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Conditions are derived of the existence of solutions of linear Fredholm’s boundary-value problems
for systems of ordinary differential equations with constant coefficients and a single delay,
assuming that these solutions satisfy the initial and boundary conditions. Utilizing a delayed
matrix exponential and a method of pseudoinverse by Moore-Penrose matrices led to an explicit
and analytical form of a criterion for the existence of solutions in a relevant space and, moreover,
to the construction of a family of linearly independent solutions of such problems in a general case
with the number of boundary conditions (defined by a linear vector functional) not coinciding
with the number of unknowns of a differential system with a single delay. As an example of
application of the results derived, the problem of bifurcation of solutions of boundary-value
problems for systems of ordinary differential equations with a small parameter and with a finite
number of measurable delays of argument is considered.

1. Introduction

First we mention auxiliary results regarding the theory of differential equations with delay.
Consider a system of linear differential equations with concentrated delay

z(t) - A(t)z(h(t)) = g(t), ifte[a,b], (L.1)
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assuming that

z(s) :=(s), if s¢[a,b], (1.2)

where A is an n x n real matrix, and g is an n-dimensional real column vector, with
components in the space L,[a,b] (where p € [1,00)) of functions integrable on [a,b] with
the degree p; the delay h(tf) < t is a function h : [a,b] — R measurable on [a,b];
¢ : R\ [a,b] — R"is a given vector function with components in L,[a,b]. Using the
denotations

z(h(t)), if h(t) € [a,b],

(Snz)(t) = (1.3)
0, if h(t) ¢ [a,b],
0, if h ,b],

g (t) :={ e lab] (1.4)
w(h(t)), if h(t)¢[a,b],

where 0 is an n-dimensional zero column vector, and assuming ¢ € [a,b], it is possible to
rewrite (1.1), (1.2) as

(Lz)(t) = z(t) — A(t)(Spz)(t) = @(t), t€[a,b], (1.5)
where ¢ is an n-dimensional column vector defined by the formula
9(t) = g() + A)g" (t) € Ly[a, b]. (16)

We will investigate (1.5) assuming that the operator L maps a Banach space D,[a,b] of
absolutely continuous functions z : [a,b] — R”" into a Banach space L,[a,b] (1 < p < o)
of function ¢ : [a,b] — R" integrable on [a,b] with the degree p ; the operator S, maps
the space D,[a,b] into the space L,[a, b]. Transformations of (1.3), (1.4) make it possible to
add the initial vector function ¢ (s), s < a to nonhomogeneity, thus generating an additive and
homogeneous operation not depending on ¢, and without the classical assumption regarding
the continuous connection of solution z(t) with the initial function () at t = a.

A solution of differential system (1.5) is defined as an n-dimensional column vector
function z € Dy[a, b], absolutely continuous on [a, b] with a derivative z in a Banach space
Ly[a,b] (1 <p < ) of functions integrable on [a, b] with the degree p, satisfying (1.5) almost
everywhere on [a,b]. Throughout this paper we understand the notion of a solution of a
differential system and the corresponding boundary value problem in the sense of the above
definition.

Such treatment makes it possible to apply the well-developed methods of linear
functional analysis to (1.5) with a linear and bounded operator L. It is well known (see, e.g.,
[1-4]) that a nonhomogeneous operator equation (1.5) with delayed argument is solvable in
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the space D,[a,b] for an arbitrary right-hand side ¢ € L,[a,b] and has an n-dimensional
family of solutions (dim kerL = n) in the form

b
z(t) = X(t)c + J K(t,s)p(s)ds, VceR", (1.7)

where the kernel K(t, s) is an n x n Cauchy matrix defined in the square [a, b] x [a, b] which
is, for every s < t, a solution of the matrix Cauchy problem:

0K (t,s)
ot

(LK(,8))(t) := - A (SuK(,9))(t) =0©,  K(s,5) =1, (1.8)

where K(t,s) =@ if a <t < s <b,and O is the n x n null matrix. A fundamental n x n matrix
X(t) for the homogeneous (¢ = 0) (1.5) has the form X(t) = K(t,a), X(a) = 1.

A serious disadvantage of this approach, when investigating the above-formulated
problem, is the necessity to find the Cauchy matrix K(t, s) [5, 6]. It exists but, as a rule, can
only be found numerically. Therefore, it is important to find systems of differential equations
with delay such that this problem can be solved directly. Below, we consider the case of a
system with what is called a single delay [7]. In this case, the problem of how to construct
the Cauchy matrix is solved analytically thanks to a delayed matrix exponential, as defined
below.

2. A Delayed Matrix Exponential

Consider a Cauchy problem for a linear nonhomogeneous differential system with constant
coefficients and with a single delay 7

z(t) = Az(t—7) + g(t), (2.1)

z(s) = ¢(s), ifse[-1,0] (2.2)

with n x n constant matrix A, g : [0,0) — R", ¢ : [-7,0] — R”, 7 > 0 and an unknown
vector solution z : [-T,00) — R". Together with a nonhomogeneous problem (2.1), (2.2), we
consider a related homogeneous problem

z(t) = Az(t - 1), (2.3)

z(s) = ¢(s), if se[-1,0]. (2.4)
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At
T

Denote by e
defined as

a matrix function called a delayed matrix exponential (see [7]) and

o, if —o<t<-T,

I, if —7<t<0,
t

I+Ai’ if 0<t<r,

(t-7)°

T if T<t<?2r, (2.5)

€r =9 I+A%+A2

et =D

t
I+Aﬂ+ o

if (k-1)T <t<kr,

This definition can be reduced to the following expression:

[t/T]+1 o n
et 3 an L2 DDT 26
o n!

where [t/7] is the greatest integer function. The delayed matrix exponential equals a unit
matrix I on [-7,0] and represents a fundamental matrix of a homogeneous system with a
single delay.

We mention some of the properties of eZ! given in [7]. Regarding the system without
delay (7 = 0), the delayed matrix exponential does not have the form of a matrix series, but
it is a matrix polynomial, depending on the time interval in which it is considered. It is easy

to prove directly that the delayed matrix exponential X(t) := 2" satisfies the relations

X(t)=AX(t-7), fort>0, X(s) =0, forse][r,0), X(0) =1. (2.7)

By integrating the delayed matrix exponential, we get

As
ds=1—+A
R TR T k+1!

k+
J* Y G SN ¥ o Ut VL (2.8)

where k = [t/7] + 1. If, moreover, the matrix A is regular, then

t
J edds = A" <e;.4‘(t_7) - efT>. (2.9)
0
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Delayed matrix exponential e2/, t > 0 is an infinitely many times continuously differentiable

function except for the nodes k7, k = 0,1,... where there is a discontinuity of the derivative
of order (k +1):

lim <eAf>(k+l) =0, lim (eAf)(k”) = Ak (2.10)

t—kr-0\ " t—kr+O\ T

The following results (proved in [7] and being a consequence of (1.7) with K(t,s) = ef (t=r-8)

as well) hold.

Theorem 2.1. (A) The solution of a homogeneous system (2.3) with a single delay satisfying the
initial condition (2.4) where g (s) is an arbitrary continuously differentiable vector function can be
represented in the form

0
z(t) = ey (-1) + f ey (s)ds. (2.11)

-T

(B) A particular solution of a nonhomogeneous system (2.1) with a single delay satisfying the
zero initial condition z(s) = 0 if s € [-T,0] can be represented in the form

z(t) = J; 277 o(s)ds. (2.12)

(C) A solution of a Cauchy problem of a nonhomogeneous system with a single delay (2.1)
satisfying a constant initial condition

z(s) =g(s)=ceR", ifse[-7,0] (2.13)

has the form
t
z(t) = ef e+ f 2079 o (5)ds. (2.14)
0

3. Main Results

Without loss of generality, let a = 0. The problem (2.1), (2.2) can be transformed (h(t) :=t-17)
to an equation of type (1.1) (see (1.5)):

z(t) - A(Snz)(t) = @(t), t€[0,b], (3.1)
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where, in accordance with (1.3), (1.4),

-1), ift- 0,b],
(Shz)(t):{Z(t T), ift-7€][0,b]

0, if t—7¢[0,b],
o(t) = g(t) + A ¢"(t) € L,[0,1], (3.2)
i 0, if t—7€e[0,b],
¢ () =
pt-1), ift-1¢[0,b].

A general solution of a Cauchy problem for a nonhomogeneous system (3.1) with a
single delay satisfying a constant initial condition

z(s) =¢(s)=ceR", ifse[-1,0] (3.3)

has the form (1.7):
b
z(t) = X(t)c + J K(t,s)p(s)ds, VceR", (3.4)
0

where, as can easily be verified (in view of the above-defined delayed matrix exponential) by
substituting into (3.1),

Xt =e2, X)) =eAT =1 (3.5)

is a normal fundamental matrix of the homogeneous system related to (3.1) (or (2.1)) with
the initial data X(0) = I, and the Cauchy matrix K(t, s) has the form

K(ts)=e2™) ifo<s<t<b,
(3.6)
K(t,s) =0, if0<t<s<b.

Obviously,
K(t0)=ef" =X(t),  K(0,00=ef" =X(0) =1, (3.7)

and, therefore, the initial problem (3.1) for systems of ordinary differential equations with
constant coefficients and a single delay, satisfying a constant initial condition, has an n-
parametric family of linearly independent solutions

t
z(t) = et e + f ef(t_T_s)(p(s)ds, Ve e R™. (3.8)
0

Now we will consider a general Fredholm boundary value problem for system (3.1).
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3.1. Fredholm Boundary Value Problem

Using the results in [8, 9], it is easy to derive statements for a general boundary value problem
if the number m of boundary conditions does not coincide with the number n of unknowns
in a differential system with a single delay.

We consider a boundary value problem

2(t) - Az(t—T) = g(t), ifte[0,b],

(3.9)
2(s) == g(s), if s¢[0,b],
assuming that
lz= aeR™ (3.10)
or, using (3.2), in an equivalent form
Z(t) - A(Snz)(t) = @(t), te€][0,b], (3.11)
¢z = aeR™, (3.12)

where a is an m-dimensional constant vector column, and ¢ : D,[0,b] — R™ is a linear vector
functional. It is well known that, for functional differential equations, such problems are of
Fredholm’s type (see, e.g., [1, 9]). We will derive the necessary and sufficient conditions and
a representation (in an explicit analytical form) of the solutions z € D,[0,b], 2 € L,[0,b] of
the boundary value problem (3.11), (3.12).

We recall that, because of properties (3.6)—(3.7), a general solution of system (3.11) has
the form

b
z(t) = 2+ f K(t s)p(s)ds, YeceR" (3.13)
0
In the algebraic system
b
Qc=a- Zf K(-,s)p(s)ds, (3.14)
0

derived by substituting (3.13) into boundary condition (3.12); the constant matrix
Q= €X() = e (3.15)
has a size of m x n. Denote

rank Q = ny, (3.16)



8 Advances in Difference Equations

where, obviously, n; < min(m, n). Adopting the well-known notation (e.g., [9]), we define an
n x n-dimensional matrix

Po:=1-Q"Q (3.17)

which is an orthogonal projection projecting space R” to ker Q of the matrix Q where I is an
n x n identity matrix and an m x m-dimensional matrix

Py := I, - QQ* (3.18)

which is an orthogonal projection projecting space R™ to ker Q* of the transposed matrix Q* =
QT where I, is an mxm identity matrix and Q" is an nxm-dimensional matrix pseudoinverse
to the m x n-dimensional matrix Q. Using the property

rank Py- = m —rank Q" =d :=m —ny, (3.19)

where rank Q" = rank Q = n;, we will denote by P+ a d x m-dimensional matrix constructed
from d linearly independent rows of the matrix Pgy.. Moreover, taking into account the

property

rank Pp =n—-rankQ =r =n-mn;, (3.20)

we will denote by Py, an n x r-dimensional matrix constructed from r linearly independent
columns of the matrix Pp.
Then (see [9, page 79, formulas (3.43), (3.44)]) the condition

b
Py, <a - EJ K(, s)<p(s)ds> =0, (3.21)
0

is necessary and sufficient for algebraic system (3.14) to be solvable where 6, is (throughout
the paper) a d-dimensional column zero vector. If such condition is true, system (3.14) has a
solution

b
c=Pyc+Q" <0c - Kf K(~,s)(p(s)ds>, Ve, e R, (3.22)
0

Substituting the constant ¢ € R" defined by (3.22) into (3.13), we get a formula for a
general solution of problem (3.11), (3.12):

z(t) = z(t, ¢r) :== X(t)Po, ¢ + (Gy) (1) + X(H)Q%a, Ve, e R, (3.23)
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where (Ge)(t) is a generalized Green operator. If the vector functional ¢ satisfies the relation
[9, page 176]

b b
4 f K(-,s)p(s)ds = f 2K (-, 8)p(s)ds, (3.24)
0 0

which is assumed throughout the rest of the paper, then the generalized Green operator takes
the form

b
(Gy)(t) := Io G(t, s)p(s)ds, (3.25)

where
G(t,s) == K(t,5) — e2"DQ ¢K (., s) (3.26)

is a generalized Green matrix, corresponding to the boundary value problem (3.11), (3.12),
and the Cauchy matrix K (¢, s) has the form of (3.6). Therefore, the following theorem holds
(see [10]).

Theorem 3.1. Let Q be defined by (3.15) and rank Q = ny. Then the homogeneous problem

z(t) = A(Sn2)(t) = 6, te[0,b],
¢z= 0, €R”

(3.27)

corresponding to the problem (3.11), (3.12) has exactly r = n — ny linearly independent solutions
z(t,c;) = X(H)Po,cr = e2 Py c,, Ve, €R'. (3.28)

Nonhomogeneous problem (3.11), (3.12) is solvable if and only if ¢ € L,[0,b] and a € R™ satisfy
d linearly independent conditions (3.21). In that case, this problem has an r-dimensional family of
linearly independent solutions represented in an explicit analytical form (3.23).

The case of rank Q = n implies the inequality m > n. If m > n, the boundary value
problem is overdetermined, the number of boundary conditions is more than the number of
unknowns, and Theorem 3.1 has the following corollary.

Corollary 3.2. If rank Q = n, then the homogeneous problem (3.27) has only the trivial solution.
Nonhomogeneous problem (3.11), (3.12) is solvable if and only if ¢ € L,[0,b] and a € R™ satisfy d
linearly independent conditions (3.21) where d = m — n. Then the unique solution can be represented
as

z(t) = (Go) (t) + X(HQ"ax. (3.29)
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The case of rank Q = m is interesting as well. Then the inequality m < n, holds. If
m < n the boundary value problem is not fully defined. In this case, Theorem 3.1 has the
following corollary.

Corollary 3.3. If rank Q = m, then the homogeneous problem (3.27) has an r-dimensional (r =
n —m) family of linearly independent solutions

z(t,c;) = X(H)Po,cr = 2Py c,, Ve, €R'. (3.30)

Nonhomogeneous problem (3.11), (3.12) is solvable for arbitrary ¢ € L,[0,b] and a € R™ and has an
r-parametric family of solutions

z(t,¢r) = X(t)Po,cr + (Gp) (1) + X(1)Qa, Ve, €eR'. (3.31)
Finally, combining both particular cases mentioned in Corollaries 3.2 and 3.3, we get a
noncritical case.

Corollary 34. IfrankQ = m = n (i.e, QF = Q71), then the homogeneous problem (3.27) has only
the trivial solution. The nonhomogeneous problem (3.11), (3.12) is solvable for arbitrary ¢ € L, [0, b]
and a € R" and has a unique solution

2(t) = (Gy) (1) + X(HQa, (3.32)
where
b
(Go) (1) ::I G(t,s)p(s)ds (3.33)
0
is a Green operator, and
G(t,s) == K(t,5) — e2 "D Q 10K (-, 5) (3.34)

is a related Green matrix, corresponding to the problem (3.11), (3.12).

4. Perturbed Boundary Value Problems

As an example of application of Theorem 3.1, we consider the problem of bifurcation from
point € = 0 of solutions z : [0,b] — R", b > 0 satisfying, for a.e. t € [0, b], systems of ordinary
differential equations

k
2(t) = Az(ho(1) + >, Bi(t)z(hi(t)) + g (b), (4.1)

i=1

where A is n x n constant matrix, B(t) = (By(t),...,Bk(t)) is an n x N matrix, N = nk,
consisting of n x n matrices B; : [0,b] — R™",i = 1,2,...,k, having entries in L,[0,b],
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¢ is a small parameter, delays h; : [0,b] — R are measurable on [0,b], h;i(t) < t, t € [0,b],
i=0,1,...,k g:[0,b] — R, g € L,[0,b], and satisfying the initial and boundary conditions

z(s) =¢(s), ifs<0, bz=a, (4.2)

where a € R™, ¢ : R\ [0,b] — R"is a given vector function with components in L,[a,b],
and ¢ : D,[0,b] — R™ is a linear vector functional. Using denotations (1.3), (1.4), and (1.6),
it is easy to show that the perturbed nonhomogeneous linear boundary value problem (4.1),
(4.2) can be rewritten as

Z(t) = A(Shyz)(t) + eB(t)(Spz)(t) + @(t, €), €z =a. (4.3)
In (4.3) we specify hg : [0,b] — R as a single delay defined by formula hy(t) :=t — 7 (7 > 0);

(Sn2z)(t) = col[(Sw 2)(t), -, (Sn.2) (1)] (4.4)

is an N-dimensional column vector, and ¢(t, €) is an n-dimensional column vector given by

k
p(te) = g(t) + A g™ (t) + €D Bi(t)g" (1). (4.5)

i=1
It is easy to see that ¢ € L, [0, b]. The operator S;, maps the space D,, into the space

N _
Lp =L, x---xLp, (4.6)

k times

thatis, S, : D, — Li,v . Using denotation (1.3) for the operator Sy, : D, — Lp, we have the
following representation:

b
(Sp2)(t) = f X (t,8)2(s)ds + xn, (t,0)z(0), (4.7)
0
where
1, if (t,5) €,
Xni(t,s) = { (4.8)
0, if (£s)EQ

is the characteristic function of the set

Q= {(t,s) €[0,b] x[0,b] :0<s<hi(t)<b}, i=1,2,...,k (4.9)



12 Advances in Difference Equations

Assume that nonhomogeneities ¢(t,0) € LP [0,b] and & € R™ are such that the shortened
boundary value problem

z(t) = A(Spy2z)(t) + ¢(t,0), Iz =aq, (4.10)

being a particular case of (4.3) for € = 0, does not have a solution. In such a case, according to
Theorem 3.1, the solvability criterion (3.21) does not hold for problem (4.10). Thus, we arrive
at the following question.

Is it possible to make the problem (4.10) solvable by means of linear perturbations and, if this
is possible, then of what kind should the perturbations B; and the delays h;, i = 1,2,.. .,k be for the
boundary value problem (4.3) to be solvable?

We can answer this question with the help of the d x r-matrix

b b k
By := J'O H(s)B(s) (SyXPg,)(s)ds = fo H(s) Y Bi(s)(SnXPg,)(s)ds, (4.11)
i=1

where
H(s) = Pgi¢K(,5) = Pg;er ™™, X(t):= 7™, Q= €X=te;'™, (412)

constructed by using the coefficients of the problem (4.3).

Using the Vishik and Lyusternik method [11] and the theory of generalized inverse
operators [9], we can find bifurcation conditions. Below we formulate a statement (proved
using [8] and [9, page 177]) which partially answers the above problem. Unlike an earlier
result [9], this one is derived in an explicit analytical form. We remind that the notion of a
solution of a boundary value problem was specified in part 1.

Theorem 4.1. Consider system

k
z(t) = Az(t—T) + £ZBi(t)z(hi(t)) +g(t), (4.13)

i=1

where A is n x n constant matrix, B(t) = (B1(t),..., Bk (t)) is an n x N matrix, N = nk, consisting
of nxn matrices B; : [0,b] — R™",i=1,2,...,k, having entries in L,[0,b], € is a small parameter,
delays h; : [0,b] — R are measurable on [0,b], h;(t) <t, t € [0,b], g: [0,b] — R, g € L,[0,b],
with the initial and boundary conditions

z(s) =¢(s), ifs<0, €z=a, (4.14)

where « € R™, ¢ : R\ [0,b] — R" is a given vector function with components in L,[a,b], and
€:D,[0,b] — R™ is a linear vector functional, and assume that

9(t,0) = g(t) + Ag™ (1), ho(t):=t-7 (4.15)
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(satisfying ¢ € L,[0,b]) and a are such that the shortened problem
z(t) = A(Snyz) (1) + ¢(t,0), lz=a (4.16)
does not have a solution. If
rankBy=d or Ppg :=15- ByB; =0, (4.17)

then the boundary value problem (4.13), (4.14) has a set of p := n — m linearly independent solutions
in the form of the series

z(t, €) = Z.:sizi(t, Cp), w1s)

z2(€) €D,[0,b],  z(,e) €L,[0,b],  z(t-) € C(0,z],

converging for fixed € € (0, &,], where ¢, is an appropriate constant characterizing the domain of the
convergence of the series (4.18), and z;(t, c,) are suitable coefficients.

Remark 4.2. Coefficients z;(t,c,), i = —1,...,00, in (4.18) can be determined. The procedure
describing the method of their deriving is a crucial part of the proof of Theorem 4.1 where we
give their form as well.

Proof. Substitute (4.18) into (4.3) and equate the terms that are multiplied by the same powers
of . For e™!, we obtain the homogeneous boundary value problem

Z4q (t) = A(Shoz—l)(t)f gz—l = 0/ (419)

which determines z_ (t).

By Theorem 3.1, the homogeneous boundary value problem (4.19) has an r-parametric
(r = n - ny) family of solutions z_(t) : z_1(t,c_1) = X(t)Pg, (t)c_1 where the r-dimensional
column vector c_; € R" can be determined from the solvability condition of the problem for
Z()(t).

For £, we get the boundary value problem

zo(t) = A(Sn z0) (1) + B(t)(Snz-1) (1) + (t,0), €z = a, (4.20)

which determines z(t) := zy(t, cp).
It follows from Theorem 3.1 that the solvability criterion (3.21) for problem (4.20) has
the form

b
Py~ IO H(s)(¢p(s,0) + B(s)(SkXPp,)(s)c-1)ds =0, (4.21)
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from which we receive, with respect to c.; € R", an algebraic system
b
Bocq = Pyra - I H(s)y(s,0)ds. (4.22)
0

The right-hand side of (4.22) is nonzero only in the case that the shortened problem does not
have a solution. The system (4.22) is solvable for arbitrary ¢(t,0) € L,[0,b] and a € R™ if the
condition (4.17) is satisfied [9, page 79]. In this case, system (4.22) becomes resolvable with
respect to c_; € R” up to an arbitrary constant vector Pg,c € R” from the null-space of matrix
B() and

b
c1=-B§ (PQ;a - fo H(s)p(s, O)ds> +Pg,c  (Pp, =1, - BiBy). (4.23)

This solution can be rewritten in the form

c.1=¢C1+ PBpCP’ VCP € Rp, (4.24)

where
b
¢ =-Bj <PQsz - I H(s)(p(s,O)ds>, (4.25)
0

and Pg, is an r x p-dimensional matrix whose columns are a complete set of p linearly
independent columns of the r x r-dimensional matrix Pp, with

p:=rankPg =r—-rankBy=r-d=n-m. (4.26)

So, for the solutions of the problem (3.14), we have the following formulas:

z.1(t,¢p) =2z (t,cq) + X(t)Po, Pp,cp, Ve, €RP, w27
Z.0(tE1) = X()Po,e.1.

Assuming that (3.24) and (4.17) hold, the boundary value problem (4.20) has the r-parametric
family of solutions

zo(t, co) = X(t)Pg,co + X (1) Q" ax

b (4.28)
+ f G(t, s) [(p(s, 0) + B(s)S (z_l(-,z_l) + X(-)pQ,poc,,> (s)]ds.
0

Here, ¢y is an r-dimensional constant vector, which is determined at the next step from
the solvability condition of the boundary value problem for z; (f).
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For ¢!, we get the boundary value problem

k
21(t) = A(Snyz1) (8) + B(H)(Snz0) () + D Bi()g"(t), €21 =0, (4.29)
i=1

which determines z;(t) := z1(¢,c1). The solvability criterion for the problem (4.29) has the
form (in computations below we need a composition of operators and the order of operations
is following the inner operator S, which acts to matrices and vector function having an
argument denoted by ” - ” and the outer operator S;, which acts to matrices having an
argument denoted by " x ”

b k
fo H(s) > Bi(s)¢" (s)ds
i=1
b
+J H(s)B(s)Sy
0
x <X(*)PQrco +X(*)Q"a

b
+f G 51) [p(s1,0) + B($)Sh(Z-1 (-, 01) + X(->PQ,Pchp)<sl>]ds1> (s)ds =0
0

(4.30)
or, equivalently, the form
b k
Boco = - [ H®) 3 Bi(s)y" (5)ds
0 i=1
b
—f H(s)B(s)Sh

0

x <X(*)Q+a

b
+J G(x,51) [g0(51, 0) + B(s1)Sh <2_1(.,E_1) + X(-)PQrPBPcp> (51)]dsl> (s)ds.
0
(4.31)

Assuming that (4.17) holds, the algebraic system (4.31) has the following family of solutions:

b b
co=cCo+ I:Ir - Bgf H(s)B(s)Sy <f0 G(x, sl)B(sl)(ShX(-)PQr)(sl)dsl> (s)ds] Py, cy,
0
(4.32)
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where
b k
Co=-B; fo H(s) > Bi(s)y" (s)ds
i=1
b
- B} fo H(s)B(s)Sy, (4.33)

b
X <X(*)Q+0{ + fo G(*, Sl) [(p(S1,0) + B(S1)(Shzf1(',zf1))(51)] d51> (S)dS.

So, for the p-parametric family of solutions of the problem (4.20), we have the following
formula:

zo(t, cp) = Zo(t,C0) + Xo(t)Pp,cp, Ve, ER?, (4.34)

where
b
zo(t, co) = X(t)Pg,co + X(H)Q a + Jo G(t,5)[(s,0) + B(s)(Snz-1(-,c-1))(s)]ds,
— b b
Xo(t) = X(t) Py, [Ir - B} fo H(s)B(s)Sy <J‘0 G(x, sl)B(sl)(ShX(')PQ,)(sl)dsl> (s)ds]

b
+ JO G(t,5)B(s)(SrX(-)Po,) (s)ds.
(4.35)

Again, assuming that (4.17) holds, the boundary value problem (4.29) has the r-parametric
family of solutions

b

Z1(t, C1) = X(t)ngCl + J‘

G(t,)B(s)S) (zo(-,zo) + ?0(-)P3pcp)(s)ds. (4.36)
0

Here, ¢; is an r-dimensional constant vector, which is determined at the next step from the
solvability condition of the boundary value problem for z(t):

23(t) = A(Sno22) (£) + B(t)(Snz1)(t), €22 =0. (4.37)

The solvability criterion for the problem (4.37) has the form

b

b
J;) H(s)B(s)Sy, <X(*)PQ,C1 + f

. G(*,51)B(s1)Sh (Eo('/EO) +§0(')Pchp>(Sl)d51> (s)ds =0

(4.38)
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or, equivalently, the form

b b
Bocr = - fo H(s)B(s) <5h <j0 G(x,51)B(s1)Sh (Eo('fo) + i0(')PB/,Cp> (51)d51> > (s)ds.
(4.39)

Under condition (4.17), the last equation has the p-parametric family of solutions

b b
cp=c1+ [Ir - Bj fo H(s)B(s) <Sh <J‘o G(x, sl)B(sl)<Sh§0(-)>(sl)dsl>>(s)ds] Pg,c,,

(4.40)

where

b b
¢1=-B; fo H(s)B(s) (Sh <f G(x, sl)B(sl)(ShEO(~,Eo))(sl)dsl>>(s)ds. (4.41)

0
So, for the coefficient zi(t, c1) = z1(t, ¢,), we have the following formula:
z1(t,¢p)Z1(t,€1) + X1(t)Py,cp, Ve, ER?, (4.42)

where

b
zi(t,c1) = X(t)Pg,c1 + fo G(t,s)B(s)(Snzo(:,co))(s)ds,
X1(t) = X ()P, [Ir —Bgf H(s)B(s)shG G(x, snB(sl)(shxo<~>)<s1)ds1>(s)ds]
0 0

b
+ jo G(t,s)B(s)(shio(-)) (s)ds.
(4.43)

Continuing this process, by assuming that (4.17) holds, it follows by induction that the
coefficients z;(t,c;) = z(t,c,) of the series (4.18) can be determined, from the relevant
boundary value problems as follows:

zi(t,cp) = Zi(t,€;) + Xi(t)Pp,cp, Ve, ER?, (4.44)
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where

b
Z(t,3) = X(H)Po.c1 + f G(t, $)B(8)ShZit (- Tor) (5)ds,
0

b b
Ci= —Baf H(s)B(s) <5h (I G(x, Sl)B(Sl)ShEi—l(‘/Ei—l)(sl)d51>>(S)dsr i=2,...,
0

0

b b
Xi(t) = X(t)Po, [Ir -5; [ HEBES, < [ G5B (51%a0) <s1>ds1> (s)ds]

b
+I G(t,s)B(s)(Shi,-_l(-))(s)ds, i=0,1,2,...,
’ (4.45)

and X_;(t) = X(t)Pg,.

The convergence of the series (4.18) can be proved by traditional methods of
majorization [9, 11].

In the case m = n, the condition (4.17) is equivalent with det By # 0, and problem (4.13),
(4.14) has a unique solution. O

Example 4.3. Consider the linear boundary value problem for the delay differential equation

k
2(t) = z(t - 7) + £ 3 Bi(t)z(hi() + g(1), hi(t) <t €[0,T],
i=1 (4.46)

z(s) = ¢(s), if s <0, and z(0) = z(T),

where, as in the above, B;,g,¢¢ € L,[0,T] and h;(t) are measurable functions. Using the
symbols Sy, and ¢ (see (1.3), (1.4), (1.6), and (4.7)), we arrive at the following operator
system:

Z(t) = z(t — 1) + eB(t) (Snz) () + ¢ (1, ),

(4.47)
¢z :=z(0)-2z(T) =0,
where B(t) = (Bi(t), ..., Bx(t)) is an n x N matrix (N = nk), and
k
p(t,e) = g(t) + ¢ (t) + £ D Bi(t)y™ () € L, [0,T]. (4.48)

i=1

Under the condition that the generating boundary value problem has no solution, we
consider the simplest case of T < 7. Using the delayed matrix exponential (2.5), it is easy to



Advances in Difference Equations 19

see that, in this case, X (t) = ei(tfr) = I is a normal fundamental matrix for the homogeneous

unperturbed system z(t) = z(t — T), and
Q:=¢X()=e"-elT =0,
Po=Py-=1 (r=n, d=m=n),

T o if0<s<t<T,
K(t,s)

o, if s>t
(4.49)
¢K(.,s) = K(0,s) - K(T,s) = -1,
H(t) = Po-¢K(-,s) = -1,
1, if0<hi(t) <T,
(Shll)(t) = Xh,(tro)l = I :
0, if hi(t) < 0.
Then the n x n matrix By has the form
T T k
m:f1ﬂgmg@ﬂxwm=i[§p@x&@@ms
0 0 =1
(4.50)
k (T
-3 [ B0
i=1 70
If det By #0, problem (4.46) has a unique solution z(t, €) with the properties
z(+,€) € Dp[0,T], z(-, €) € Ly[0,T], z(t,-) € C(0, &]. (4.51)
Let, say, hi(t) :=t — A; where 0 < A; =const<T,i=1,...,k, then
1, if0O<hi(t)=t-A;<T,
X (£,0) = (4.52)
0, if hi(t) =t—-A; <0,
or, equivalently,
1, if AiStST+A,’,
Xni(£,0) = (4.53)
0, if t< Ai.
Now the matrix By turns into
k T k T
Bo=-3 [ Bilown(s.0ds =3, [ Bs)ds, (454)
i=1 70 i=1 Y A
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and the boundary value problem (4.46) is uniquely solvable if
k(T
det [—Z f B,-(s)ds] #0. (4.55)
i=1 7 A

Acknowledgments

The authors highly appreciate the work of the anonymous referee whose comments and
suggestions helped them greatly to improve the quality of the paper in many aspects. The first
author was supported by Grant 1/0771/08 of the Grant Agency of Slovak Republic (VEGA)
and Project APVV-0700-07 of Slovak Research and Development Agency. The second author
was supported by Grant 201/08/0469 of Czech Grant Agency and by the Council of Czech
Government MSM 0021630503, MSM 0021630519, and MSM 0021630529. The third author
was supported by Project M /34-2008 of Ukrainian Ministry of Education. The fourth author
was supported by Grant 1/0090/09 of the Grant Agency of Slovak Republic (VEGA) and
project APVV-0700-07 of Slovak Research and Development Agency.

References

[1] N. V. Azbelev and V. P. Maksimov, “Equations with retarded argument,” Journal of Difference Equations
and Applications, vol. 18, no. 12, pp. 1419-1441, 1983, translation from Differentsial nye Uravneniya, vol.
18, no. 12, pp. 2027-2050, 1982.

[2] S. Schwabik, M. Tvrdy, and O. Vejvoda, Differential and Integral Equations, Boundary Value Problems
and Adjoint, Reidel, Dordrecht, The Netherlands, 1979.

[3] V.P. Maksimov and L. F. Rahmatullina, “A linear functional-differential equation that is solved with
respect to the derivative,” Differentsial'nye Uravneniya, vol. 9, pp. 2231-2240, 1973 (Russian).

[4] N. V. Azbelev, V. P. Maksimov, and L. E. Rakhmatullina, Introduction to the Theory of Functional
Differential Equations: Methods and Applications, vol. 3 of Contemporary Mathematics and Its Applications,
Hindawi Publishing Corporation, New York, NY, USA, 2007.

[5] J.Hale, Theory of Functional Differential Equations, vol. 3 of Applied Mathematical Sciences, Springer, New
York, NY, USA, 2nd edition, 1977.

[6] J. Mallet-Paret, “The Fredholm alternative for functional-differential equations of mixed type,” Journal
of Dynamics and Differential Equations, vol. 11, no. 1, pp. 1-47, 1999.

[7] D. Ya. Khusainov and G. V. Shuklin, “On relative controllability in systems with pure delay,”
International Applied Mechanics, vol. 41, no. 2, pp. 210-221, 2005, translation from Prikladnaya
Mekhanika, vol. 41, no. 2, pp.118-130, 2005.

[8] A. A. Boichuk and M. K. Grammatikopoulos, “Perturbed Fredholm boundary value problems for
delay differential systems,” Abstract and Applied Analysis, no. 15, pp. 843-864, 2003.

[9] A. A. Boichuk and A. M. Samoilenko, Generalized Inverse Operators and Fredholm Boundary-Value
Problems, VSP, Utrecht, The Netherlands, 2004.

[10] A. A.Boichuk, J. Diblik, D. Ya. Khusainov, and M. Ruzickové, “Fredholm’s boundary-value problems
for differential systems with a single delay,” Nonlinear Analysis, vol. 72, no. 5, pp. 2251-2258, 2010.

[11] M. L. Vishik and L. A. Lyusternik, “The solution of some perturbation problems for matrices and
selfadjoint differential equations. 1,” Russian Mathematical Surveys, vol. 15, no. 3, pp. 1-73, 1960,
translation from Uspekhi Matematicheskikh Nauk, vol. 15, no. 3(93), pp. 3-80, 1960.



