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A linear second-order discrete-delayed equation Ax(n) = —p(n)x(n — 1) with a positive coefficient
p is considered for n — oo. This equation is known to have a positive solution if p fulfils an
inequality. The goal of the paper is to show that, in the case of the opposite inequality for p, all
solutions of the equation considered are oscillating for n — co.

1. Introduction

The existence of a positive solution of difference equations is often encountered when
analysing mathematical models describing various processes. This is a motivation for an
intensive study of the conditions for the existence of positive solutions of discrete or
continuous equations. Such analysis is related to an investigation of the case of all solutions
being oscillating (for relevant investigation in both directions, we refer, e.g., to [1-15] and to
the references therein). In this paper, sharp conditions are derived for all the solutions being
oscillating for a class of linear second-order delayed-discrete equations.
We consider the delayed second-order linear discrete equation

Ax(n) = —p(n)x(n-1), (1.1)

where n € Z? := {a,a+1,...}, a € Nis fixed, Ax(n) = x(n+1) —x(n), and p : Z¥ —
R* := (0, 00). A solution x = x(n) : Z? — R of (1.1) is positive (negative) on Z% if x(n) > 0
(x(n) <0) for every n € Z?. A solution x = x(n) : Z¥ — R of (1.1) is oscillating on ZZ if it is
not positive or negative on Z for arbitrary a; € Z.
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Definition 1.1. Let us define the expression Inst, g > 1, by In;t = In(Iny1t), Ingt = t where
t> equle and expt = exp(exp,_,t), s > 1, exp,t =t and exp_;t = 0 (instead of Ingt, In;t, we
will only write t and Int).

In [2] a delayed linear difference equation of higher order is considered and the
following result related to (1.1) on the existence of a positive solution is proved.

Theorem 1.2. Let a € N be sufficiently large and q € N. If the function p : Z — R satisfies

(n) < 1 + ! + ! + ! + !
PUY =] 16n?>  16(nlnn)> 16(nlnnlny)*  16(nlnnlnonlngn)?
1 (1.2)
+ e +

16(nInnlnyn - - - Ingn) 2

for every n € Z, then there exist a positive integer a1 > a and a solution x = x(n), n € Zg of (1.1)
such that x(n) > 0 holds for every n € 7.

Our goal is to answer the open question whether all solutions of (1.1) are oscillating if
inequality (1.2) is replaced by the opposite inequality

1 1 1 1 1
n) > -+ + + +
P 4 16n* 16(nlnn)> 16(ninnlnyn)®  16(nInnlnynlnzn)?
X . (1.3)
+ e +

+
16(nlnnlnon - - lnq_ln)2 16(nInnlnon - - lnqn)2

assuming x > 1 and 7 is sufficiently large. Below we prove that if (1.3) holds and « > 1, then
all solutions of (1.1) are oscillatory. The proof of our main result will use a consequence of
one of Domshlak’s results [8, Corollary 4.2, page 69].

Lemma 1.3. Let q and r be fixed natural numbers such that r—q > 1. Let {¢(n) }1° be a given sequence
of positive numbers and vy a positive number such that there exists a number v € (0, vy) satisfying

r+1

J T T 2
pn)<—, —< D opm)<—. (1.4)
% v v ; v
Then, if p(q+1) > 0and forn € L.y
sinvp(n —1) -sinvp(n +1)
>
p(n) 2 sinv[p(n—1) + ¢(n)] -sinv[p(n) + p(n+1)] (15)
holds, then any solution of the equation
x(n+1)-x(n)+pm)x(n-1)=0 (1.6)

r+1

has at least one change of sign on 7.
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Moreover, we will use an auxiliary result giving the asymptotic decomposition of the
iterative logarithm [7]. The symbols “0” and “O” used below stand for the Landau order
symbols.

Lemma 1.4. For fixed r,c € R\ {0} and fixed integer s > 1, the asymptotic representation

InJ(n-r) ro ~ r’c
Inn  nlnn---lngn 2n2lnn---Ingn
r’c r’c
— 5 —_ e — > (17)
2(nlnn)Inyn - - - Ingn 2(nlnn---Ing_1n)Ingn
r’c(c-1) r3o(1+o0(1))

2(nlnn--- lnsn)2 3n¥lnn---Ingn

holds for n — oo.

2. Main Result
In this part, we give sufficient conditions for all solutions of (1.1) to be oscillatory asn — co.

Theorem 2.1. Let a € N be sufficiently large, q € N, and x« > 1. Assuming that the function
p : Z? — R* satisfies inequality (1.3) for every n € Z3, all solutions of (1.1) are oscillating as
n — oo.

Proof. We set

1
ninnlnyningn - - - Ingn

p(n) = (2.1)

and consider the asymptotic decomposition of ¢(n —1) when n is sufficiently large. Applying
Lemmal4 (foroc=-1,r=1,ands=1,2,...,q), we get

1
(n-=1)In(n-1)Iny(n - 1)Inzg(n - 1) ---Ing(n - 1)

1
- n(l1-1/n)In(n-1)lny(n - 1)Ing(n - 1) -+ - Iny(n - 1)

p(n—-1) =

= o(n) 1 Inn Inyn Insn Ingn
O T mmn—1) Ing(n-1) Ims(n—-1) Ing(n-1)

1 1 1 <1 )
x( 1+ + + +0( —=
nlnn  2n2lnn  (nlnn)? nd
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1 1 1 1 1
X 1+ + > + 2 + 2 +0 3
ninnlnon  2n?Innlnon - 2(ninn)’lnpn (nlnnlnyn) n

1 1 1
x < " nlnnlnynlnzn " 2n? In nlnynlnzn " 2(nInn)*Inynlngn

1 1 1
+ 5 + 5 +0 (—3>
2(nInnlnyn)Ingn (nlnnlnynlnzn) n

xoex | 1+ ! + ! + !
nlnnlnpnlngn---Ingn ~ 2n?Inn---Ingn - 2(nlnn)’ln, - - - nlngn

1 1 1
+ooe 4+ 5 + 2+O<—3>>.
2(nInn---Ingyn)’Ingn  (nlnn---Ingn) n

(2.2)
Finally, we obtain
p(n-1)
=pn)( 1+ ! + ! + ! + ! +ee !
-9 n nlnn ninnlnon ninnlnonlngn nlnnlnyn ---Ingn
! + 3 + 3 +ee 3
n? 2n2lnn  2n?Innlnyn 2n?Innlnpn - - - Ingn
1 3 3 3
2t 2 + 2 tooet 2
(nlnn)® 2(nlnn)’lnpn  2(nlnn)‘Ingn 2(nlnn)Inzn---Ingn
! + 3 +ee 3
(nInnlnyn)?  2(ninnlnyn)’Ingn 2(nInnlnyn)Ingn - - - Ingn (2.3)
1 N 3
(nln nlnznlngn)2 2(nln n1n2n1n3n)2ln4n
3
+ .

2(nInnlnynlnzn)Ingn - -- Ingn

1 3

+
(nInnlnpn - - - lnq_ln)2 2(nlnnlnpn - - lnq_ln)zlnqn

+ ! +O<l>>
(nlnnlnyn---Ingn)® n/))
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Similarly, applying Lemma 1.4 (foroc =-1,r=-1,and s =1,2,...,q), we get
1

(n+1)In(n+1)Iny(n+1)---Ing(n+1)

1
- n(l1+(1/n))In(n+1)lnpy(n+1)---Ing(n +1)

p(n+1) =

1 Inn Imn Ign Ingn
1+1/n In(n+1) Inp(n+1) Ing(n+1) Ing(n+1)

:(p(n)<1—%+%+0<%>>

x(1- ! + ! + ! +O<l>
nlnn  2n2lnn  (nlnn)? nd

1 1 1 1 1
x| 1- +5— + 3 + ;+0( =
ninnlnon - 2n?Innlnon - 2(ninn)*ingn - (nlnninyn) n

=p(n)-

1 1 1
1- + +
* < ninnlnonlngn  2n2 Innlnonlngn  2(n1nn)?Inyningn

1 1 1
+ 5 + 5 +0( =
2(nInnlnyn)Insn  (nlnnlnynlnsn) n

1 1 !
o < - ninnlnn - --Ingn "o Innlnyn---Ingn " 2(nlnn)’lngn - Ingn

1 1 1
+eoet 5 + 5 +O<—3>>
2(nlnn---Ingqn)’Ingn  (nlnnlngn---Ingn) n

:(p(n) [ ! — 1 . — 1
n nlnn nlnnlnyn nlnnlnyn ---Ingn
$ + 3 + 3 +et 3
n? 2n?2lnn  2n?Innlnpn 2n?Innlnon - - - Ingn
1 3 3
2t 2 ot 2
(nlnn)® 2(nlnn)’Inyn 2(nInn)’Inon---Ingn
1 3 3

2t 2 tooet 2
(nInnlnyn)®  2(nlnnlnyn)‘Inzn 2(nInnlnyn)’Ingn - - - Ingn
1 1

+
(nlnnlnyn - -- lnq_ln)2 (nInnlnpn - - - lnq_ln)zlnqn

+ ! +O<l>>
(nlnnlnyn---Ingn)® n/))

+ .o 4

(2.4)
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Using the previous decompositions, we have

(n-1en+1) = ¢*(n) 14241 ! oot !
¢ ¢ - ¢ n? n2lnn  n?lnnlnon n?Innlnon ---Ingn
1 1 1
2t 2 ot 2
(nlnn)®  (nlnn)’lnyn (nlnn)Inyn---Ingn
1 1
+ 2t 2
(nlnnlnyn) (nInnlnyn)“Insn
(2.5)
1
(nlnnlnn)?Ingn - - - Ingn
1 1
+ e +

+
(nlnn--- lnq_ln)2 (nlnn--- lnq_ln)zlnq

+ ! + O<l>>
(nlnnlngn---Ingn)® n/)

Recalling the asymptotical decomposition of sinx when x — 0: sinx = x + O(x?), we get
(since lim,, , ¢p(n) = lim,, ., ,p(n —1) =lim, , p(n+1) =0)

sinvp(n—1) =vp(n-1) + O<v3(p3(n - 1)),
sinvp(n+1) = vp(n+1) + O<v3(p3(n + 1)),
(2.6)
sinv[p(n—1) +p(m)] = v[p(n-1) + p(m)] + O(»[p(n 1) + p(m)]°),

sinv[p(n) + p(n+ )] =v[p(m) + g+ 1] + O(¥* [p(m) +p(n + D]°)

as n — oo. Due to (2.3) and (2.4) we have ¢(n + 1) = O(¢(n)) and ¢(n —1) = O(p(n)) as
n — oo. Then it is easy to see that, for the right-hand side of the inequality (1.5), we have

sinvp(n—1) -sinvp(n +1)

= R 2,2 e
= sinv[p(n—1) + @(n)] -sinv[pn) + p(n+1)] T <1 " O<v 4 (n))), " ’
2.7)
where
pn-Do(n+1) (2.8)

f= @*(n) + p(m)p(n—1) + p(m)p(n+1) + p(n - Dp(n +1)°
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Moreover, for R, we will get an asymptotical decomposition as n — oo. We represent R; in

the form

_ p(n—Dp(n+1)/¢*(n)
L+ (p(n-1)/pm) + (p(n+1)/p(n)) + (p(n-1)p(n+1)/9?(n))

R4

As the asymptotical decompositions for

p(n-Lpn+1) @n-1) @n+1)
@*(n) o) T g(n)

have been derived above (see (2.3)-(2.5)), after some computation, we obtain

Ri=(1+ ! + ! + ! +oo !
1 n? n?lnn  n?lnnlnon n?Innlnon ---Ingn
1 1 1
2t 2 tooet 2
(nlnn)®  (nlnn)’lnyn (nInn)’lnpn ---Ingn
1 1 1
+

+ ot
(nInnlnyn)®>  (nInnlnyn)’Ingn (nInnlnyn)Ingn - - - Ingn

1 1 1

+ooe 5+ s— + 5 +O<
(nlnn---Ing1n) (nlnn---Ingn)’Ing  (nlnnlngn---Ingn)

1 1 1 1
x 1+ 1+—+ + + +o 4+
n nlnn nlnnlnon  ninnlnpnlngn nlnnlnon - Ingn

(2.9)

(2.10)

)

1 3 3 3
* n? " 2n?lnn - 2n? Innlnon et 2n? Innlnpn - - - Ingn
1 3 3 3
+ 5+ > + 5 et 5
(nlnn)® 2(nlnn)’lnpn  2(nlnn)‘Ingn 2(nInn)’Ingn---Ingn
1 3 3
2t 2 tooet 2
(nlnnlnyn)®  2(nlnnlnyn)“Inzn 2(nlnnlnyn) Ingn - - Ingn
1 . 3
(nln nlr12nln3n)2 2(nln nln2n1n3n)2ln4n
3

2(nln nlnznlngn)zlmn -+ Ingn
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1 3

+
(nInnlnpn - - - lnq_ln)2 2(nlnnlnpn - - lnq_ln)zlnqn
+ ! + O( ! ))
(nlnnlnyn---Ingn)’ n?

1 1 1 1
+ 1___ — — e —
n nlnn nlnnlnpon ninnlnyn ---Ingn

1 + 3 + 3 +ot 3
n? 2n’lnn  2n2Innlnon 2n?Innlnpn ---Ingn

1 3 ' 3

+ 5+ 5 et 5
(nlnn)® 2(nlnn)’lnyn 2(nInn)’Inon---Ingn

+ ! 5+ 3 5 +eeet 32
(nlnnlnyn)®  2(nlnnlnyn)‘Insn 2(nInnlnyn) lngn - - - Ingn

1 1

+
(nInnlnyn - - lnq_ln)2 (nlnnlnyn - - lnq_ln)zlnqn

+ ! +O<l)>
(ninnlngn---Ingn)’ n?

+ 1+1+ ! + ! +- 4 !
n? n2lnn  n?lnnlnyn n?Innlnon ---Ingn

R o

1 1 1

+ ot
(nln n)2 (nInn)?Inyn (nln n)zlnzn < Ingn

1 1 1

+ +e
(nInnlnyn)®  (nlnningn)?Ingn (nInnlnyn)*Ingn - - - Ingn

1

(nlnn-- -lnq_m)2

+ e+

+ ! + ! +O<l>>:|_1
(nlnn---Ingn)’In,  (nlnnlngn---Ingn)’ n?

1+1+ ! + ! + 4 !
n? n?lnn  n?lnnlnpn n?Innlnyn---Ingn

1 1 1

+ 5+ 5 +e >
(nlnn) (nlnn)“Inyn (nInn)Inyn ---Ingn

1 1 1

+ +ot
(nInnlnyn)®  (nlnnlngn)?Ingn (nInnlnyn)Ingn - - - Ingn
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1 1

+
(nlnn--- lnq_ln)2 (nlnn--- lnq_ln)zlnq

+ ! +O<i>>
(nInnlngn---Ingn)’ n’

x |4+ 3 + 4 + 4 + 4 + 4 4
n? n?lnn  n?lnnlnpn 7?2 Innlnpnlnzn n?Innlnon ---Ingn

+...+

3 4 4 4

+ + +oeet
(nln n)2 (nlnn)’lnon  (nlnn)lnynlnsn (nlnn)’lnynlngn - - - Ingn

3 4 4

+ + 4
(nln nlnzn)2 (nln nln2n)2ln3n (nln nlnzn)21n3n o+ Ingn

3 4

+
(nInnlnpn - - - lnq_ln)2 (nInnlnpn - - - lnq_ln)zlnq

-1

+ 3 + O(l)]
(nInnlnynlngn - - - lnqn)2 n?

-1 1+1+ ! + ! +oe 4t !
T4 n2 n?lnn  n?lnnlnpn n?Innlnyn---Ingn

1 1 1

+ 5+ 5 +oet 5
(nlnn)®  (nlnn)lnyn (nInn)Inyn ---Ingn

1 1 1

+ +o
(nln nlngn)2 (nln nlnzn)zlng;n (nln nlnzn)21n3n ~oIngn

+ - ! 5+ ! 5
(nlnn---Ingqn)”  (nlnn---Ingin)’In,
1 1
+ 5 +0 <—3>>
(nInnlnyn - - - Ingn) n
x |1+ 5 + ! + ! + ! +o !
4n?  n’lnn  n?Innlnon w2 Innlnynlngn n?Innlnon ---Ingn
3 1 1 1
+ 5+ > + 5 +oee 5
4(nlnn) (nlnn)lngn  (nlnn)‘Ingnlnzn (nInn)“Inyninzn - - - Ingn
3 1 1
2t 2 tooet 2
4(nlnnlnyn) (nInnlnyn) Ingn (nInnlnpn)“Ingn - - - Ingn
3 1
+ .

+
4(ninnlnpn - - 1r1,1_1n)2 (nlnnlnpn---Ing4 71)21r1‘7
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-1
1
+ 3 5+ O<—3>]
4(ninnlnynlngn - - - Ingn) n

! 1+1+ ! + ! +-o+ !
4 n? n2lnn  n?lnnlnpn n?Innlnpn ---Ingn

1 4 1 i - i 1
(nlnn)®  (nlnn)lnyn (nlnn)lnyn---Ingn
1 1 1
2t 2 tooet 2
(nInnlnyn) (nInnlnyn)“Insn (nInnlnyn)“Ingn - - - Ingn
1
+ - 5
(nlnn-- 'lnq_ln)
+ ! s— + ! 5 +0 <%>>
(nlnn---Ingqn)’Ing,  (ninnlnyn---Ingn) n
< |1 3 1 1 1 1
4n?2 n?’lnn  n?lnnlnyn n? Innlnynlngn n?Innlnpn ---Ingn
B 3 ~ 1 B 1 o 1
4(ninn)*>  (mlnn)’lngn  (nlnn)’lnyningn (nlnn)*Ingnlngn - - - Ingn
3 1 1
4(ninnlnyn)®  (nInnlnyn)?Insn (nInnlnyn)?Inzn - - ‘Ingn
3 1

4(ninnlnpn - - lnq_ln)2 (nInnlnyn--- lnq_ln)zlnq

3 1
— o2
4(ninnlnynlngn - - - Ingn) n

1
-1+ Lz + ! 5+ ! 5+ ! 5
4 4n*  4(nlnn)® 4(ninnlnon)®  4(nlnnlnyningn)

1 1
+oo+ 2+O<—3)>.
4(ninnlnynlngn - - -Ingn) n

(2.11)

Thus we have

1 1 1 1 1

Ri= -+ + + +
T 16(nlnn)* 16(nlnnlnyn)®  16(nInnlnynlngn)?

(2.12)

1 1
+oet 5 +O<—3>.
16(nInnlnyningn - - - Ingn) n
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Finalizing our decompositions, we see that

R=R;- (1 + O(vz(pz(n)»

- (3 + : 2t : 2t . 2t : 2
4 16n° 16(nlnn)> 16(nlnnlnyn)>  16(nlnninyninzn)

1 1
T 16(nlnnln2nln3n i lnqn)2 ’ O<$)> <1 i O<VZ(P2(n)>> (2.13)

1 1 1 1 1

it 2t 2t 2t 2
4 16n* 16(nlnn)> 16(nlnnlnyn)*  16(nlnnlnyninzn)

1 V2
+ot 5 +0 5 )
16(nInnlnynlngn - - - Ingn) (nInnlnynlngn - - - Ingn)

It is easy to see that inequality (1.5) becomes

(n) > L + ! + ! + ! + !
PIV = l6n?  16(nlnn)*> 16(nlnnlnyn)®  16(nInninynlnzn)?
(2.14)
1 V2
+ee 5 +0 5
16(nInnlnyningn - - - Ingn) (nInnlnynlngn - - - Ingn)
and will be valid if (see (1.3))
1 N 1 N 1 N 1
4 16n* 16(nlnn)* 16(ninnlnyn)?
1 K
ot 5+ 5
16(nInnlnynlngn - - -Ingn)”  16(ninnlnynlngn - --Ingn)
1 1 1 1 1 (2.15)
>+ ——+ 5+ s 5
4 16n* 16(nlnn)* 16(nlnnlnyn) 16(nInnlnyningn - - - Ing_q7)
2
+oe ! 5+ O< d 5 >
16(nInnlnynlngn - - - Ingn) (nInnlnpnlngn - - - Ingn)
or
k>1+ O<v2> (2.16)

forn — oo. If n > ng where ny is sufficiently large, then (2.16) holds for sufficiently small
v € (0,v] with vy fixed because x > 1. Consequently, (2.14) is satisfied and the assumption
(1.5) of Lemma 1.3 holds for n € Z7. Let g > ny in Lemma 1.3 be fixed and let r > g + 1
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be so large that inequalities (1.4) hold. This is always possible since the series 3.7 ., ¢(n) is
divergent. Then Lemma 1.3 holds and any solution of (1.1) has at least one change of sign on
Z;’j. Obviously, inequalities (1.4) can be satisfied for another couple of (p, r), say (p1, 1) with
p1 > rand r; > g1 + 1 sufficiently large, and by Lemma 1.3 any solution of (1.1) has at least
one change of sign on Z;tll Continuing this process, we get a sequence of intervals (p,, 1)

with lim,, _, ,p, = oo such that any solution of (1.1) has at least one change of sign on Z;’:;ll
This fact concludes the proof. O
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