t), ifp(th)<s<t<ty,

where

d:=ad(t) - Pp(t) §" (t1) = y¢ (tm) + 6p (tw) ¢" (tm) , (2.2)
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and ¢ and ¢ satisfy

A
~(pg") W+aWe® =0, gt)=p pt)¢’t)=a
(2.3)

A
~(p#7) D+aO$B =0,  $t) =5 pltn)$7 (k) =y,

respectively.
Lemma 2.1 (see [6]). Assume that (1.2) and (1.3) hold. Then d > 0 and the functions ¢ and ¢
satisfy
g )20, telpt),tn], ¢ ®)>0, te(p(t), tn],
ptyg’ () >0, te[p(t),tm], §E =0, te[p(t), tm], (2.4)
¢(t)>0, te[p(t) tw), pHP (<0, te[p(t), ta].
From Lemma 2.1 and the definition of G(t,s), we can prove that G(t,s) has the
following properties.

Proposition 2.2. For t,s € [¢1,¢,], one has

Gt s) >0, (2.5)

where &1, & € TX, p(t1) < &1 <& < tm.

In fact, from Lemma 2.1, we have ¢(t) > 0, ¢(t) > 0fort € [¢1,¢,]. Therefore (2.5)
holds.

Proposition 2.3. If (1.2) holds, then for t,s € [p(t1), tm] % [p(t1), tm], one has

0<G(ts)<G(s,s). (2.6)

Proof. In fact, from Lemma 2.1, we obtain ¢s(t) > 0, ¢(t) > 0fort € [p(t1),tn]. So G(t,s) > 0.
On the other hand, from Lemma 2.1, we know that p(t)¢V (t) > 0, p()¢" () < 0 for
t € [p(t1), tm]. This together with p(t) > 0 implies that ¢V (t) >0, ¢V (t) <0 for t € [p(t), tm].
Hence ¢ (t) is nondecreasing on [p(t1), t;], ¢ is nonincreasing on [p(t1),tm]. So (2.6) holds.
O

Proposition 2.4. Forall t € [¢1,¢], s € [p(t1), tm] one has

G(ts)20(t)G(ss), (2.7)
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where

pt) o)
ot):= { )’ gb(p(h))}' (28)

Proof. In fact, for t € [¢1,¢,], we have

Glhs) . . (v $®O. . [v® ¢0) | _
G(s,5) ° mm{qr(s)' <s)}2mm{qr<tm>’¢(p (n))}""(t)' 22
Therefore (2.7) holds. O

It is easy to see that 0 < o(t) < 1, for t € [¢1,¢&,]. Thus, there exists ¥ > 0 such that
G(t,s) > yG(s,s) for t € [¢1,¢2], where

Yy =min{o (t) : t € [&,&]}. (2.10)
We remark that Proposition 2.2 implies that there exists 7 > 0 such that for t, s € [&, &]
G(t,s) >T. (2.11)

Set

m-2

m-2
ap () d- > aip (k)
D=| = i1 . 2.12)

m-2 m-2

d- Zbiqf (t:) —Zbi¢ (t)
i1

i=1

Lemma 2.5 (see [6]). Assume that (1.2) and (1.3) hold. If D#0 and u € Cy[t1,tm], then the
nonhomogeneous boundary value problem

40 xV]A O +qB)xE) =ult), t<t<ty,
ax (h) = fp () x" (1) = rgﬂix (ti), (2.13)
YX (t) +6p (tm) X7 (tm) = Zb x ()
has a unique solution x for which the formula

tm
x(t) = J‘t G(t,s)u(s)As+T(u) g )+ Y (u(t)$(t) (2.14)
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holds, where

: Ea,’[tmG(tl,s Vi (s) As d - Zald) (t:)
T(u(s) =5 - , (2.15)
blf G (t;,s) u(s) As —Zb,d)(ti)
= h i=2
m-1 m-1
| -Sayw Zalf G (t,9)u(s) As
YuE)=5| " R (2.16)
d- oy @) Soif Gltsues)a
i=2 i=2 a1
By similar method, one can define
Lo(ftbxo®)), Ti(ft,a®), T(ftx®), T.(fExd)), )

Yo (f (t,x0 (1)), Y1 (f (t,x1 (1)), Yo (f (t,x2 (1)), Y. (f (8, x. (1)) .

The following lemma is crucial to prove our main results.

Lemma 2.6 (see[29, 30]). Let €, and Q, be two bounded open sets in a real Banach space E, such
that 0 € Qq and Qq C Qy. Let the operator A : PN (Qy \ Q1) — P be completely continuous, where
P is a cone in E. Suppose that one of the two conditions

(i) Ax}x, VYxePnoLy; Ax<x, VYxePnNo, (2.18)

or

(i) Ax£x, VYxePnNoLy; Ax}tx, VxePnNoQ,, (2.19)

is satisfied. Then A has at least one fixed point in P N (Q; \ Q).

3. Main Results

In this section, we apply Lemma 2.6 to establish the existence of at least two positive solutions
for BVP (1.1).
The following assumptions will stand throughout this paper.

(H1) There exist vj1 <1, vjz > 1 such that

inf ¢q(t) =71 >0, inf cpr(t)=1>0, i=1,2,...,n, 3.1
et (=7 et e (0 =72 / GD

where vj1, V2, ¢ji(t) and cjp(t) are defined in (1.4), respectively.
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(Hz) We have

m-1

m-1
D<0, d-Yap(t)>0, d-Dbg(t)>0
i=2

i=2

(3.2)

for d and D given in (2.2) and (2.12), respectively.

If (H;) holds, then we can show that I'(f(t,x)),Y(f(¢t,x)) have the following
properties.

Proposition 3.1. If (1.2)—(1.4) and (Ha) hold, then from (2.15), for x € C[p(t1), t,m], one has

m-1 m-1
1 ai d=3apt)| "
IS e L CTNE AR EIME S
b; bi¢ (t;) j=1 j=1
i=2 i=2

tm
where |cjl|L = [,"|cj(s)|As, M = maXs)ep(t:) tu]x[p(t) ta] G(E, 5)-

Proof. Let

i=2
(3.4)
tin m-1

m-1 m m—1
G= alJ‘iE G(tils)f(slx(s)) AS/ H=d- Zai(i) (ti)/
i=2
L G(ti,s) f (s,x(s)) As, Q= —Zbiqb (t;) -
1 i=2

Then from (1.2)—(1.4) and (H;), we obtain G > 0, F > 0, H > 0, Q < 0. Therefore, GQ <
0, -FH <0.

On the other hand, since

tm n
L G (ti,s) f (s,x(s)) As < MZ||cj||L||x||Uf = A

(3.5)
j=1
we have G < 3™  a;A, F < 37" biA. So one has
m-1 m-1
aAQ - H S biA < GQ - FH < 0. (3.6)
i=2 i—2

This and D < 0 imply (3.3) holds.
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Proposition 3.2. If (1.2)—(1.4) and (H>) hold, then from (2.16), x € C[p(t1), t], one has

m-1 m-1
1 - aqu (t ) : ai n _ n
Y (Ftx)| <5 ’Tﬁ,l e M Nl el = YM Y llellellxll™. (3.7)
d->big (&) Dbil T =
i=2 i=2
Proof. The proof is similar to that of Proposition 3.1. So we omit it. O

For the sake of applying fixed point theorem on cone, we construct a cone in E =

Clp(t1), tm] by

P= {x €EE:x(t) >0, te[p(t),tm] ,tgglilgz]x (t) 2?||x||}, (3.8)

where ¥ is defined in (2.10).
Define A: P — P by

tm
(Ax) (t) = L G(ts)f(s,x(s) As+T (f (t,x () ¢ (t) + Y (f (t,x (1)) P (). (3.9)

By (2.14), it is well known that the problem (1.1) has a positive solution x if and only
if x € P is a fixed point of A.

Lemma 3.3. Suppose that (1.2)—(1.4) and (H;)-(H>) hold. Then A(P) C Pand A : P — P is
completely continuous.

Proof. For x € P, by (2.14), we have Ax(t) > 0 and
tm
[[Ax|| < L G(s,8) f(s,x(s))As+T (f(t,x(®)) ¢ (tm) + Y (f (,x (1)) P (p (1)) . (3.10)

On the other hand, for t € [¢;, &], by (3.9),(3.10) and (2.7), we obtain

min Ax (t) = mm [I G(t,s)f(s,x(s)As+T (f (tx t)))(,u(t)+Y(f(tx(t)))d)(t)]

te[41,é2] te[1,2]

tm
>0 (1) |:J‘t G(s,s) f(s,x(s)) As+T (f (t,x (1)) ¢ (tm)+Y (f (£, x (1)) P (p (tl)):l

20 () [[Ax| = ¥l Ax||.
(3.11)

Therefore Ax € P, thatis, A(P) C P.
Next by standard methods and the Ascoli-Arzela theorem one can prove that A: P —
P is completely continuous. So it is omitted. O
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Theorem 3.4. Suppose that (1.2)—(1.4) and (H1)-(Hy) hold. Then problem (1.1) has at least two
positive solutions provided

Sllesll, [1+ Ty ta) + ¥ (11)] < M7, (3.12)
j=1

where T, Y and M are defined in (3.3), (3.7) and in Proposition 3.1, respectively.
Proof. Let A be the cone preserving, completely continuous operator that was defined by

(3.9).
Let S; = {x € E : ||x|| <1}, where [ > 0. Choosing r and 7 satisfy

0 <r < min {1, (t71(&2 — gl))1/(1‘1’1'1)71’]'1/(1—1’]'1)} )

(3.13)
7> max {1, (r1(& - &)/ O R e L
Now we prove that
Ax£x, VxePnos,, (3.14)
Ax£x, VYxePnNoSy. (3.15)

In fact, if there exists x; € P N S, such that Ax; < x1, then for t € [¢1,¢,], we have

X1 (t) Z AX1 (t)

b
= L G(t,s) f(s,x1 () As +T1 (f (£, 21 (1)) ¢ (8) + Y1 (f (£, 1 (1)) ¢ (£)

> ftmc (t,5) f (5,1 (5)) As (3.16)

ty
19
> f G (t,s)cj1(s) [x1(s)]"" As
&
> 171 (& = &) ¥ Il
where I'1 (f (£, x(t))), Y1(f(t,x(t))) defined by (2.17).

Therefore r > 771 (& — &)y "' rVit, thatis, r > (771(& — &)/ d-on )?U”/(l_uﬂ), which is a
contradiction. Hence (3.14) holds.
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Next, turning to (3.15). If there exists x, € P N 057 such that Ax, < x», then for t €
[&1,¢2], we have

X2 (t) Z AJCZ (t)

tm

= L G(t,s) f(s,x2(s)) As+Ta (f (£, x2 (1)) ¢ (t) + Yo (f (£, 22 ())) ¢ (t)
b

> J' G(t,s) f (s,x2(s)) As (3.17)
5]
19

> f G (t,s)cja (s) [x2(s)]"? As
&

2717y (&= &) Y P 7,

where I (f(t,x(t))), Ya(f(t,x(t))) are defined by (2.17).

Therefore 7 > 77, (& — &)y 772, thatis, 7 < (t72(& — &))"/ (Uﬂ’l)?_”ﬂ/ @271 whichisa
contradiction. Hence (3.15) holds.

It remains to prove

Ax}tx, YxePnaosS;. (3.18)

In fact, if there exists xo € P N 0S; such that Axy > xg, then for t € (t1,t,,) NT, we have

1= flxoll < flAxoll < MY [l Ilxoll” [+ T (t) + b (81)] (3.19)
=1
that is,
Sleill, [1+ Ty ) + Y ()] = M7, (3.20)
i1

which is a contradiction, where I'o(f (¢, x(t))), Yo(f(¢,x(t))) are defined by (2.17). Hence
(3.18) holds. From Lemma 2.6, (3.14), (3.15) and (3.18) yield that the problem (1.1) has at
least two solutions x,, x4 and x, € PN(S7\S1), X € PN(51\S,). The proof is complete. [
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4. Example

Example 4.1. To illustrate how our main results can be used in practice we present an example.

LetT ={0,1/2,1/4,...,1/2",...,1}. Takep(t) =1, q(t) =0, a=1, p=0, y=1, 6 =
0,t1 =0, t,b=1/2, t,, =1, ap = 1/2, b, = 1in (1.1). Now we consider the following three
point boundary value problem

VA = f(tx @), 0<t<],
(4.1)
x(0)=%x<%> x(1)=x<%>,

where

1 1
f(tx) = ot 4 5P+ (t - t2> 2. (4.2)

It is not difficult to see that

1 1 1
ca(t)y==—t ()= at)=t-£, o= 5 n=l w=2 (4.3)

)
10 20t ’

On the other hand, by calculating we have ¢(t) = t, ¢(t) =1-t, d =1, d - 3™ aip(t;) =
1-1/2x1/2=3/4>0, d- 3" big(t;) =1-1x1/2=1/2>0,

1-1),
= —31 <0, G(t,s) = {S( ) (4.4)

|
=~ W

t(l—S),

)

11
NIH;&H—*
N =

and M = maxsc[0,11G(t, 5) = 1/4,T=7/2, Y=2.
Let Uj1 = 1/2, Ujp = 2, le(t) = (1/10)t, Cjz(t) =t — 2. Then Uj1 <1, Uj2 > 1 and

. 1 . . )
te%ggz]cjl (t) = Egl >0, te&‘,fgz]cﬂ ) =min{& (1-¢&1),&(1-&)} >0, j=1,23. (45)

It follows that (H7) and (H>) hold.
Finally, we prove that

Slleill, [1+ T k) + ¥ (00)] < M. (46)
j=1

In fact, from T =7/2, Y =2,¢:(1) = 1, $(0) = 1, we have 1 + Tgs(t,,) + Y (t1) = 13/2, and

13 13 o
X7—€<4—M . (4:7)

[O21 ] ]

Sllesll, [1+ Ty k) + Y (1)) =
j=1
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Therefore, the conditions of Theorem 3.4 hold. Hence problem (4.1) has at least two positive
solutions.

Remark 4.2. Example 4.1 implies that there is a large number of functions that satisfy the
conditions of Theorem 3.4. In addition, the conditions of Theorem 3.4 are also easy to check.
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