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1. Introduction

The stability of neural networks, which includes the stability of periodic solution and the
stability of equilibrium point, has been extensively studied by many authors so far; see,
for example, [1-15]. In [1-4], the authors investigated the stability of periodic solutions of
neural networks with or without time delays, where the assumptions on neuron activation
functions include Lipschitz conditions, bounded and/or monotonic increasing property.
Recently, in [13-15], the authors discussed global stability of the equilibrium points for the
neural networks with discontinuous neuron activations. Particularly, in [14], Forti conjectures
that all solutions of neural networks with discontinuous neuron activations converge to an
asymptotically stable limit cycle whenever the neuron inputs are periodic functions. As far as
we know, there are only works of Wu in [5, 7] and Papini and Taddei in [9] dealing with this
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conjecture. However, the activation functions are required to be monotonic in [5, 7, 9] and to
be bounded in [5, 7].

In this paper, without assumptions of the boundedness and the monotonicity of the
activation functions, by the Leray-Schauder alternative theorem in differential inclusion
theory and some new analysis techniques, we study the existence of periodic solution for
discontinuous neural networks with nonlinear growth activations. By constructing suitable
Lyapunov functions we give a general condition on the global asymptotical stability of
periodic solution. The results obtained in this paper show that Forti’s conjecture in [14] for
discontinuous neural networks with nonlinear growth activations is true.

For later discussion, we introduce the following notations.

Let x = (x1,..., %),y = (y1,...,yn) , where the prime means the transpose. By x > 0

(resp., x > 0) we mean that x; > 0 (resp., x; > 0) foralli=1,...,n. ||x| = (Z:’:lxiz)l/2 denotes
the Euclidean norm of x. (x,y) = > xiyi(-,-) denotes the inner product. ||B|| denotes 2-
norm of matrix B € R™", that is, ||B|| = \/o(B'B), where o(B'B) denotes the spectral radius of
B'B.

Given a set C C R", by K[C] we denote the closure of the convex hull of C, and Py.(C)
denotes the collection of all nonempty, closed, and convex subsets of C. Let X be a Banach
space, and ||x||x denotes the norm of x, Vx € X. By L!([0, w], R") we denote the Banach space
of the Lebesgue integrable functions x(-): [0,w] — R" equipped with the norm fg’||x(t)||dt.
Let V : R® — R be a locally Lipschitz continuous function. Clarke’s generalized gradient
[16] of V at x is defined by

oV(x) =K [{.lim VV(x;): limx; =x, x; € R"\ Qy U,/U}], (1.1)

where Qy C R" is the set of Lebesgue measure zero where VV does not exist, and /A C R" is
an arbitrary set with measure zero.

The rest of this paper is organized as follows. Section 2 develops a discontinuous
neural network model with nonlinear growth activations, and some preliminaries also are
given. Section 3 presents the proof on the existence of periodic solution. Section 4 discusses
global asymptotical stability of the neural network. Illustrative examples are provided to
show the effectiveness of the obtained results in Section 5.

2. Model Description and Preliminaries

The model we consider in the present paper is the neural networks modeled by the
differential equation

x(t) = —Ax(t) + Bg(x(t)) + I(t), (2.1)

where x(t) = (x1(t),...,x,(t))" is the vector of neuron states at time t; A is an n x n matrix
representing the neuron inhibition; B is an n x n neuron interconnection matrix; g : R* — R",
g, i=1,...,n, represents the neuron input-output activation and I(t) = (I;(¢),..., L,(t)) is
the continuous w-periodic vector function denoting neuron inputs.

Throughout the paper, we assume that

H;i: (1) g has only a finite number of discontinuity points in every compact set of R.
Moreover, there exist finite right limit g;(v}) and left limit g;(v,) at discontinuity point v.
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(2) g has the nonlinear growth property, that is, for all x € R”

[K[g@)]]| = sup [lyll <ec(L+xll"), (2.2)
yeK[g(x)]

where ¢ > 0, « € (0,1) are constants, and K[g(x)] = (K[g1(x1)],-.., K[gn(xx)])".

Hy: (x, Ax) > p||x||2 for all x € R", where p > 0 is a constant.

Under the assumption Hj, g is undefined at the points where g is discontinuous.
Equation (2.1) is a differential equation with a discontinuous right-hand side. For (2.1), we
adopt the following definition of the solution in the sense of Filippov [17] in this paper.

Definition 2.1. Under the assumption Hj, a solution of (2.1) on an interval [0,b) with the
initial value x(0) = x is an absolutely continuous function satisfying

x(t) € —Ax(t) + BK[g(x(t))] +I(t), forae. te€][0,b). (2.3)

It is easy to see that ¢: (x,t) — —Ax + BK[g(x)] + I(t) is an upper semicontinuous
set-valued map with nonempty compact convex values; hence, it is measurable [18]. By the
measurable selection theorem [19], if x(-) is a solution of (2.1), then there exists a measurable
function 7(t) € K[g(x(t))] such that

x(t) = —Ax(t) + Bn(t) + I(t), forae.te[0,Db). (2.4)
Consider the following differential inclusion problem

x(t) € —Ax(t) + BK[g(x(t))] +I(t), forae. te[0,w],

(2.5)
x(0) = x(w).
It easily follows that if x(t) is a solution of (2.5), then x*(t) defined by
() =x(t-jw), te€[jw (j+1)w], jeN (2.6)

is an w-periodic solution of (2.1). Hence, for the neural network (2.1), finding the periodic
solutions is equivalent to finding solutions of (2.5).

Definition 2.2. The periodic solution x*(t) with initial value x*(0) = x{ of the neural network
(2.1) is said to be globally asymptotically stable if x* is stable and for any solution x(t), whose
existence interval is [0, +00), we have lim; _, .|| x(f) — x*(#)]| = 0.

Lemma 2.3. If X is a Banach space, C C X is nonempty closed convex with 0 € Cand G : C —
P (C) is an upper semicontinuous set-valued map which maps bounded sets into relatively compact
sets, then one of the following statements is true:

(a) thesetT'={x e C:xeAG(x), L€ (0,1)} is unbounded;

(b) the G(-) has a fixed point in C, that is, there exists x € C, such that x € G(x).
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Lemma 2.3 is said to be the Leray-Schauder alternative theorem, whose proof can be
found in [20]. Define the following:

W([0,w], R") = {x(-) : x(-) is absolute continuous on [0, w]},

Wy ([0,w], R") = {x() € WH([0, ], R") | x(0) = x(@) }, 27)

s =j ||x<t>||dt+f Ix(®)dt,  Yx € WH([0,e], R,
0 0

then || - ||y is a class of norms of W'!([0,w], R"), W"'([0,w], R"), and W," ([0,w], R") C
WUL1([0,w], R") are Banach space under the norm ||x||yy11.

If V:R" — Ris (i) regular in R" [16]; (ii) positive definite, that is, V' (x) > 0 for x#0,
and V(0) = 0; (iii) radially unbounded, thatis, V(x) — +oo as ||x|| — +oo, then V(x) is said
to be C-regular.

Lemma 2.4 (Chain Rule [15]). If V(x) is C-reqular and x(-) : [0,+o0) — R" is absolutely
continuous on any compact interval of [0, +o0), then x(t) and V (x(t)) : [0, +o0) — Rare differential
fora.e. t € [0, +00), and one has

%V(x(t)) = <g, $>, V¢ € 3V (x). (2.8)

3. Existence of Periodic Solution

Theorem 3.1. If the assumptions Hy and H, hold, then for any xo € R", (2.1) has at least a solution
defined on [0, +o0) with the initial value x(0) = xo.

Proof. By the assumption Hj, it is easy to get that ¢: (x,f) — —Ax + BK[g(x)] + I(t) is an
upper semicontinuous set-valued map with nonempty, compact, and convex values. Hence,
by Definition 2.1, the local existence of a solution x(-) for (2.1) on [0, ty], tp > 0, with x(0) = xo,
is obvious [17].

Set ¢(t,x) = BK[g(x)] + I(t). Since I(-) is a continuous w-periodic vector function,
I(-) is bounded, that is, there exists a constant 2 > 0 such that ||I(t)|| < 9, t € [0,w]. By the
assumption Hj, we have

sup Nt ) <IBHIK O]+ M@ < llBIC+ I + 2 (3.1)

x€R", t€[0,+00

By Limyxj—+o0 (c[|B[|(1 + [|x]|*) + 2)/||x|| = 0, we can choose a constant R > 0, such that when
lIxIl > R,

<

cIBICL+1IxI*) +2 _p (3.2)
[l x| 2
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By (2.4), (3.1), (3.2), and the Cauchy inequality, when ||x()|| > R,

%IIX(t)II2 = (x (), x(t)) = (x(t), ~Ax(t) + Bn(t) + I (t))

NI~

= —(x(t), Ax(t)) + (x(t), B (t) + I(t))
< —pllx(®)|* + lx®l (cIBII (1 + [lx(t)]|*) +2)

B||(1 Y +0
:<—,0+C” -l « >||X(t)||2

(3.3)

<-LlxeP <o.

Therefore, let R = max{||xo|, R}, then, by (3.3), it follows that || x(t)|| < R on [0, t]. This means
that the local solution x(-) is bounded. Thus, (2.1) has at least a solution with the initial value
x(0) = x¢ on [0, +o0). This completes the proof. O

Theorem 3.1 shows the existence of solutions of (2.1). In the following, we will prove
that (2.1) has an w-periodic solution.

Let Lx = x + Ax for all x € W, ([0,w], R"), then L : W, ([0, w], R") — L'([0,w], R")
is a linear operator.

Proposition 3.2. L : W;’l( [0,w],R") — LY([0,w], R") is bounded, one to one and surjective.

Proof. For any x € W;’l([O, w], R"), we have

Ll = fo () + Ax()]ldt < f s+ fo | Ax(t) |t

! . (3.4)
< «[o [ (2)[|dt + ||A||fo llx(®)lldt < max{1, Al }Ixl.
this implies that L is bounded.
Letx!,x% € W;’l([O, w],R"). If Lx' = Lx?, then
XL (t) - %2(t) = -A (xl(t) - xz(t)>. (3.5)
By the assumption H,
d 1 200117 = 1 20 ol 2
S e-2o|) = 2o -2, 1o -20)
(3.6)

- z<x1(t) — X3(t), A[xl(t) - xz(t)] > > 2p”x1(t) - x2”2.
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Noting x!(0) = x'(w), x?(0) = x*(w), we have
("G o-2o)d- |0 -2of - [ @-<w[ -0 62
By (3.6),
0< f:]Zp”xl(t) - xz(t)uzdt < f:% <—||x1(t) - xz(t)”2>dt - 0. (3.8)

Hence ||x! — x?|| = 0. It follows x! = x2. This shows that L is one to one.

Let f(-) € L*([0,w], R"). In order to verify that L is surjective, in the following, we will
prove that there exists x(-) € W;’l([O, w], R") such that

Lx = f, (3.9)
that is, we will prove that there exists a solution for the differential equation

X(t) = —Ax(t) + f(t),

(3.10)
x(0) = x(w).
Consider Cauchy problem
x(t) = -Ax(t) + f(b),
(3.11)
x(0) = ¢.
It is easily checked that
t
x(t) = e <§ + f f(s)eAsds> (3.12)
0
is the solution of (3.11). By (3.12), we want ¢ = x(w), then
—-Aw © Asd =¢, )
e <§ + fof(s)e s) ¢ (3.13)

that is,

<I - e*A“’>§ = eAwfo f(s)e?*ds. (3.14)
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By the assumption H,, I — e™4¢

(3.14), if we take ¢ as

is a nonsingular matrix, where I is a unit matrix. Thus, by

&= (1 - e‘Aw>_le‘Awwa(s)eA5ds (3.15)
0

in (3.12), then (3.12) is the solution of (3.10). This shows that L is surjective. This completes
the proof. O

By the Banach inverse operator theorem, L™ : L'([0,w], R") — W, ([0,w],R") C
L'([0,w], R") is a bounded linear operator.
For any x(-) € L}([0,w], R"), define the set-valued map N as

N(x) = {v(~) € LY([0,w], R") | v(t) € ¢(t, x(t)), for ae. t€ [0,w] } (3.16)

Then A has the following properties.

Proposition 3.3. U() : L'([0,w],R") — 2M'0©LRY has nonempty closed convex values in
LY([0,w], R™) and is also upper semicontinuous from L'([0,w], R") into L'([0,w], R") endowed
with the weak topology.

Proof. The closedness and convexity of values of /(-) are clear. Next, we verify the
nonemptiness. In fact, for any x € L'([0,w], R"), there exists a sequence of step functions
{Sn} 1 such that s, (t) — x(t) and [[s,(¢)]| < ||x(t)| a.e. on [0, w]. By the assumption H; (1)
and the continuity of I(t), we can get that (t,x) — ¢ (¢, x) is graph measurable. Hence, for
any n > 1, t — ¢(t,s,(t)) admits a measurable selector f,(t). By the assumption H;(2),
{fn(*)} 51 is uniformly integrable. So by Dunford-Pettis theorem, there exists a subsequence
{fue( o1 € {fu()},s1 such that f,, — f weakly in LY([0,w], R"). Hence, from [21,
Theorem 3.1], we have

ft) € K[w —Tim{ f, (t) },Ql] C K[w —Time(t, Sy, (t))], a.e. on [0, w]. (3.17)

Noting that ¢ (¢, -) is an upper semicontinuous set-valued map with nonempty closed convex
values on x for a.e. t € [0,w], K[w — qu(t, sn (t))] C @(t,x(t)). Therefore, f € N(x). This
shows that //(x(-)) is nonempty.

At last we will prove that /U(-) is upper semicontinuous from L!([0,w], R") into
L'([0,w], R"),,. Let C be a nonempty and weakly closed subset of L!([0,w], R"), then we
need only to prove that the set

NNC) = {xeLl([o,w],Rn) :JU(x)ﬂC#(Z)} (3.18)

is closed. Let {x,},5; C N1(C) and assume x, — x in L'([0,w], R"), then there exists a
subsequence {xp, };>1 € {Xy},51 such that x,, (t) — x(t) a.e. on [0, w]. Take fx € N(x,, ) NC,
n > 1, then By the assumption H;(2) and Dunford-Pettis theorem, there exists a subsequence



8 Advances in Difference Equations

{fiow (D) }ns1 € {fk(t) }x>1 such that fi,, — f € C weakly in L'([0,w], R"). As before we have
f(t) e K[w —Tim | fkm(t)}m21] C K[w —Timgs (£, X, (t))] Cg(t,x(t)), ae. on[0,w]. (3.19)

This implies f € MN(x) N C, thatis, A#(C) is closed in L!([0, w], R"). The proof is complete.
]

Theorem 3.4. Under the assumptions Hy and Hy, there exists a solution for the boundary-value
problem (2.5), that is, the neural network (2.1) has an w-periodic solution.

Proof. Consider the set-valued map L™ o A. Since L™! is continuous and A is upper
semicontinuous, the set-valued map L™! o // is upper semicontinuous. Let K ¢ L' ([0, w], R")
be a bounded set, then

N(K) = |J(x) (3.20)

xeK

is a bounded subset of L!([0,w], R"). Since L™! is a bounded linear operator, L™} (//(K)) is
a bounded subset of W,}’l([O, w], R"). Noting that W;’l([O,w],R") is compactly embedded
in L'([0,w],R"), L"Y(MW(K)) is a relatively compact subset of L!([0,w], R"). Hence by
Proposition 3.3, L™ o U : L!([0,w], R") — Pik.(L'([0,w], R")) is the upper semicontinuous
set-valued map which maps bounded sets into relatively compact sets.

For any r(x) € K[g(x)], when x#0, 1 € (0,1), by (3.1) and the Cauchy inequality,

(x,—Ax + ABr(x) + Al (t)) = —(x, Ax) + (x, ABr(x) + AL (t))
< —pllxl + Allgs (¢, 0 ||l
< —pllx|* + [ellBII(L + [Ix]|) + 2] || (321)

clIBII (1 + flx]®) + 9
=<w+ (wn) ]

Arguing as (3.2), we can choose a constant K > 0, such that when ||x|| > K,

cBI(1+lx|*) +2  p
< =. 3.22
B 2 (322
Therefore, when ||x|| > Ko, by (3.21),
(x,—Ax + ABr(x) + AI(t)) < —g||x||2, Vr(x) € K[g(x)]. (3.23)

Set

r= {x e L}([0,w],R") : x € AL o M(x), A € (0,1)}. (3.24)
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In the following, we will prove that T is a bounded subset of L' ([0, w], R"). Let x € T, then

x € AL™' o /U(x), that is, Lx € A/U(x). By the definition of /(-), there exists a measurable
selection v(t) € K[g(x(t))], such that

%(t) + Ax(t) = A\Bo(t) + AI(t). (3.25)

By (3.23) and (3.25), maxejowl|x(t)|| < Ko. Otherwise, maxsejowllx(#)|| > Ko. By L :
LY([0,w],R") — W;'l([O,w],R"), we have x(0) = x(w). Since x(-) is continuous, we can
choose ) € (0, w], such that

l[x(to) I = max [lx(£)]| > Ko. (3.26)
te[0,w]

Thus, there exists a constant &, > 0, such that when t € (ty — 6y, to], [|x(t)|| > Ko. By (3.23)
and (3.25),

to

to
0< 3@ - 31O = [ (@P)ds = [ (x(s),

x(s))ds = [ (x(s),
‘ (3.27)

to
— Ax(s) + ABu(s) + M (s))ds < —2—7 ||x(s)||2ds <0,
t

fort e (to - 6t0, to].

This is a contradiction. Thus, for any x € I', max;e[ow]||x(t)|| < Ko. Furthermore, we have

x|l = f lx(s)|lds < wKo, VxeT. (3.28)
0

This shows that I is a bounded subset of L' ([0, w], R").

By Lemma 2.3, the set-valued map L™ o U has a fixed point, that is, there exists x* €
LY([0,w], R") such that x* € L™ o A(x*), Lx* € (x*). Hence there exists a measurable
selection 77*(t) € K[g(x*(t))], such that

X*(t) + Ax*(t) = B () + L(1). (3.29)

By the definition of L7}, x* € W;’l([O, w], R"). Moreover, by Definition 2.1 and (3.29), x*(:)
is a solution of the boundary-value problem (2.5), that is, the neural network (2.1) has an
w-periodic solution. The proof is completed. O

4. Global Asymptotical Stability of Periodic Solution

Theorem 4.1. Suppose that Hy and the following assumptions are satisfied.
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Hs: foreachi € 1,...,n, there exists a constant I; > 0, such that for all two different numbers
u,v € R, for all y; € K[gi(u)] and for all {; € K[gi(u)]

Yi—Gi

u-o

> ;. (4.1)

Hy: A =diag(ay,. .., a,) > 0is a diagonal matrix, and there exists a positive diagonal matrix
P = diag(ps, ..., p2) > 0 such that P(-B) + (-B')P > 0 and

1
Lipil| BJI* < SAma, (4.2)

where Ay, is the minimum eigenvalues of symmetric matrix P(-B) + (-B')P, a = minj<<,a;, for
alli = 1,...,n. Then the neural network (2.1) has a unique w-periodic solution which is globally
asymptotically stable .

Proof. By the assumptions H; and Hjy, there exists a positive constant f such that

Yi — Gi 1
n st - .
u-v -~ 2ppi’ (4.3)
forall y; € K[gi(u)], ¢i € K[gi(w)],i=1,...,n,and
|IBII?
L <a. (4.4)
Pl
In fact, from (4.2), we have
IBI* 1
. < T (4.5)

Choose € (HBHZ/(Z.)Lm, 1/2l;p;), then —I; > —(1/2pP;), which implies that (4.3) holds from
(4.1), and (4.4) is also satisfied. By the assumption Hjy, it is easy to get that the assumption
H, is satisfied. By Theorem 3.4, the neural network (2.1) has an w-periodic solution. Let x*(-)
be an w-periodic solution of the neural network (2.1). Consider the change of variables z(t) =
x(t) — x*(t), which transforms (2.4) into the differential equation

2(t) = —Az(t) + Bij(t), (4.6)

where 7j(t) € K[G(z(t))], G(z) = (Gi(z1),.-.,Gn(za)), and Gi(zi) = gi(zi + x}) — 1, 1} €
K[g(x*)]. Obviously, z = 0 is a solution of (4.6).
Consider the following Lyapunov function:

V(z) =2z +2B> p; I Oici (p)dp. (4.7)
i=1
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By (4.3),
z7 + Zﬁp,-f IG,~ (p)dp > %zf, (4.8)
0

and thus V > (1/2)]|z|]*. In addition, it is easy to check that V is regular in R” and V(0) = 0.
This implies that V is C-regular. Calculate the derivative of V(z) along the solution z(t) of
(4.6). By Lemma 2.4, (4.3), and (4.4),

dV(z) _
dt
< —Z'(t)Az(t) + 22/ (t) Bij(t) + 27 (t) PB7(t)

< —az'(H)z(t) + 22" () BH(t) — PAmT] (D)7 (E)

1

(22 (t) + 2B7f (t) P) (-Az(t) + Bi(t))

< —az'(t)z(t) + —=z'(t) B'Bz(t)
pA (4.9)

1 N/ 1 ,
- <\/ﬂ—TmBz(t) /B (t)> <\/ﬁ—TmBz(t) T (t)>

< —<a - "pli[f>||z<t>||2

= -6z,

where 6 = a — (||B||*/fAn) > 0. Thus, the solution z = 0 of (4.6) is globally asymptotically
stable, so is the periodic solution x*(-) of the neural network (2.1). Consequently, the periodic
solution x*(-) is unique. The proof is completed. O

Remark 4.2. (1) If g; is nondecreasing, then the assumption Hj3 obviously holds. Thus the
assumption Hj is more general.

(2) In [14], Forti et al. considered delayed neural networks modelled by the differential
equation

x(t) = -Dx(t) + Bg(x(t)) + B'g(x(t — 7)) + 1, (4.10)

where D is a positive diagonal matrix, and B” is an n x n constant matrix which
represents the delayed neuron interconnection. When g; satisfies the assumption H; (1) and is
nondecreasing and bounded, [14] investigated the existence and global exponential stability
of the equilibrium point, and global convergence in finite time for the neural network (4.10).
At last, Forti conjectured that the neural network

X(t) = -Dx(t) + Bg(x(t)) + B"g(x(t - 7)) + I(t) (4.11)

has a unique periodic solution and all solutions converge to the asymptotically stable limit
cycle when I(:) is a periodic function. When B” = 0, the neural network (4.11) changes as
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0.5

0.4

x(t)

—x
— X2
— X3

Figure 1: Time-domain behavior of the state variables x;, x,, and x3.

the neural network (2.1) without delays. Thus, without assumptions of the boundedness and
the monotonicity of the activation functions, Theorem 4.1 obtained in this paper shows that
Forti’s conjecture for discontinuous neural networks with nonlinear growth activations and
without delays is true.

5. Illustrative Example

Example 5.1. Consider the three-dimensional neural network (2.1) defined by A =
diag(2,2.4,2.8),

-025 -0.1 0.15 sint
B = 0.1 -0.25 0 , I(t)=| —cost |,
0 02 -025 sint
(5.1)
VO +1, 0>0,
8i(6) =40, 0=0, i=1,23.

0.5cos0-0.25, 0<0,

It is easy to see that g; is discontinuous, unbounded, and nonmonotonic and satisfies the
assumptions H; and Hj. ||B||2 = 01712, a = 2. Take l; = 1 and P = diag(1,1,1), then p; =
1, A,, = 0.25, and we have

1
Lipi||B||I* = 0.1715 < 0.25 = 5Ama. (5.2)
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Figure 2: Phase-plane behavior of the state variables x1, x2, and x3.

All the assumptions of Theorem 4.1 hold and the neural network in Example has a unique
2sr-periodic solution which is globally asymptotically stable.

Figures 1 and 2 show the state trajectory of this neural network with random initial
value (-0.5,0.5,0.3). It can be seen that this trajectory converges to the unique periodic
solution of this neural network. This is in accordance with the conclusion of Theorem 4.1.
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