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The paper discusses the existence of positive solutions, dead-core solutions, and pseudo-dead-core
solutions of the singular problem (¢p(u'))' = Af (t, u,t'), u(0)—au'(0) = A, w(T)+pu’ (0)+yu'(T) = A.
Here 1\ is a positive parameter, « > 0, A >0, >0,y > 0, f is singular at u = 0, and f may be
singular at ' = 0.

1. Introduction

Consider the singular boundary value problem

(P (1)) = Af(t,u(t), (), A>0, (1.1)
u(0)—au'(0)=A, w()+pu'0)+yu'(T)=A, a,A>0, B,y>0, (1.2)

depending on the parameter A. Here ¢ € C(R), f satisfies the Carathéodory conditions on
[0,T]xD, D= (0, (1+p/a)A]l x(R\{0}) (f € Car([0,T] xD)), f is positive, lim, o, f(t, x, y) =
oo fora.e.t € [0,T] and each y € R\ {0}, and f may be singular at y = 0.

Throughout the paper AC[0, T] denotes the set of absolutely continuous functions on
[0,T] and ||x|| = max{|x(#)| : t € [0,T]} is the norm in C[0, T].

We investigate positive, dead-core, and pseudo-dead-core solutions of problem (1.1),
(1.2).
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A function u € C'[0,T] is a positive solution of problem (1.1), (1.2) if ¢(u') € AC[0,T],
u > 0on [0,T], u satisfies (1.2), and (1.1) holds for a.e. t € [0, T].

We say that u € C1[0, T] satisfying (1.2) is a dead-core solution of problem (1.1), (1.2) if
there exist 0 < t; <t < T such thatu = 0 on [ti,£], u > 0on [0,T] \ [t1, 2], (u') € AC[O,T]
and (1.1) holds for a.e. t € [0,T] \ [t1,2]. The interval [t1,t,] is called the dead-core of u. If
t; = tp, then u is called a pseudo-dead-core solution of problem (1.1), (1.2).

The existence of positive and dead core solutions of singular second-order differential
equations with a parameter was discussed for Dirichlet boundary conditions in [1, 2] and
for mixed and Robin boundary conditions in [3-5]. Papers [6, 7] discuss also the existence
and multiplicity of positive and dead core solutions of the singular differential equation u" =
Ag(u) satisfying the boundary conditions #'(0) = 0, fu'(1) + au(1) = Aand u(0) =1, u(1) =1,
respectively, and present numerical solutions. These problems are mathematical models for
steady-state diffusion and reactions of several chemical species (see, e.g., [4, 5, 8, 9]). Positive
and dead-core solutions to the third-order singular differential equation

(") = Af (t,uu,u"), A>0, (1.3)

satisfying the nonlocal boundary conditions #(0) = u(T) = A, min{u(t) : t € [0,T]} = 0, were
investigated in [10].

We work with the following conditions on the functions ¢ and f in the differential
equation (1.1). Without loss of generality we can assume that 1/n < A for each n € N
(otherwise N is replaced by N' := {n e N: 1/n < A}), where A is from (1.2).

(H7) ¢ : R — Ris an increasing and odd homeomorphism such that ¢(R) = R.

(Hy) f € Car([0,T] x D), where @ = (0, (1 + p/a)A] x (R\ {0}), and

lirrol f(t,x,y) =00 foraete[0,T] and each y € R\ {0}. (1.4)
x— 0+

(H3) forae.t € [0,T] and all (x,y) €9,
o(t) < f(t,x,y) < (p1(x) + pa(x)) (@1 ([y]) + w2 (|y])) + ¢ (®), (1.5)

where ¢, ¢ € L'[0,T], p1 € C(0,(1 + p/a)A] N L'[0, (1 + p/a)A], wr € C(0,0),
p2 € C[0,(1 + p/a)A], and w, € C[0,c0) are positive, p1, w; are nonincreasing,
P2, w, are nondecreasing, w,(u) > u for u € [0, o), and

¢
JO TG (1.6)

The aim of this paper is to discuss the existence of positive, dead-core, and pseudo-
dead-core solutions of problem (1.1), (1.2). Since problem (1.1), (1.2) is singular we use
regularization and sequential techniques.
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For this end for n € N, we define f;; € Car([0,T] x9.), where @, = (0, (1+(f/a))A] xR,
and f, € Car([0, T] x R?) by the formulas

falt,x,y) =1

'f(t,x,y) for (x,y) € (0, (1 + §>A]

(= L)),
(e DY (o0 ) or e (0. (1+£)4
(o) )]+l

(1.7)
f;(t, <1+§>A,y) for (x,y) € <<1+§>A,oo> xR,
. LSV AN S
fbxy) = fu(t,x,y) for (x,y) € <n' (1 + a>A] R,
1\ 1 1
0(5)| #ei(trw) for mwe o] xm
| x for (x,y) € (-o0,0) x R.
Then (H>) and (H3) give
1
@(t) < fu(t,x,y) forae te[0,T] and all (x,y) € [E'Oo> xR, (1.8)
0< fu(t,x,y) forae.te[0,T] and all (x,y) € (0,00) xR, (1.9)
x = fu(t,x,y) forae.te0,T]andall (x,y) € (-o0,0] xR, (1.10)
fu(tx,y) < (p1(x) + P2(20) (wr([y]) + @2([y])) + ¢ (®)
for ae.te[0,T] and all (x,y) € (0, <1 + §>A] x (R\ {0}), where (1.11)
pa(x) = max{pz(x), p2(1)},  @2(|y]) = max{wa(|y]), w2(1)}.
Consider the auxiliary regular differential equation
(P (1)) = Afu(t,u(t),u'(t), A>0. (1.12)

A function u € C![0,T] is a solution of problem (1.12), (1.2) if ¢(u') € AC[0, T], u fulfils (1.2),
and (1.12) holds for a.e. t € [0, T].

We introduce also the notion of a sequential solution of problem (1.1), (1.2). We say
thatu € C'[0, T] is a sequential solution of problem (1.1), (1.2) if there exists a sequence {k,} C N,
lim, .k, = oo, such that u = lim,_,,uk, in C'[0,T], where uy, is a solution of problem
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(1.12), (1.2) with n replaced by k,. In Section 3 (see Theorem 3.1) we show that any sequential
solution of problem (1.1), (1.2) is either a positive solution or a pseudo-dead-core solution or
a dead-core solution of this problem.

The next part of our paper is divided into two sections. Section 2 is devoted to the
auxiliary regular problem (1.12), (1.2). We prove the solvability of this problem by the
existence principle in [11] and investigate the properties of solutions. The main results are
given in Section 3. We prove that under assumptions (H;)—(H3), for each A > 0, problem
(1.1), (1.2) has a sequential solution and that any sequential solution is either a positive
solution or a pseudo-dead-core solution or a dead-core solution (Theorem 3.1). Theorem 3.2
shows that for sufficiently small values of A all sequential solutions of problem (1.1), (1.2) are
positive solutions while, by Theorem 3.3, all sequential solutions are dead-core solutions if A
is sufficiently large. An example demonstrates the application of our results.

2. Auxiliary Regular Problems
The properties of solutions of problem (1.12), (1.2) are given in the following lemma.

Lemma 2.1. Let (H;)—(H3) hold. Let u,, be a solution of problem (1.12), (1.2). Then

0<u,(t) < <1 + g)A forte€[0,T], (2.1)
u,(0) <A, u,(T)< <1 + §>A, (2.2)
u,, is increasing on [0,T] and u,(y,) =0 for a y, € (0,T). (2.3)

Proof. Suppose that u;,(0) > 0. Then u,(0) = A + au),(0) > A > 0. Let
T =supft € (0,T] : u(s) > 0fors € [0,t]}. (2.4)

Then 7 € (0,T] and, by (1.9), (¢(u,))" > 0 a.e. on [0,7]. Hence ¢(u),) is increasing on
[0,7], and therefore, u), is also increasing on this interval since ¢ is increasing on R by
(H;). Consequently, 7 = T and u), > 0 on (0,T]. Then u(T) > u(0), which contradicts
U, (0) — uy(T) = (a + P)u,(0) + yu,(T) > 0. Hence u,(0) < 0. Let u,(0) < 0. Then u, < 0
on a right neighbourhood of t = 0. Put

v =sup(t € (0,T] : u,(s) <0 for s € (0,t]}. (2.5)

Then u, < 0 on (0,v), and therefore, (¢(u',)) = Au, < 0 a.e. on [0, v], which implies that u),
is decreasing on [0, v]. Now it follows from u,(0) < 0 and #',(0) < 0 thatv = T, u,, < 0 on
(0,T] and u), < 0 on [0, T]. Consequently, u,(0) > u,(T), which contradicts u,(0) — u,(T) =
(a+p)u;,(0) +yu,,(T) < 0. To summarize, u,(0) > 0 and u},(0) < 0. Suppose that min{u,(t) : t €
[0,T]} < 0. Then there exist 0 < a < b < T such that u,(a) =0, u),(a) <0and u,, <0on (a,b).
Hence (¢(u},))' = Au, < 0 a.e. on [a,b] and arguing as in the above part of the proof we can
verify that b = T and u, < 0, u,, < 0 on (a,T]. Consequently, u,(T) = A — pu,(0) — yu,(T) >
A, which is impossible. Hence u,, > 0 on [0,T]. New it follows from (1.9) and (1.10) that
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(¢(u;,)) > 0a.e. on [0,T], which together with (H;) gives that u), is nondecreasing on [0, T].
Suppose that u,(¢) = 0 for some ¢ € (0,T]. If & = T, then u,(T) < 0, which contradicts
pu;,(0) + yu, (T) = A since u;,(0) < 0. Hence ¢ € (0,T) and u},(¢) = 0. Let

1 =min{t € [0,T] : u,(t) =0}. (2.6)

Then 0 <5 <¢ < T, u,(n) = 0and u), is increasing on [0, 7] since (¢(u'))’ > 0 a.e. on this
interval by (1.9). Hence there exists t; € (0,77), 7 —t; <1, such that 0 < u, <1/non (t;,1) and
it follows from the definition of the function f,, that

(p(u, (1)) = QPp(un(t)p(t) for ae. te [t,1], (2.7)

where Q = A[¢p(1/n)] 7, p(t) = fat,1/n,u,(t)) € L'[t,n],and p > 0 a.e. on [t, 77]. Integrating
(2.7) over [t, 1] C [t1,71] yields

1
d(—u, (1)) = —-Pp(u, (1)) = th¢(un(s))p(s)ds, te [t,n]. (2.8)

From this equality, from (H;) and from u,(t) = u,(t) — u,(n) = w, (W)t —n) < u,(H)(E-7n),
where u € [t, 7], we obtain

n n
(i, (1)) < Q¢<un<t>>ftp<s>ds < QP (it (t) (- t))ft;v(s)ds

; (2.9)
< Qi () [ plsyas
t
for t € [t1,1]. Since ¢(—u,,(t)) > 0 for t € [t1,17), we have
Ul
1< QI p(s)ds forte [t,7), (2.10)
t
which is impossible. We have proved that
u,(t)>0 forte0,T]. (2.11)

Hence (¢(u},))’ > 0a.e.on [0,T] by (1.9), and therefore, u,, is increasing on [0, T]. If u},(T) <0,
then u,, < 0 on [0,T), and so u,(0) > u,(T), which is impossible since u,(0) — u,(T) = (a +
Pu,(0) + yu,(T) < au,(0) < 0. Consequently, u,,(T) > 0 and u), vanishes at a unique point
¥n € (0,T). Hence (2.3) is true.

Next, we deduce from u, (0) > 0, #,(0) < 0 and from u,(0) = A + au,,(0) that u,(0) < A
and u,(0) > —(A/a). Consequently, u,(T) = A - pu,,(0) — yu,,(T) < A - pu,(0) < (1 + p/a)A.
Hence (2.2) holds. Inequality (2.1) follows from (2.2), (2.3), and (2.11). O
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Remark 2.2. Let u be a solution of problem (1.12), (1.2) with A = 0. Then (¢(«'))" = 0 a.e.
on [0,T], and so ' is a constant function. Let u(t) = a + bt. Now, it follows from (1.2) that
A=a-aband A =a+bT + (f+7)b. Consequently, (a+f+y)b = -bT,and since a +f+y > 0,
we have b = 0. Hence A = g, and u = A is the unique solution of problem (1.12), (1.2) for
A=0.

The following lemma gives a priori bounds for solutions of problem (1.12), (1.2).

Lemma 2.3. Let (H1)-(H3) hold. Then there exists a positive constant S independent of n(and
depending on \) such that

[PARE (2.12)

for any solution u, of problem (1.12), (1.2).

Proof. Let u, be a solution of problem (1.12), (1.2). By Lemma 2.1, u, satisfies (2.1)-(2.3).
Hence

||, || = max{|u,(0)],1,(T)}. (2.13)
In view of (1.11),
(9 (D)) 1w, (1) 2 A[(p1.(a (D) + P2t (1)) (w1 (=13,(1)) + @2 (=143, (1)) + g ()], (1) (2.14)
for a.e. t € [0,7,] and
(@('n(®))) 1, (8) < A[(p1 (1 (1)) + P2 (un (1)) (01 (16, (8)) + @2 (1,(1))) + g (B)]ut () (2.15)

for a.e. t € [y, T]. Since cw, (1) > u for u € [0, 00) by (H3), we have

(1)
oty 0) + (i = T 0 016
10, (1) '
oG, 0) + aatayy < erte Tl
Therefore,
($(u, (D)) 1, (1) - :
o ) + B ) 2 M P n®) + P2 (), () ~ ¢ ()] 217)
fora.e.t € [0,y,] and
(‘i’(u;(t))) u;z(t) < A[(Pl (un(t)) + ﬁ2(”n(t)))u,n(t) + (/f(t)] (2.18)

w1 (uy (1)) + @2 (un(t)) ~
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fora.e.t € [y,, T]. Integrating (2.17) over [0, y,] and (2.18) over [y,, T] gives

EAOD) ¢71(s) u 0) B q Y s
JO wl(gbq(s)) +(:72(¢71(S)) < P1(5)+P2(S)) S+,[0 w(t)
(2.19)
<A (I (p1(s) + pa(s))ds + I q;(t)dt>
¢, (T)) ¢71(s) u (T)
IO w1(¢‘1(s)) +(;)2((i7_1(5)) ( (pl(S) +P2(S))ds+f ‘P(t)dt>
(2.20)
(1+p/a)A
< )L<I (p1(s) +ﬁ2(s))ds+f tp(t)dt>,
0 0
respectively. We now show that condition (1.6) implies
” ¢~ (s)
2.21
Jo w1 (p71(s)) + w2 (¢~ 1(5)) 22D

Since lim,, _,,@>(y) = oo by (H3), we have lim,, _, . (w1(y) + w2(y))/w2(y) = 1. Therefore,
there exists y, € (¢(1), o0) such that

w1 <¢_1 (y)) + <¢_1 (y)> < 200, (4)"1 (y)> = 2w, ((])_1 (y)) for y € [y., ). (2.22)
Then

- (5) - 1(s)
f D ) ) >f O m @)
1> ¢s)
. f PAPEIE

(2.23)

and (2.21) follows from (1.6). Since fé“ﬁ / u)A(pl(t) +p2(t))dt < oo, inequality (2.21) guarantees
the existence of a positive constant M such that

v ¢ (s) (1+p/a)A ~ T
IO w1 (¢71(s)) + @ (¢ 1(s))d 52 )t<f0 (p1(s) +P2(S))dS+J‘Oq;(t)dt> (2.24)

for all y > M. Hence (2.19) and (2.20) imply max{¢(|u,(0)]), ¢(u,(T))} < M. Consequently,
max{|u,(0)],u,(T)} < ¢ (M) and equality (2.13) shows that (2.12) is true for S =
¢ (M). O
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Remark 2.4. By Lemma 2.3, estimate (2.12) is true for any solution u,, of problem (1.12), (1.2),
where S is a positive constant independent of n and depending on \. Fix A > 0 and consider
the differential equation

() = prfu(t,u,u), pelo1]. (2.25)

It follows from the proof of Lemma 2.3 that ||u/|| < S for each p € (0,1] and any solution u
of problem (2.25), (1.2). Since u = A is the unique solution of this problem with y = 0 by
Remark 2.2, we have ||u|| < S for each u € [0,1] and any solution u of problem (2.25), (1.2).

We are now in the position to show that problem (1.12), (1.2) has a solution. Let y; :
C'[0,T] — R, j=1,2, be defined by

x1(x) = x(0) —ax’(0) - A, x2(x) = x(T) + px'(0) + yu'(T) - A, (2.26)

where a, B, y, and A are as in (1.2). We say that the functionals y; and y, are compatible if
for each p € [0, 1] the system

xjla+bt)—pyxj(-a-bt)=0, j=1,2, (2.27)

has a solution (a,b) € R%. We apply the following existence principle which follows from
[11-13] to prove the solvability of problem (1.12), (1.2).

Proposition 2.5. Let (H1)—(H3) hold. Let there exist positive constants So, S1 such that

lul < So,  ||u/]| < S (2.28)

for each p € [0,1] and any solution u of problem (2.25), (1.2). Also assume that x1 and x, are
compatible and there exist positive constants Ao, Ay such that

lal < Ao, |bl< Ay (2.29)

for each p € [0,1] and each solution (a,b) € R? of system (2.27).
Then problem (1.12), (1.2) has a solution.

Lemma 2.6. Let (H1)—(Hs) hold. Then problem (1.12), (1.2) has a solution.

Proof. By Lemmas 2.1 and 2.3 and Remark 2.4, there exists a positive constant S such that

0<u(t) < <1 + g)A for t € [0,T],

Wl <S (2.30)

for each p € [0,1] and any solution u of problem (2.25), (1.2). Hence (2.28) is true for Sy =
(1+p/a)Aand S; = S. System (2.27) has the form of

(I+p)a—ab)=(1-p)A, (1+p)(a+bT+pb+yb)=(1-p)A. (2.31)
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Subtracting the first equation from the second, we get (1 + p)(T + a + f + y)b = 0. Due to
I+p)(T+a+p+y)>0forpe[0,1], wehave b =0, and consequently, a = (1 -p)A/(1+p).
Hence (a,b) = ((1 - p)A/(1 + p),0) is the unique solution of system (2.31). Therefore, y; and
X2 are compatible and (2.29) is fulfilled for Ag = A +1 and A; = 1. The result now follows
from Proposition 2.5. O

The following result deals with the sequences of solutions of problem (1.12), (1.2).

Lemma 2.7. Let (H1)-(H3) hold and let u, be a solution of problem (1.12), (1.2). Then {u,} is
equicontinuous on [0, T].

Proof. By Lemmas 2.1 and 2.3, relations (2.1)—(2.3) and (2.12) hold, where S is a positive
constant. Let H € C[0,00), H* € C(R), and P € ACJ0, (1+f/a)A] be defined by the formulas

" )
o wi(¢7l(s)) + @ (P71(s))

{H(v) for v € [0, 0),
H*(v) =

ds for v e [0,0),

H(v):f

(2.32)
-H(-v) for v € (-0,0),

P(v) = I:(pl(s) +Pa(s))ds forove [O, (1 + '[;;)A] ,

where p, and @, are givenin (1.11). Then H* is an increasing and odd function on R, H*(R) =
R by (2.21), and P is increasing on [0, (1 + (3/a))A]. Since {u;,} is bounded in C[0,T], {u,} is
equicontinuous on [0, T], and consequently, {P(u,)} is equicontinuous on [0, T], too. Let us
choose an arbitrary € > 0. Then there exists p > 0 such that

tr

g(t)dt

f

|P(un(t1)) — P(un(t2))] < e, <e fort,t, €[0,T], h—t|<p, neN. (233)

In order to prove that {u)} is equicontinuous on [0,T],let0 < t; < t, < Tand f, — t; < p. If
tr < ¥y, then integrating (2.17) from t; to t, gives

0 < H* (i, (1)) — H* (i, (1)) < /\<P(un(t1)) — Plun(b)) + tz(,u(t)dt) <2le.  (234)
ty

If t; > yy, then integrating (2.18) over [t1, f,] yields

153

0 < H* (in(t2)) - H* (u'n()) < A(P(un(tz)) — Plun(h)) + (p(t)dt> <2le.  (2.35)
t

Finally, if t; <y, < t, then one can check that

0 < H* (i, (1)) — H* (i, (1)) < 3de. (2.36)
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To summarize, we have

0< H*(u,(t)) — H*(u,(t1)) <3le, neN, (2.37)

whenever 0 < t; <f, <Tand t,—t; < p. Hence { H*(u,) } is equicontinuous on [0, T] and, since
{u),} is bounded in C[0, T] and H* is continuous and increasing on R, {},} is equicontinuous
on [0,T]. O

The results of the following two lemmas we use in the proofs of the existence of
positive and dead-core solutions to problem (1.1), (1.2).

Lemma 2.8. Let (Hq1)—-(H3) hold. Then there exist A, > 0 and € > 0 such that

u,(t)>¢e forte[0,T], neN, (2.38)

where u,, is any solution of problem (1.12), (1.2) with A € (0, A.].

Proof. Suppose that the lemma was false. Then we could find sequences {k,,} C Nand {\,,} C
(0,00), limy, ok, = 0, and a solution uy, of the equation (¢(u'))" = Ay, fx,, (t, u, u') satisfying
(1.2) such that lim, —, o, (&) = 0, where u,, (¢,,) = min{u,,(t) : t € [0,T]}. Note that u,, > 0
on [0,T], u), <0on [0,¢,), u,,(¢m) =0, and u}, > 0 on (¢, T] for each m € N by Lemma 2.1.
Then, by (1.11),

(@ () < A [(p1 (1)) + P2 (1 (8))) (w1 (=3, (D) + @2 (=14, (1)) + (D] (2.39)
fora.e.t € [0,¢,],
(P ()" < X[ (P2 (n (£)) + P (1t (£))) (1 (113, (£)) + @2 (14, (1)) ) + 95 (8)] (2.40)
for a.e. t € [¢n, T], and (cf. (2.13))
[[24,0|| = max{ |, (0)], u,(T)}. (241)

Essentially, the same reasoning as in the proof of Lemma 2.3 gives that for m € N (cf. (2.19)
and (2.20))

¢([13, (0)1) ¢_1 (s) A ) .
[ ey ([ 0 e fgoa).

¢ (uy,(T)) 4)—1 (S) (1+p/a)A i .
fo w1 (¢71(s)) + @2 (¢71(s)) ds < Ay, <f0 (p1(s) + pa(s))ds + J‘Oqf(t)dt)_

(2.42)

In view of lim,,_, xAy = 0, we have lim,,_, -1}, (0) = 0, lim,,_ ,u,,(T) = 0. Consequently,
lim,, . o||u},|| = 0 by (2.41). We now deduce from u,,(t) = 1, () + fgmu;n(t) dt for t € [0,T]
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and m € N, and from lim,,, _, 1, (&) = 0 that lim,, . ||un|| = 0. Hence lim,, _, o (1,,(0) —
au,,(0)) =0, limy, , o (4 (T) + pus,(0) + yu,,,(T)) = 0, which contradicts u,,(0) — au;,(0) = A,
um(T) + pu;,(0) + yu,,(T) = A for m € N. O

Lemma 2.9. Let (Hy)—(H3) hold. Then for each ¢ € (0, T) there exists A > 0 such that
Jijr;oun(c) =0, (2.43)

where u, is any solution of problem (1.12), (1.2) with A > A..

Proof. Fix ¢ € (0,T) and let ¢ be as in (H3). Put p = min{c, T - ¢},

c (T+c)/2 1 2 A
A= min{J‘c/ztp(t)dt, f (p(t)dt} >0, A = X¢<%>‘ (2.44)

Let X € (A, 00) and choose € € (0, p). If we prove that
1
Uy(c) <e VYn> = (2.45)

where u, is any solution of problem (1.12), (1.2), then (2.43) is true since u,, > 0 by Lemma 2.1.
In order to prove (2.45), suppose the contrary, that is suppose that there is some ny > 1/¢ such
that u,,(c) > . The next part of the proof is broken into two cases if u;, (c) < 0 or uj, (c) > 0.

Case 1. Suppose u, (c) < 0. By Lemma 2.1, u; is increasing on [0,T]. Consequently, if
u, (c/2) < -2A/c, thenu, (t) <-2A/cfort € [0,c/2], and so

gy (0) = ty, <§> _ J;/Zu;m(t)dt > Uy, (g) LA A, (2.46)

which contradicts u,,(0) < A by Lemma 2.1. Therefore,

, /C 2A , 2A c
i, (5) 2= 02U, 2-== forte[s,c]. (247)
Keeping in mind that ngu,, () > noe > 1 for t € [0, c], we have, by (1.8),
Fo (8 14y (), 14, (£)) > @(t)  for a.e.t € [0,c], (2.48)

and therefore,

(p(ul,, (1)) = Ap(t) > Aeop(t) for ae.t € [0,c]. (2.49)
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Then
¢ (ty, (c)) — ¢<u§10<§)> > )LCJ‘C/;p(t)dt > A, (2.50)

which yields

o) =404 (5)) 90 ) 2
S A = ¢<M> > 4,(%)_

ap c

(2.51)

Hence -u;, (c/2) >2A/c, which contradicts the first inequality in (2.47).

Case 2. Suppose u, (c) > 0. Then u,, is positive and increasing on [c,T] by Lemma 2.1. If
U, (T +¢)/2) 2 2(a + p)A/a(T - c), then u;, > 2(a + p)A/a(T - c) on ((T + ¢)/2,T], and
consequently,

thy (T) = um(T;C) N J'(Tm)/zu;m(t)dt > u,m(%) + <1 ; §>A > (1 + 'Z)A, (2.52)

which contradicts u,,(T) < (1 + f/a) A by Lemma 2.1. Hence

, 2(a+p)A T+c
0< Uy, (t) < m for t € [C, T] . (253)

Since nuy, (t) > noe > 1fort € [¢,T], the inequality in (2.48) holds a.e. on [¢, T], and therefore,
the inequality in (2.49) is true for a.e. t € [c, T]. Integrating (¢ (uy, ()))' > Aco(t) over [c, (T +
c)/2] gives

¢ (u;O <T;“ C)) > ¢ (1t (0)) + )LCJ‘ZT+C)/2(p(t)dt. (2.54)
Then
¢ <u;10 <T > C) ) > AcfiT+C)/2¢(t)dt > LA > <%> . (2.55)

Hence u,, ((T +¢c)/2) > 2(a + p)A/a(T - c), which contradicts (2.53) witht = (T +¢)/2. O
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3. Main Results and an Example

Theorem 3.1. Suppose there are (H1)-(Hs3), then the following assertions hold.

(i) For each A > 0 problem (1.1), (1.2) has a sequential solution.

(ii) Any sequential solution of problem (1.1), (1.2) is either a positive solution, a pseudo-dead-
core solution, or a dead-core solution.

Proof. (i) Fix A > 0. By Lemma 2.6, for each n € N problem (1.12), (1.2) has a solution u,,.
Lemmas 2.1 and 2.7 guarantee that {u,} is bounded in C'[0,T] and {u),} is equicontinuous
on [0, T]. By the Arzela-Ascoli theorem, there exist u € C'[0,T] and a subsequence {u,} of
{un) such that u = lim,,_, ,u, in C'[0,T]. Hence u is a sequential solution of problem (1.1),
(1.2).

(ii) Let u be a sequential solution of problem (1.1), (1.2). Then u € C![0,T] and u =
lim,, _, o uk, in C1[0, T], where u, is a solution of problem (1.12), (1.2) with n replaced by
k,. Hence u(0) — au'(0) = A and u(T) + pu'(0) + yu'(T) = A, that is, u fulfils the boundary
condition (1.2). It follows from the properties of uy, given in Lemmas 2.1 and 2.3 that 0 <
u(t) < (1+p/a)Afort € [0,T], v isnondecreasing on [0, T] and ||u;<n|| < Sforn € N, where S is
a positive constant. The next part of the proof is divided into two cases if min{u(t) : t € [0, T]}
is positive, or is equal to zero.

Case 1. Suppose that min{u(t) : t € [0,T]} > 0. Then there exist e > 0 and ny € N, ng > 1/¢
such that

ug,(t) >e forte[0,T], n>ny. (3.1)

Hence (cf. (1.8)) ((I)(u;(n (1)) = Afx, (¢, ux, (t)'”;c,, (£)) > Aop(t) forae. t € [0,T] and all n > ny.
Since u;(n (Yx,) = 0 for some yx, € (0,T) by Lemma 2.1, we have —ci)(u;(n ) > )‘Ityk"‘l’(s) ds for
t € [0, yx,], and therefore,

("
u () <-¢~ <AL (p(s)ds> forte [0,yk,], n=>mno. (3.2)

Essentially, the same reasoning shows that

¢
uy (t) > ¢! (.)L (p(s)ds> for t € [y, T], n > no. (3.3)
Ykn

Passing if necessary to a subsequence, we may assume that {y,} is convergent, and let
limy, Yk, = 0. Letting n — oo in (3.2) and (3.3) gives

0
u'(t) <—¢! </\f (p(s)ds> for t € [0,0],
t (3.4)

u't)> ¢ </\Jttp(s)ds> for t € [6,T].
0
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Hence 6 is the unique zero of u', 6 € (0,T) since u fulfils (1.2), and
Tim fi, <t, g, (1), 1, (t)> = f(tu(t),u'(t)) forae.te[0,T]. (3.5)

In addition, it follows from the Fatou lemma and from the relation
T
)»f fro (8100, (0,16, (®)) dt = p (15, (1)) - (14, (0) <29(S), meN,  (36)
0

that jOTf(t,u(t),u’(t))dt < 2¢(S)/\. Therefore, f(t,u(t),u'(t)) € L'[0,T]. We now show that
¢(u') € AC[0,T] and u fulfils (1) a.e. on [0, T]. Let us choose 0 < t; < (6/2) < t, < 0. In view
of (3.1), (3.4), (3.5) and Lemma 2.1, there exist v > 0 and n; > ny such that

€<, (t) < (1 + g)A, -S«< u}w(t) <-v forte|[t,t], n>n. (3.7)

Then (cf. (1.11))
fiu (0, 0,16,0) < (@ + 7 ((1+£) ) Y@+ aisn +e0 G9)

fora.e.t € [t,t] and n > n;. Letting n — oo in

¢ (i, (0) = ¢ <u;(n (g)) +1 f ;/2 fio (5,11, (5), 14, () ) ds (3.9)

yields

p'(t) = ¢<u' (g)) + AI;/zf(s,u(s),u’(s))ds (3.10)

for t € [t1,t,] by the Lebesgue dominated convergence theorem. Since t1, f, satisfying 0 < t; <
0/2 < t, < 0 are arbitrary and f(t,u(t),u/'(t)) € L'[0,T], equality (3.10) holds for t € [0,6].
Essentially, the same reasoning which is now applied to t1,t, satisfying 8 < t; < (T +60)/2 <
t, <T gives

b ®) =9(v(5)) +»»ft £(s,u(s),(s))ds (311)

(T+0)/2

fort € [0,T]. Hence ¢(1') € AC[0,T] and u fulfills (1.1) a.e. on [0, T]. Consequently, u is a
positive solution of problem (1.1), (1.2).
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Case 2. Suppose that min{u(t) : t € [0,T]} = 0, and let u(p1) = u(p>) = 0 for some p; < p, and
u>0on[0,T]\ [p1,p2]. Since v’ is nondecreasing on [0, T], we have u’ <0 on [0,p1), u' =0
on [p1,p2] and v’ > 0 on (p,, T]. Consequently, u = 0 on [p;, p2] and

Tim fi, (£, (8, 1, (1)) = f(t,u(B), ' (B)  for ae.t€[0,T]\ [p1,p2]- (3.12)

Furthermore, it follows from

A o (b0, )t = 9, (91)) - (3, @) <2005,
(3.13)
AIT fro (8101, (80,16, (1)) At = p (15, (1)) = ¢ (1 (p2)) <29(S)

P2

that f(t, u(t),u'(t)) is integrable on the intervals [0, p;] and [p», T] by the Fatou lemma. We
can now proceed analogously to Case 1 with 0 < t; < p1/2 < t, < p; and with p, < t; <
(T +p2)/2 < t; <T and obtain

t
P (t) = qb(u'(%)) + .)LJ‘ /2f(s,u(s),u'(s))ds for t € [0,p1],
P1
(3.14)

P (t) = ¢<u’<T +2”2>> + )Lft f(s,u(s),u'(s))ds forte [py,T].

(T+p2)/2

It follows from these equalities and from u' = 0 on [p1, p2] that ¢(u') € AC[0,T] and that u
fulfils (1.1) a.e. on [0,T] \ [p1, p2]. Hence u is a dead-core solution of problem (1.1), (1.2) if
p1 < p2, and u is a pseudo-dead-core solution if p; = p». O

Theorem 3.2. Let (H1)—(Hs) hold. Then there exists A, > 0 such that for each A € (0,1.], all
sequential solutions of problem (1.1), (1.2) are positive solutions.

Proof. Let A, > 0 and ¢ > 0 be given in Lemma 2.8. Let us choose an arbitrary A € (0, A.]. Then
(2.38) holds, where u, is any solution of problem (1.12), (1.2). Let u be a sequential solution
of problem (1.1), (1.2). Then u = lim,_, ,,u, in C'[0,T], where uy, is a solution of (1.12),
(1.2) with n replaced by k,. Consequently, u > ¢ on [0, T] by (2.38), which means that u is a
positive solution of problem (1.1), (1.2) by Theorem 3.1. O

Theorem 3.3. Let (H1)-(H3) hold. Then for each 0 < ¢1 < ¢y < T, there exists \* > 0 such that any
sequential solution u of problem (1.1), (1.2) with A > X* satisfies the equality

u(t) =0 fortec,cl, (3.15)

which means that the dead-core of u contains the interval [c1,c;]. Consequently, all sequential
solutions of problem (1.1), (1.2) are dead-core solutions for sufficiently large value of \.
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Proof. Fix 0 < ¢1 < ¢ < T. Then, by Lemma 2.9, there exists A* > 0 such that
lim u,(cj) =0 forj=1,2, (3.16)
n—oo

where u,, is any solution of problem (1.12), (1.2) with A > A*. Let us choose A > 1* and let u be
a sequential solution of problem (1.1), (1.2). Then u = lim,_, o, uk, in C'[0, T], where 1y, is a
solution of problem (1.12), (1.2) with n replaced by k. It follows from (3.16) that u(c;) = 0 for
j = 1,2, and since ' is nondecreasing on [0, T], (3.15) holds. Consequently, u is a dead-core
solution of problem (1.1), (1.2) by Theorem 3.1. O

Example 3.4. Letp € (1,0), 11 € [L,p), 61,72, 13 € (0,00), 62,65 € (0,1) and ¢ € L*[0,T] be
positive. Consider the differential equation

<|u/|p—2u,>/ _ )L<u51 + % + |u1|)’1 N 1 + ; + (p(t)>. (3.17)

|ul|Y2 u53|u/|)’3

Equation (3.17) is the special case of (1.1) with ¢(y) = |y|p72y and f(t,x,y) = x% +1/x% +
ly|" +1/|y|™ + 1/x%|y|" + ¢(t). Since

x02

o(t) < f(tx,y) < <1 +x% L + 3%5) <1 +y" + 1|Y2 + #) + () (3.18)
’ Y

ly

for (t,x,t) € [0,T] x D, where D, = (0,00) x (R \ {0}), f fulfils (H3) with ¢ = ¢, p1(x) =
1/x%24+1/x%, pa(x) = 1+x%, w1 (y) = 1/y"+1/y",and w,(y) = 1+y". Hence, by Theorem 3.1,
problem (3.17), (1.2) has a sequential solution for each A > 0, and any sequential solution is
either a positive solution or a pseudo-dead-core solution or a dead-core solution. If the values
of \ are sufficiently small, then all sequential solutions of problem (3.17), (1.2) are positive
solutions by Theorem 3.2. Theorem 3.3 guarantees that all sequential solutions of problem
(3.17), (1.2) are dead-core solutions for sufficiently large values of .
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