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The initial-boundary value problem for a class of linear and nonlinear equations in Hilbert space
is considers. We prove the existence and uniqueness of solution of this problem. The results of
this investigation are applied to solvability of initial-boundary value problems for quasilinear
impulsive hyperbolic equations with non-stationary transmission and boundary conditions.

1. Abstract Model Initial Boundary Value Problem with
Non Stationary Boundary and Transmission Conditions for
the Impulsive Linear Hyperbolic Equations

In paper [1] there is given an abstract scheme of investigation of mixed problems for
hyperbolic equations with non stationary boundary conditions. In this direction, some results
were obtained in [2].

In this paper, we offer the analogues abstract model of investigation of mixed
problem with non stationary boundary and transmission conditions for impulsive linear and
semilinear hyperbolic equations.

1.1. Statement of the Problem and Main Theorem

Let H",Hé,Xf,,YP]; v=12..s;i=12...,mpu=12,..,r;j=12,...,m) be Hilbert
Spaces. Consider the following abstract initial-boundary value problem:
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ili(t) + Ai(t)ui(t) = fi(t), (hyperbolic equations), (1.1)

m
Biyit;(t) + ZC;{v(t)uk(t) = giw(t), (non stationary boundary and transmission conditions),
k=1

m
ZDLﬂuk(t) =0, (stationary boundary and transmission conditions),
k=1

u;(0) = u?, 1;(0) = u}, (initial conditions),
(1.2)

where t € [0,T], it; = d*u;/dt?, iw; = du;/dt, Ai(t) are the linear closed operators in H'; B;, are
the linear operators from H' to X}; C;_(t) are the linear operators from H¥ to X/; Diﬂ are the

linearoperatorsfromHktoY,i;v =1,...s,i=1,.... mpu=1,...,r;,j=1,.... mk=1,...,m.
We will investigate this problem under the following conditions.

(i) Let H! ¢ H', and let H! be densely in H' and continuously imbedded into it, i =
0 0 y y
1,2,...,m.

In the Hilbert space H', it was defined the system of the inner products (-, -) (), which
generate uniform equivalent norms, that is,

—141,112 2 2
Ml < Mlulliyiy < callully, e >0,

(1.3)
||u||%-1i(t) = (u/u)Hi(t), te[0,T],i=1,2,...,m.

For each u € H', the function t — ||u||12q,-(t) : [0,T] — R, is continuously differentiable,
i=1,2,...,m.

In the Hilbert space X}, it was defined the system of the inner products (-, -)x, , which
generate uniform equivalent norms, that is, l

12 2 2

Czl||v||X; <ol < cllllyi, >0, »

L . ~ o (1.4)
19l = (@ O)xiy, t€[0,T],v=12,...,s,i=12,...,m

For each v € X%, the functiont — ||U||§(,- 0" [0,T] — R iscontinuously differentiable.

(i) Foreacht € [0,T] and i=1,2,...,m, A;(t)is alinear closed operator in H whose
domain is H; A;(t) acts boundedly from H| to H'; A;(t) is strongly continuously
differentiable.

(iii) The linear operators B;,, that act from H; , to X!, bounded, where Hi n =
[Hj, H'], , is interpolation space between Hj and H' of order 1/2 (v = 1,...,s,i =

1,...,m) (see [3]).

(iv) For each t € [0,T], the linear operators C;(v(t), that act from H* to Xi, are
bounded,; C};v(t) is strongly continuously differentiable (v = 1,...,s;,i =1,...,m;
k=1,...,m).
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(v) The linear operators D/ ” from Hf/z into Y,ﬂ', act boundedly (u = 1,...,7, j =
1,....mk=1,...,m).

Let us introduce the following designations:
H:Hlea...@Hm,

Hy = {ﬂ:ﬁ: (uy, ..., um),ui € Hy,i=1,...,m;

m .
D Duk=0p=1,..,1;j= 1m}
k=1

Hip = {ﬂ:ﬂ: (U1, ..., Um), u; € Hi/z,i =1,...,m

(1.5)
N
ZDk#uk =0,pu=1,...,7j,j = l,...,m},
k=1
J] = {w Lw = (wl,. ..,wm),wi = (ui,Bﬂui,.. .,Bisiui),i = 1,. .., m,
where (uy,...,uy) € f—I\o},
m
H=HeX e -oX, HL=EPH, Hjp=I[Hd, K],
i=1
From condition (v), it follows that the space H, ,2 with the norm
m
Il ,, = EljnuillH;/z (1.6)
iz
is a subspace of
Hip = {ﬂ:ﬁz (1, ), u; € Hi i = 1m} =H],x---x H',. (1.7)

(vi) Let the linear manifold ﬁo be dense in H. 1/2, and let linear manifold <#; be dense in
H.

(vii) (Green’s Identity). For arbitrary u,7 € Hyandt € [0, T], the following identity is
valid:

m Si m .
D (At i, i) g + D, <ZC}<v(t)uk, Bivvi>
i v=1 \k=1 Xf,(t)

i=1

(1.8)

= > | (i, Ai)vi) i + D, <Bivuizzciv(t)vk> .
i v=1 k=1 XL (t)

i=1
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(viii) For all u = (u1,...,uy) € Ho, the following inequality is fulfilled:

m By Si 9
o3 <nuinm ; anwuiuXQ
i=1 v=1

(1.9)
m Si m X m 2
<> I:(Ai(t)ui/ W) prigy + <ZC§W(t)uk, Bivui> ] < CZZ”ui”H{/Z'
i=1 v=1 \k=1 XL (t) i=1
where c; € R, ¢, > 0.
(ix) For each t € [0, T], an operator pencil
LYY u = (U, u,) — L V)u
3 3 3 3 3 B (1.10)
- (Lgo(x)u, Ly (T, ..., L (VT .., Lo (O, L (D, . Ly (A)u),
which acts boundedly from f—I\o to <4, has a regular point A = 1y € R, where
LfO(A)H:/\ui+Ai(t)ui, i=1,2,...,m,
m (1.11)
Li,(\)u = AByu; + D Ci (hux, v=1,2,...,s,i=12,...,m
k=1
() u € Hj,u} € Hj ,, 33y Dy u) = 0,35, D}y =0
(i=12....m pu=12,..,rj, j=12,...,m). (1.12)
(xi) fi(-) € W;(O,T;Hi), p>1,i=1,...,m,
gV eWp(OTX)), p21,v=1,.,5i=1..m (1.13)

Definition 1.1. The functiont — (ui(t),..., u,(t)) is called a solution of problem (1.1)-(1.2) if
the function t — u(t) = (u1(t), ..., un(t)) from [0, T] to Hy is continuous, and the function

t— (u1 (f), Buul(t), ey Blslul (t), ey um(t), Bmlum(t), ey Bmsmum(t)) (114)

from [0, T] to K is twice continuously differentiable and (1.1)-(1.2) are satisfied.

Theorem 1.2. Let conditions (i)—(xi) are satisfied, then the problem (1.1)-(1.2) has a unique solution.



Advances in Difference Equations 5

Proof. We define the operator & (t) in the Hilbert space & in the following way:
D(4(t)) = 1,

At)w = <A1(t)u1,ZCi1(t)uk, . chsl sk, ..., At) ytim,
k=1

(1.15)
Zc (Buk,..., >.Cr. (t)uk>, te[0,T], we Hi.
k=1
Then the problem (1.1)-(1.2) is represented as the Cauchy problem
W+ A(H)w = O(t),
(1.16)
w(0) =w’,  w(0)=
where w(t) = (u1(t), Buui(t), ..., Bis,ur(£), .. ., ttm(), Buithm(t), - . ., Bms,, tm(t)),
D) = (), gu®), -, &1, (V) -s fru (), gmi (1), -, Gms, (1)),
w° = <u(1), B, ..., Big i, ..., u, By, . ..,Bmsmugq>, (1.17)

1 1 1 1 1
w = <u1,Buu1,...,Blslu1, . u Bmlum, ..,Bmsmum>.

It is obvious that if (11 (t), ..., um(t)) is the solution of problem (1.1)-(1.2), then w(t) is
the solution of the problem (1.16). On the contrary, if

w(t) € C*([0,T]; #) N C'([0,T]; [1,],/,) NC([0,T]; H1) (1.18)
is the solution of problem (1.16), then w(t) = (ui1(t), Buiui(t),..., Bigui(t),..., un(t),
Bty (t), ..., Bys, um(t)) and (ui(t), ..., un(t)) is the solution of problem (1.1)-(1.2).

Let us defme the system of inner product in Hilbert space & in the following way:

<w, >e@(t):i< Wi, W ) i +§JZ( W”szwu> X te[0,T], (1.19)

i=1 i=1v=1

where w' = (w),..., w!,), w! = (ul,Baul,..., Bisul),i=1,2,...,m,u},...,u,) € Hy,l1=1,2.
We denote space # w1th inner product (1.19) by J#(#). O

We will prove later the following auxiliary results.

Statement 1.3. There exists such ¢3 > 0, that

c3H w2 < lwlZyq < esllwl, e [0,T], (1.20)
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and the function t — ||w||i@(t) : [0,T] — R, is continuously differentiable, where ||w||i,e(t) =
(w/w),@(t)-

Statement 1.4. A(t) is a symmetric operator in #(t) for each t € [0, T].

Statement 1.5. <4(t) has a regular point for each t € [0, T] in R.
A(t) is symmetric and R(H#(t) + AI) = H(t), for some A € R; therefore, for each t €
[0,T], 4(t) is a selfadjoint operator in H(t) (see [4, chapter x]).

Taking into account (viii) and Statement 1.3, we get

m

(At w, w) gy = D, I:(Ai(t)ui/ui)Hi(t) + Z <ZC§W(f)uk,Bivui> ]
v=1 \k=1 X5 (t)

i=1 (1.21)

2
2 Clllee@(t)/

that is, +#(t) is a lower semibounded selfadjoint operator in #(t).
Thus, the operator <4(t) = <#(t) +\ol is selfadjoint and positive definite, where Ao > c;.
Problem (1.16) can be rewritten as

w(t) + Ho(Hw(t) — dow(t) = F(t),
(1.22)
w0)=w’,  w(0)=w

It is known that if w® € #; and w' € H#1,,, then the problem (1.22) has a unique
solution w € C%([0,T]; #) N C ([0, T]; #1,2) N C([0,T]; H#1) (see [5, 6]).

To complete the proof of the theorem, we need to show that w’ € H#; and w' € H,.

By conditions of the theorem u? € Hi,ZZLl D,’(Hug =0i=12..mpu=12,..r,

j=1,2,...,m) and B;, are bounded operators from Hi/z to Xf,,v =1,2,...,8,i=1,2,...,m.
Therefore,

0 0 0 0 0 0 0
w? = (u}, Brul, ..., Broyul, ... 1y Buatly, ., By, 18, ) € . (1.23)

On the other hand, u} € Hi/z and X/, D{(#ui =0(=212...mpu=12,...,r,j=
1,2,...,m), therefore, Bi,,u} €eX, (v=12,...,8,i=1,2,...,m). Consequently,

1 1 1 1 1 1 1
w = <u1,Buu1,...,Blslul,...,um,Bmlum,...,Bmsmum> €,

= {w Tw = (wl,...,wm),wi = (ui,Bﬂui,...,Bisiu,-), u; € Hi./Z’ (124)

mo
ZD]kﬂuk=0,i=1,...,m,y=1,...,r]-,j=1,...,m}.
k=1
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From the definition of interpolation spaces (see [3, chapter 1], [7, chapter 1]), we get
the following inclusion:

m
Ky C i C =P (HipoXia- o XL). (1.25)
i=1

By virtue of definition, the powers of positive selfadjoint operator (see [8, chapter 2],
[7, chapter 1]), we have that D(Jé/z(t)) =H1/2 and

Mol < || O], < Cllwll,, e >0. (1.26)

H(t)

Assume that w € D(<4)) = H#1, then

|2 @], = Aoy0,)

K(t)

= E (‘ li(t)ui/ ui)H"(t) Z Z:;‘cv(t)uk’Eivui 1.27
( )
v=1 \k=1 XL (t)

i=1

+ J\OZ I:(uu ul)Hr(t) + Z(Bwuu wul)xl t):I

i=1

By virtue of conditions (ii), (viii), (1.26), and (1.27), we get

w02, < CZIIuIIIHI : (1.28)

i=1

Let w! € Q By virtue of condition (vi), T—I\o is dense in T—I\l /,2; therefore, there exists a
sequence i) = (u <p)) such that 7 € Hy and

[= - —0, atp— oo. (1.29)

Hl/zea @HI/Z

Hence it follows, that

|7 -7 q>||Hm$ g, 0 AP (1.30)

Then from (1.28) and (1.30) it follows that {zw®} is fundamental in & 5, that is,

||w(’") —w@ ||e[e1/2 — 0, atp,g— oo, (1.31)

where w® = (uy () B1u . Blslu1 S un’f),Bmlun’f), .. Bmsmum)) p=12,
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Thus, there exists @ € H1,, such that

”w(’”) - ZTJ”JI/Z — 0, atp— co. (1.32)

On the other hand, 1, C 471 /2, therefore,

||w<P> - z’z;”jl/z —0, atp— oo (1.33)

Hence,

—(p) —|| 0
u — 0, at p— ©, 1.34
|| Hll/zeeneH{';Z ( )

where u = (i3, . .., Uy). From this, by virtue of (1.29), u = %!, that is,

w = <u%,Buu%,...,Blslu%,...,u}n, Bmluin,...,Bmsmu}» =w!. (1.35)
Thus, w! € H#1 2. The theorem is proved.

1.2. Proof of Auxiliary Results

Validity of Statement 1.3 follows from condition (i), the Statement 1.4 from condition (vii).

Proof of Statement 3. Consider in Hilbert space < the equation

\w+dtw=F, tel0,T], (1.36)

Where ? = (fl/fll/" '/flSll‘ -‘/fm/fmll-‘ '/fmsm) € J,.)L € R
Equation (1.36) is equivalent to the following system of differential-operator
equations:

Lfo(.)t)ﬁ = /\u,- + A,-(t)ul- = fi/ te [O,T], i=1,2,...,m,

m
Li, (M)t = ABiyu; + D Ci, (Dux = 8w, t€[0,T,v=1,2,...,5, i=1,2,...,m,
k=1 (1.37)

m .
D Dpuc=0, p=12..,1,j=12..,m
k=1

By virtue of (ix), problem (1.37) has a solution u = (u1,...,um) € H, for some A € R. Thus,
foreacht € [0,T],

ROL + A(t)) = H(t), (1.38)

where [ is an identity operator in J(t), that is, ¢/ has a regular point. O



Advances in Difference Equations 9

2. Abstract Model of Initial Boundary Value Problem with
Non Stationary Boundary and Transmission Conditions for
the Impulsive Semilinear Hyperbolic Equations

Consider the following initial boundary value problem:
it (t) + Ai(ui(t) = fi(t A1), (b)),

Buit(t) + 3G, (Ouk(t) = (Luw), i),
- (2.1)

m .
DL ux(t) =0,
k=1
u;(0)=u?,  w(0) =u,

wheref € [O,T],y =1,...,s,u=1,...,1,i= 1,...,mu= (ul,...,um),ﬁ = (1, ..., Um), Ai(t),
Biy, C,(t) and D;(H satisfy all conditions of Theorem 1.2.
Assume, that the nonlinear operators f; and g;,, satisfy the following conditions.

(xi") Suppose that the nonlinear operators

(bw3) — fi(tm ) : 0,T] <@ H1/2> x <é Hf> — H',

i=1
(tm 1) — gu(t, %) : [0,T] <@ 1/2> x <é Hf> — X
i=1

satisfy the local Lipschitz conditions in the following sense: for arbitrary ti,t, €
[O/ T]/ (ﬁllal)l (ﬂzlaz) € H1/2 X H/

||fl <t1/ﬂ1/51> - fi <t2/ﬁ2/52> || .
Hl
m
<=t $(Jut -t + et -7
i-1 1/2
giv <t1/ﬁ1/51> - giv <t2/ Hz/ 52) | xi

<cw(T)[|t1—t2|+Z<”” ] ”H +||U"1_U"2”Hi):|'

(2.2)

(2.3)

1/2

where ¢;(:),ciy € C(Ry,Ry),v=1,...,s;,i=1,...,m,

=S5l <l ) o

i=1 I=1
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Theorem 2.1. Let conditions (i)—(x) and (xi') be satisfied, then there exists T' € (0,T], such that the
problem (2.1) has a unique solution

= (..., un) € C([0,T),Ho) nC'([0,'), Hi o) nC*([0,T'), H). (2.5)

Additionally, if

E(t)=g[nui(t)nm/z+||ui<t>||Hf]w@[llu?lez+||u3||Hl.]>, e 1), @6

where ¢(-) € C(R+, R,), then T' = T. Otherwise, there exists Ty € (0,T), such that
 Jim E(#) = +oo. (2.7)

In the Hilbert space &, the problem (2.1) is represented as the Cauchy problem

W+ A(H)w = F(t, w,w),

(2.8)
w0) =w’,  w(0)=w
where w = (11, Biiuy, ..., Bisu1, ..., W, Bt - . ., Bis,, Um),
0 0 0 0 0 0 0
w- = (”1/ Buuy,...,Bisuy, ..., Uy, Bmuy, ..., Bmsmum>,
1 1 1 1 1 1 1
w = <u1,311u1,...,Blslul,...,um,Bmlum,...,Bmsmum>,
Ft,w,w) = Lw + F1(t, w,w), (2.9)

?1(1’,10,7,2)) = <f1<t,ﬁ,ﬁ>,g11<f,ﬂ,ﬁ>,...,glsl <f,ﬂ,ﬁ>,...,
Fu(t, B0), 8o (ETT), .., gms, (£ T 1) ).

From (xi’), it follows that, for arbitrary t;,t, € [0, T], w!, w? € H1/2,z',2* € H,

”?(tl,wl,zl) - ?(tz, w?, zz> ”,«f <c(r) [|t1 —t|+ ”w1 - w2| 0, + ||z1 - 22”#], (2.10)

where c(-) € C(R., Ry), 7= 3 ([0l g, , + 12']le)-
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Thus, the nonlinear operator ¥ satisfies the condition of local solvability of the Cauchy
problem for the quasilinear hyperbolic equations in Hilbert space (see [6, 9]). Taking this into
account, the problem (2.8) has a unique solution

w e C([0,T'); K)NCH([0,T); H1/2) NC([0,T'); H1). (2.11)

3. Initial Boundary Value Problem with
Non Stationary Boundary and Transmission Condition for
the Impulsive Semilinear Hyperbolic Equations

m

Leta; < a» < -+ < 1. We consider in the domain [0,T] x J[a;, ai«1] the following mixed
i=1

problem

ui(t/x) _Pi(t)u;,(t/ x) = fi(t/x/ui(t/ x)/u;(t/ x),ili(t, x)/(Pi<ﬁ/ﬁ>>/
(t,x) € [0,T] % [a;,ai11], i=1,2,...,m,

ui(t/ ai+1) = Uil (t/ ai+1)/ l = 1/ 2/ Y2 ([ 1/ t> 0/
it (t, a1) — qo(t)uy (t, a1) = go(t, %(ﬁ,ﬁ)), t>0,

iti(t, ai1) + qi(F) [ui(t, i) — Ui, (8, ain)] = & <t, @i <ﬁ, ﬁ)), (3.1)

i=12,....m-1,t>0,

il (t, Ame1) + Gm (D) U, (E, Ams1) = §m (t, Gm <ﬁ, ﬁ)), t>0,

u;(0,x) = u?(x), 1;(0,x) = u}(x), x €la;,bi],i=1,2,...,m,

where @; = Ou;/0t,u, = Ou;i/0x,il; = 0%ui/ot*,u] = *ui/Ox*, U = (u1,...,Um), U =
(T, ..., m), Pi, Gj, fir 8js u?, u} are some functions, ¢; and ¢ are some functionals, which will
be specified below,i=1,...,m,j=0,1,...,m.

Recently, differential equations with impulses are great interest because of the
needs of modern technology, where impulsive automatic control systems and impulsive
computing systems are very important and intensively develop broadening the scope of their
applications in technical problems, heterogeneous by their physical nature and functional
purpose (see [10, chapter 1]).

Assume that the following conditions are held:

(1% pi(t) € C'[0,T],q;(t) € C'[0,T]; pi(t) > 0, gj(t) >0, t € [0,T],i=1,...,mj =
0,1,...,m,

(2% fi(-) € CY([0,T] x [ai, aisa] x RY,i=1,2,...,m,
(3% gi(-) e CY([0,T],R),j =0,1,...,m,
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(4%) ¢;(-) are nonlinear functionals acting from

é <W21(£1k, ak+1) x Lo(a, ak+1)> (3.2)

k=1

to R and for arbitrary (ﬁl,ﬁl),(ﬁz,ﬁz) € G}Z’zl(Wzl(ak,akﬂ) x Ly(ak, ax+1)) the following
inequality holds

i)~ (@ 7)|

m

<ci(r ”u1 - u2|| + ”vl - v? ], (3.3)

t )kzzl [ k K W, (ax,ak:1) k kI Ly (a an.1)
i=1,2,...,m
_ym 1 2 1 1
where 7 = 3% Mgl o, a0 * 1cllw oy o) 12 L agarn) + 120 0 aen 17
Ci(') € C(R+/ R+)/ R+ = [0/ OO), 1 = ]-/ 2/ e, m, (34)
(5%) () are nonlinear functionals acting from

m

& <W21(£1k, ak+1) % La(ak, ak+1)> (3.5)

k=1

to R and for arbitrary (ﬁl,ﬁl),(ﬁz,ﬁz) € @Z’zl(Wzl(ak,akH) x Ly(ak, ax+1)) the following
inequality holds

—1 =1 —2 — 1 2
. — W < —
|(‘U] <u v > ¥i <u 7) i (T)Z [||uk Wzl(ak,aku) ’ ||vk K Lz(ak/ak+1)] ’ (3.6)
where c;(-) € C(Ry,Ry),j =0,1,...,m, and r—is defined as in (3.3),
( 69 ) u? € sz(a,-, a,-+1), u} € Wzl(a,-, ai+1), i=1,2,...,m, where
i (ajn) = ul, (aj),
(3.7)

ujl-(al-ﬂ):u]l-ﬂ(a,-ﬂ), j:1,2,...,m—1.

By applying Theorem 2.1, we obtain the following result.
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Theorem 3.1. Let conditions (1°)—(6°) be held, then there exists a T' € (0, T], such that the problem

(3.1) has a unique solution u = (u, . .., Uy,), where

u; € C*([0,T'); La(ai, air1)) N Cl([O,T');Wzl(ai, ai+1)> N C([O,T');sz(ai, ai+1)>,

ui(t, a;), ui(t, ai1) € C2([0,T'),R), i=1,2,...,m.

(3.8)

Proof. Let us denote H' = Ly(aj, aiz1), H) = W2(aj, ain), X, = (C,Y,i =Cwv=12,...,s,i=

1,2,....m,u=12,...,r;,j=1,2,...,m, wheres; = 2,rj = 1.
In space H' and X!, are defined the following inner products:

a1l
(U, 0) iy = pit(t) f uv dx,
a;

(h1, h2)x1 () = 3" (Hhihy, (h1, h2)xi ) = ;' (Hhihy,

h,heC, i=1,2,...,m.

From differentiability of the functions p;(t),i = 1,2,...,m, and g;(t), j = 0,1,...

follows that the condition (i) is satisfied.
Let us define the following operators:

Ai(tyu; = —pi()u), u; € D(Ai(t)) = Wi(ai, ain),
Buiuy = ui(a1), Bj1 = 0, Byu; = ui(aiv1),i=1,2,...,m,j=2,...,m,
Ch (O = —qo(t)uy (ar), oy (D ttm = Gun ()14}, (Ams1),
Ci, () =0, for all other i, k,
Cp (i = gi(Duj(ain),i=1,2,...,m,
Ch(Bujn = —g; (b, (ajn),j=1,2,...,m-1,
Ci,(t) = 0, for all other i, k,
Di u; = —ui(ain), D::+1,1ui+1 =uin(aiv1), i=1,2,...,m-1,
Di =0k#ik#i+1.
We also define the nonlinear operators as follows:
Fi(t,u,0) = fi(t,x,ui(x),u;(x),vi(x), ¢;(u,0)),i=1,2,...,m,
Gu(t,u,v) = go(t, ¢o(u, 0)),

G,-g(t,ﬁ,ﬁ) = gi(t,(p’i(ﬂ,f)),i = 1,2,.. .,m,
Gn(t,u,0)=0,i=2,3,...,m.

(3.9)
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It is easy to verify that linear operators A;(t), Bi,, C g‘v(t), and Dﬁl and the nonlinear operators

Fi,Gi1, and Gp, i = 1,...,m satisfy the conditions of Theorem 2.1, and the problem (3.1) is
represented as an abstract initial boundary-value problem in the following way:

it (t) + AdBui(t) = Fi(4,7,10),
Biyiin (£) + C}; (B (1) = Go(£,7,7),

Byt (£) + Chy (s (t) + Chop , (Yui(t) = Gi (LT, (3.10)

Bty (£) + Coty ()t (1) = G (1,2,10),

Diu;+Diui =0, i=12,...,m-1.
We will show that conditions of Theorem 2.1 are satisfied. Conditions (i)-(v) follow
immediately from definitions of spaces H', X%, and Y, and operators A;(t), By, Ci (1),
and D{(#, and traces theorems (see [3, chapter 2]), where k = 1,2,...,m; v = 1,2,...,s;;

i=12,...mpu=12,..,r;j=12,...,m
The linear manifolds Hy and #; are defined in the following way:

—

Hy = {ﬂ,ﬂ = (U1,..., Um), Ui € Wi(ai, ais1),i=1,...,m,

uj(aj+l) = uj+1 ([1]'+1),j = ]-/‘ -, m— ]-}/

(3.11)
Hy = {w,w = (w1,..., W), w1 = (U1, u1(az), ui(ar)),
wi; = (ui,u,-(a,-+1)),i =2,... mueE f‘I\()}
We also define the spaces
His = {ﬂ,ﬁ = (1, ..., Um), i € Wi(ay, ai1), i= 1m}

Hip = {ﬂ,ﬁ = (1, ), i € Wi as, ai),i=1,...,m, (3.12)

u]-(a]-+1) = u]-+1 ([1]'+1),j = ].,. o, m = 1}
O

Statement 3.2. Hq is dense in
m

H = (Ly(a1,b1)oCaoC)a @ (Lp(a;, b;) ® C). (3.13)

i=2
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Proof. Assume that (u1, ai, ap, Uz, a2, . .., U, &) € H. Consider the following functions:

aiy1 — X X —a;
a1+
aiy1 — 4 aiy1 — 4

u?(x) = aj, Xe€ [ai, ai+1], i=1,...,m. (314)

From definitions of u?(x), i=1,...,m, we can see that
w(ai) =u) (am) =a;, i=12,...,m-1 (3.15)
Letu = (uy,...,uy) € H. Consider the function

z:(zl,...,zm):<u1—u(1),...,um—ug1>. (3.16)

It is obvious that z € @ L(aj, ais1). On the other hand, @D (a;, aix1, air1) =
@ L2(ai, air1), where D(aj, ain)(i = 1,...,m) is a space of infinitely differentiable finite
functions. Therefore, for an arbitrary € > 0, there exist the functions h; € 9(a;, ai+1),
i=1,...,m,such that

> lzi - hil| <. (3.17)
i=1

By denoting hi = u? + h; from (3.17), we get

m
S
i=1

<e, (3.18)

La(ai,ais1)

where ;11' € C”[a;, ai+1],fzi(ai) =a;1,i=1,...,m.
Thus,

|(u1, ur(az), ui(ar), uz, uz(az), . .., U, U (ame1) — (M1, a1, @0, ho, a1, ..., h, ) || < €.
(3.19)

O
The following statement is proved in the same way.

Statement 3.3. ﬁo is dense ﬁl/z.
Now, we prove that the condition (vi) holds.
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Let% = (u1,...,uUm),T = (v1,...,0m) € Ho, then

m Si m .
Z (A,-(t)ui, ’Ui)Hi(t) + Z(ZC;W(t)uk, B,-,,v,->
i=1 v=1 \k=1 Xi ()

= i[ f”’” ujvidx + (=i (a1),v1(a1))
i=1

+i(u;(ai+1) -, (ai1),vi(ain)) + (uin(amu),vm(am))]
i=1

= > [(wi(a), vi(ai)) - (u(ain), vi(ain))]
izl
m A1 i
- > | woldx - (4 (a1), v1(a0)) + D ui(ai)v)(ain)
o1 Y P

m-1

- Zu;ﬂ(aiﬂ)vi(aiﬂ) + u’m(amﬂ)vm(amﬂ)

i=1
m m—1 m
= > (ui(a)vi(a;) - ui(ai)v}(ain)) - uy(a)vr (@) + D ui(a)oi(a) - D ui(a;)vi(a;)
P i=1 i—2

i+l

+um(am+1)vm(am+1)+2f uvdx fl uvdx

(3.20)
Similary, we obtain the following identity:
Z I:(ui, Ai() i) iy + Z< Bivvi,ZC;W(t)uk> ] = ZI uv,dx. (3.21)
i=1 v=1 k=1 XL (b i=1 7 ai

Thus, by virtue of (3.20)-(3.21), the condition (vi) holds.
From (3.20) or (3.21), putting v; = u;, we also obtain the identity

Zf ujde=3, (Ai(t>ui,ui>Hf<t>+Z<ZC2v<t>uk,wa> ;32
=17 ai i=1 v=1 \k=1 XL (1)

that is, condition (viii) is satisfied, c; = ¢c; = 1
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Now, we verify fulfillment of condition (ix). To that end, we consider the mixed
problem

A —pi(tyui = hi(x), i=1,2,...,m, (3.23)

Aui(ar) - qo(tyuy(ar) = hio,
J\ui(ai+1) + qi(t) [u;(aiﬂ) - u;+1(ai+1)] = hiO/ i= 1, 2, o, m— 1, (3.24)

/\um(amﬂ) + qdm (t)u’m(amﬂ) = hmO/

where h; € Ly(a;, ais1),i=1,...,m;hjo € R, j=0,1,...,m, L € R.
Let h;(x) be the extend of function h;(x) to R. We consider the system of the differential
equations

it - pi(Bili, = hi(x), i=1,2,...,m. (3.25)
Hence, we have
Niii - Rpi(Diis, = hi(x), i=1,2,...,m, (3.26)

where ¢ = F[g] is a Fourier transformation of the function g(x). From (3.26), we obtain

i = hi/ (A + K2p;(t)), then functions %; = F1[ii;] = F~'[hi/(\ + k?pi(t))] satisfy (3.25), and
their constrictions on (a;, ai.1) satisfy the (3.23). It is clear that #; € sz(ai, ai+1). Considering
linearity of the problem (3.23), (3.24), the solution can be represented in the form

u; =9; + ﬁi, (327)

where v; = u; — 1i; is a solution of the following problem:

Avi(x) —pi(t)v} (x) =0, (3.28)
Ao1(ar) = qo(H)v) (a1) = o,
Avi(ai1) + qi(t) [0 (@) = Oy (@i)] = hio, i=1,2,...,m—1, (3.29)

AUy (A1) + dm (t)U;n(aerl) = hmo,

where hig = hio — Adiy (a1) + o (£)i, (a1),

hio = hio — Mii(ain) — qi(t) [ (ain) — U, (ain)], i=1,2,...,m-1,

0 (0) = iy — Ml (@sn) + Gon (87, (@1 ).
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A general solution of a system (3.28) is found in the following form:
Ui(x) = Cile_(x—ai) A/pi(t) + Cize—(bi—x)\/)t/Pi(t), i=1,2,...,m. (331)

Then, for determination of ¢j1,cip,i = 1,2,...,m, from (3.29), we get the following
system of the algebraic equations:

A(en + ere @ VRO _ go(t fzt) (crt - crae @ VIHD) =,
Pi

A
A(cﬂ e~ (an=a)\/N/pi(t) _ Ciz) +gi(t) (Cﬂ e~ (ani=ai)y/A/pi(H) | Ciz)
pi(t)
A - (3.32)
Y (Ci+1 1+ Cin ze*(anz*am)\/)L/Pm(f)) =hp, i=1,2,....m-1
pi1(t) ' '

Cﬂe—(am—ai)\//\/m(t) —cp - <Ci+1,1 _ c,-+1,ze_(“i*2_a”1)V’\/pi*l (t)> =0, i=1,...,m-1,

7

)L<leef<am+1—am>\/k/pm<t> + sz) + <_leef<am+1—am>\/x/pm<t> n sz) = T, -

Let R(\) be a matrix of coefficients of system (3.32). From (3.32), it is clear that R(\) =
Ro(A) + Ri(A), where det Ry(L) — +oo and det Ri(A) — 0as A — +oo. Thus, for sufficiently
large A, R(A) is invertible and det R(1) — +oo. Therefore, the system (3.32) has a unique
solution.

Thus, for sufficiently positive large A, the problem (3.23)-(3.24) has a unique solution
u=(uy,..., Uy,) € Hy.

. Thus, the condition (ix) is satisfied. The fulfillment of other conditions follows from

(17)-(6").

Now;, let us consider a class of nonlinear equations, for which the large solvability
theorem takes place.

Let

fi <t, X, Ui, U;, ui,(p<ﬁ,ﬁ>> = —|ui|P'u; + fui <t, X, Ui, U;, Ui, Pi <ﬁ,ﬁ>>,
80 (t/ %o (ﬂ,ﬁ)) = —lui(a1)|"ui(a1) + go <f, qfo<ﬂ,ﬁ>>, (3.33)

gi<f, %‘(ﬁ,ﬁ)) = —|ui(ai1)|"ui(aiv) + gn <f, ¢i<ﬂ1ﬁ>>/ i=1,2,...,m,

where p; >0,7;>0,i=1,2,...,m;j=0,1,...,mand
(7°) fri,g1j@iand §;,i=1,2,...,m,j=1,2,..., msatisfy the conditions (2°) — —(5°).

(8%) | fi(t, x, ui, vi, &, )| < (1 + ] P22 4 oy + |&] + 7)),
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(9°) |goi(t, 1) < c(1 + |nl),
(10°) 19i(%,0)| < c(1+ 3%y (] P22 4 |0if2 + [ui(y:) | 7+272),

where y; = a;41,1=0,1,...,m, p = max(minj-12,_m(pi, 2)).

Theorem 3.4. Let conditions (7°)—(10°) be held and initial data satisfy the condition (6°), then the
problem (3.1) has a unique solution u = (uy, ..., U,), where

w; € CX([0,T]; La(ai, ain)) N C'([0,T]; Wi(ai, ain1)) N C([0,T]; Wi(ai, air)), )
ui(t, a;), ui(t, ai1) € C*([0,T;R), i=1,2,...,m.
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