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We investigate the global behavior of the second-order difference equation x,.1 = xp-1((ax, +
Pxn-1)/(Ax, +Bx,_1)), where initial conditions and all coefficients are positive. We find conditions
on A, B, a, p under which the even and odd subsequences of a positive solution converge, one to
zero and the other to a nonnegative number; as well as conditions where one of the subsequences
diverges to infinity and the other either converges to a positive number or diverges to infinity.
We also find initial conditions where the solution monotonically converges to zero and where it
diverges to infinity.
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1. Introduction and Preliminaries

There are a number of studies published on second-order rational difference equations (see,
e.g., [1-9]). We investigate the global behavior of the second-order difference equation

+ _
Xn+1 :xn1<axn—ﬁxnl)/ (11)

Ax, + Bx,_1

where the numerator is quadratic and the denominator is linear with A,B,a,f € (0, ).
Under various hypotheses on the parameters, we establish the existence of different behaviors
of even and odd subsequences of solutions of (1.1). Our results are summarized below.

(i) Let &« < A and p > B, then we have the following.

(a) There are infinitely many solutions, {x,};._;, such that for each, one of its

subsequences, {xon}meo, {X2n-1}eg, cOnverges to zero and the other diverges
to infinity.
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(b) There exist solutions, {x,};-,, which

(1) converge to zeroif A+ B > a + f5;
(2) diverge to infinity if A+ B <a +
(3) are constantif A+ B =a + p.

(i)Let « = A and f > B. Then for each positive solution {x,},._;, one of the

subsequences, {xo,}re, {X2n-1}5eo, diverges to infinity and the other to a positive
number that can be arbitrarily large depending on initial values. Further there,

are positive initial values for which the corresponding solution, {x,},._;, increases
monotonically to infinity.
(ii) Let « < A and f = B. Then for each positive solution {x,},._;, one of the

subsequences, { X2 }reo, {X2n-1} e, cOnverges to zero and the other to a nonnegative
number. Further, there are positive initial values for which the corresponding

solution, {x,},._;, decreases monotonically to zero.

We note that the following results address and solve the first five conjectures posed by
Sedaghat in [10].

2. Results

In order to establish this first result, we reduce (1.1) to a first-order equation by means of the
substitution r,, = x,/x,,_1. This transforms (1.1) to

ary, + p

= © 2.1
Ar2 + Br, @1)

Yntl

Theorem 2.1. Let a« < A and > B in (1.1). Then one has the following.

(i) There are infinitely many solutions, {x,},._,, such that for each, one of its subsequences,

{x2n} o, {X2n-1 ) o, CONvVErges to zero and the other to infinity.

(ii) There exist solutions, {x,},._, which

(a) converge to zeroif A+ B > a +
(b) diverge to infinity if A+ B<a+f;
(c) are constant if A+ B =a+f.

Proof. Starting with (2.1), let the function g : (0,00) — (0,00) be defined as g(r) = (ar +
B)/ (Ar? + Br). Note that for r € (0,0), g(r) is a decreasing function since g'(r) = —(Aar? +
2ABr+Bp)/(Ar* + Br)2 < 0. Also note that lim, _,¢+ (g(r) —7) = +oo0 and lim, _, ., (g(r) -7) =
—oo0. Hence g has a unique positive fixed point 7.

We next compute the expression g?(r) — r and simplify, it including canceling the
common factor (Ar + B)r from the numerator and denominator, thereby obtaining the
following:

ast* + asr® + apr® + air
b31’3 + bzrz + blT‘ + b() !

gz(r) -7 = (2.2)
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where
ai = p(Ba - Ap),
a, = a(Ba - Ap),
as = B(Ap - Ba),
ay = A(Ap - Ba),

by = AP,
b; = 2Aap + B,

(2.3)
by, = Aa* + ABp + B’a,

b3 = ABa.

Note that since Af > Ba, a1, a, < 0 and as, as > 0. Thus the numerator of gz(r) —r =0 has one
and only one sign change. Therefore, by Descartes’ rule of signs, the numerator of g?(r)—r = 0
has exactly one positive root, 7.

In addition, we see that lim, _, ., [gz(r) —r] = +o0 and so, given that 7 is the only
positive root of the numerator of g>(r) — r = 0, we have g*(r) —r > 0 for r > 7. Thus, since
¢%(0) = 0 and g? is continuous, we must have g?(r) — r < 0 for r < 7. Therefore,

[gz(r) - r] (r-7r)>0 forr#r. (2.4)

We consider two cases depending on the initial value 7y for (2.1).

Case 1 (ry € (0,7)). Using induction and the fact that g is a decreasing function so that g2 is
an increasing function, we have

0<---<g*(rn) <g*(r) <ry <7 < g(ro) < g(ro) < g(ro) -+~ . (2.5)

Thus, lim,, o, §2"(r0) > 0 and lim,,_,, g"*1(ry) < co. Since 7 is the only positive fixed point
of g, then we must have lim,, _,, g%"(r0) = 0 and lim,, _, ,, $*"*!(ry) = oo.

Case 2 (ry € (r,0)). The argument is similar to that in Case 1 in showing lim,, _, ,, 2"(r9) = oo
and lim,, _, o, g2"+1 (r0) = 0. In both cases, the solution, {1y}, of (2.1) is divided into even and
odd subsequences, {12, }y and {r2,+1},=9, where one subsequence converges monotonically
to zero and the other to infinity.

We now go back to (1.1) by inferring the behavior of x, from r,. To do this we
first consider ro#7. Without loss of generality, we will assume that 0 < 7y < 7 and so
lim,, o, §2"(r0) = o0 and lim,, _, o, g>"*1(r) = 0.

Next, observe that

Xons2 _ Xome2  Xonsl AToni1 + ATyns1 + P
= : =TNnpa2loml = — - "Teni1 = 57— - (2.6)
Xon  Xousl X2 Ar5 .+ Braua Aty + B
From this and our assumption with ¢g?"*!, we have
. Xon+2 N
lim == = lim —'B = E > 1. (2.7)

n—oo Xou 71—>00AT‘2"+1+B B
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Hence, for 0 < € < /B — 1, there exists N > 0 such that

ﬁ 5(2n+2 ﬁ
J— — +
< €< 5 < €

for all n > N. We then have

ﬂ 1
X2(N+1) > <§ - €> X2N

ﬁ 1 2
X2(N+2) > (E - €> X2(N+1) > ( - €> X2N

P
B
1 3
X2(N+3) > (g - €> X2(N+2) > (% - €> X2N

and by induction, for m > 1,

ﬁ m
X2(N+m) > <§ - 6) X2N -

This, in turn, implies that

lim Xon+2 = CO.
n—oo

The argument is similar in showing that lim,, _, ., X241 = 0, since

Xont1l _ Xop+l  Xon o = a1y +ﬂ
- : = Mn+1M2n =

> Tm= .
Xon-1 Xon Xon-1 AT22n + Brzn Aan +B

Hence, result (i) is true.

Now consider rg = 7. Then r,, = 7 for all n > 1, and so x,,/x,-1
Induction then gives us x, = 7" x_; for all n > 1. We thus have one of the following:

1) Ifr<1(A+B>a+p),thenlim, ., x, =0.
(2)Ifr>1(A+B<a+p), thenlim,_, o, x, = oo.

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

=7foralln > 1.

(B)Ifr=1(A+B=a+p),then {x,},._; is a constant solution x_; =xg =x7 =--- .

Thus the result (ii) is true and this completes the proof.

For the next couple of results we rewrite (1.1) in the form

Xn+l = f(xnrxn—l)/ n= 01 11- v

(2.13)
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Note that if either « < Aand f < B,or a < A and f < B, then f satisfies the following
properties:

(P1) f € CI[0, %)% = {0,0}, [0, 00)], with f(u,v) undefined when u = v = 0.

(P2) f € C[[0, %) x (0,0), (0,00)]

(P3) f(u,v) <vifu,ve (0,0).

If we consider the addition restriction that « < A and f§ = B, we also obtain
(P4) if f(u,v) =v,thenu =0, v>0,0oru>0, v=0.

Lemma 2.2. Let {x,},._; be a positive solution of (1.1) with a« < A and = B. Then there exist

Lo >0and L, > 0 such that the following statements are true:

(1) xon1 ) Loasn — oo,
(2) x2, | Leasn — oo,

(3) L, = L, =0, and f(L,, L.) and f(L., L,) are undefined; or if either L, or L, is not zero,
then (Lo, Lo, Lo, Le, . . .) is a solution of (1.1).

(4) L, L, =0.

Proof. Statements 1 and 2 follow from the fact that
0 < xon+1 = f(X20, X20-1) < Xop-1, 0 < x2n12 = f(X2n41, X20) < X2n (2.14)

by properties (P2) and (P3). Statement 3 follows from the fact that either L, = L. = 0, and so
f(Lo,L.) and f (L., L,) are undefined by property (P1); or L, # L, and

L, = nli_I}(}OXZn-v-l = nhjr;of(XZn/ x2n—1) = f(Le/ L)
(2.15)
Le = lim Xon42 = lim f(x2n+1/ x2n) = f(Lor Le)/
n—oo n— oo

where Statements 1 and 2 and the continuity of f (Property (P1)) hold. Finally, Statement 4
follows immediately from Statement 3 and Property (P4). O

In the first three results, we characterize the convergence of the odd and even
subsequences of solutions of (1.1).

Theorem 2.3. Let a« < A and p = B in (1.1). Then for each positive solution, {x,},._,, one of the

subsequences, {Xon } g, { Xon-1} e, cOnverges to zero and the other to a nonnegative number.

Proof. Consider (1.1) witha < A, p = B, and f(u,v) = v((au+pv)/(Au+Bv)). Then it follows
from Lemma 2.2 that for each positive solution of (1.1), {x,};-_;, one of the subsequences,
{X2n }peos {X2n-1} 520, converges to zero and the other to a nonnegative number. O
Theorem 2.4. Let a« = A and p > B in (1.1). Then for each positive solution {x,},._q, one of the
subsequences, {Xon } o, {Xon-1}meq, diverges to infinity and the other to a positive number or diverges
to infinity.
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Proof. Consider (1.1) with a = A and 8 > B. Using the transformation y,, = 1/x,, convert (1.1)
to the equation

By, + Ay, )
il = Yno1 | ==——F— ). 2.16
Ynil = Ynd < Byn +ayn ( )

Then f(u,v) = v((Av+Bu)/(av+pu)), and so it follows from Lemma 2.2 that for each positive
solution of (2.16), {yx};-_;, one of the subsequences, {y2,}reo, {Y2n-1}meo, cOnverges to zero
and the other to a nonnegative number. Hence, for each positive solution of (1.1), {x,}p_1,
one of the subsequences, {x2,} e, {X2n-1} e, diverges to infinity and the other to a positive
number or diverges to infinity. O

In the following results, we show the existence of monotonic solutions for (1.1). As
with Theorem 2.1 we use the substitution r,, = x,,/x,,_1.

Theorem 2.5. Let « < A and p = B in (1.1). Then there are positive initial values for which the
corresponding solutions, {xn },_, decrease monotonically to zero.

Proof. Note that an equilibrium equation for (2.1) satisfies,
Ar’ +Br* —ar - p=0. (2.17)

Setp(r) = Ar® + Br? —ar — . Given Descartes’ rule of signs, we have that there exists a unique
positive equilibrium, ¥ < 1, where p(0) < 0 and p(1) > 0. Recall that r, = x,,/x,-1, and let
r, =71 foralln > 0. Then x,,/x,.1 =7 for all n > 0. It follows from induction that x,, = 7x

foralln >0.Since 7 < 1, {x,},._;, with xo = 7x_1, decreases monotonically to zero. O

Theorem 2.6. Let a« = A and p > B in (1.1). Then there are positive initial values for which the
corresponding solution, {x,},._,, increases monotonically to infinity.

Proof. As in the previous proof, an equilibrium equation for (2.1) satisfies (2.17). Setting
p(r) = Ar®+Br*—ar—f, we obtain from Descartes’ rule of signs, a unique positive equilibrium,
7 > 1, where p(0) < 0 and lim, _, , p(r) > 0. Recall that r,, = x,/x,-1,and letr, = 7 forall n > 0.
Then x,,/x,1 = 7 for all n > 0. It follows from induction that x, = 7""x_; for all n > 0. Since

7>1, {x,}5._;, with xo = 7x_4, increases monotonically to infinity. O

References

[1] A.M. Amleh, E. Camouzis, and G. Ladas, “On second-order rational difference equation—IL" Journal
of Difference Equations and Applications, vol. 13, no. 11, pp. 969-1004, 2007.

[2] A.M. Amleh, E. Camouzis, and G. Ladas, “On second-order rational difference equation—IL,” Journal
of Difference Equations and Applications, vol. 14, no. 2, pp. 215-228, 2008.

[3] Y.S. Huang and P. M. Knopf, “Boundedness of positive solutions of second-order rational difference
equations,” Journal of Difference Equations and Applications, vol. 10, no. 11, pp. 935-940, 2004.

[4] W. A. Kosmala, M. R. S. Kulenovi¢, G. Ladas, and C. T. Teixeira, “On the recursive sequence .1 =
(P + Yn-1)/(qYn + Yn1),” Journal of Mathematical Analysis and Applications, vol. 251, no. 2, pp. 571-586,
2000.

[5] M. R. S. Kulenovi¢ and G. Ladas, Dynamics of Second Order Rational Difference Equations with Open
Problems and Conjectures, Chapman & Hall/CRC, Boca Raton, Fla, USA, 2002.



Advances in Difference Equations 7

[6] M. R. S. Kulenovi¢, G. Ladas, and N. R. Prokup, “On the recursive sequence x,.1 = (ax, + fx,-1)/(1+
xn),” Journal of Difference Equations and Applications, vol. 6, no. 5, pp. 563-576, 2000.

[7] M. R.S. Kulenovi¢, G. Ladas, and W. S. Sizer, “On the recursive sequence X1 = (ax, + fxn-1)/(yxn +
6xy-1),” Mathematical Sciences Research Hot-Line, vol. 2, no. 5, pp. 1-16, 1998.

[8] M.R.S. Kulenovi¢ and O. Merino, “Global attractivity of the equilibrium of x,.1 = (pxp+x,-1)/(qxn+
xn—1) for q < p,” Journal of Difference Equations and Applications, vol. 12, no. 1, pp. 101-108, 2006.

[9] G. Ladas, “On the recursive sequence x,+1 = (& + pxuyxn-1)/ (A + Bx,, + Cx,_1),” Journal of Difference
Equations and Applications, vol. 1, no. 3, pp. 317-321, 1995.

[10] H. Sedaghat, “Open problems and conjectures,” Journal of Difference Equations and Applications, vol. 14,

no. 8, pp. 889-897, 2008.



